RESULTS ON VALUES OF BARNES POLYNOMIALS
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Abstract In this paper, we prove rationality and Von Staudt type result for
the denominators of Barnes numbers. In addition, we investigate Fourier expansion
of Barnes polynomials and from this study we connect generalized Barnes numbers
to values of Dirichlet L-function at non-negative positive integers.

1. INTRODUCTION AND STATEMENT OF RESULTS

Throughout this paper we use the following notation: N = {0, 1, ...} set of natu-
rals numbers. Bernoulli numbers and polynomials are connected to many areas in
mathematics and physics. Their most important properties are: Bernoulli polyno-
mials have Fourier series, Bernoulli numbers are rationals numbers, their denomi-
nators are controlled by Von Staudt-Kummer congruences, are values of Riemann
zeta function at positive integers, the values of L-Dirichlet functions at negative
integers give us the generalized Bernoulli numbers. In this paper, we prove the
extension of these properties to Barnes numbers and polynomials. Let us recall
the definitions of Bernoulli and Barnes polynomials and numbers. The Bernoulli
polynomials B, (z) are defined by

tetz S t'n.
g :Z%Bn(:c)H , |t] < 2. (1)

By, := B,(0) is the n-th Bernoulli number. Let {x} be the fractional part of the
real number . Then the Bernoulli functions B,,(x) are defined by

_ 0 ifn=1z€cZ
Bn — ) ) Y 2
(@) {Bn({x}) otherwise. @)

For more informations about properties of Bernoulli numbers and their general-
ization, see [1, 4, 8, 9, 11, 14] Let N positive integer and ay,...,ay complex with
positive real part. The Barnes polynomials and numbers are given by

tN
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et = WEZO B, (z|aq, ...,aN)n!7 [t| < min <a1 R
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The essential series is

. e(uv) e(nv)
271'16(107_1 = Z o (4)
neEZ

As Kronecker emphasized [10, 17], this identity is the foundation of the theory
of classical Bernoulli functions and their relation to special values of the Rie-
mann zeta function and Dirichlet L-functions. More precisely, let x be a Dirichlet
character with conductor f = f,. The generalized Bernoulli numbers By, , €
Q(X(l), x(2), ) associated to x (m =0,1,...) are defined by the generating func-
tion

! to et o
;X(a)ﬁe Zanxn,a [t]< 7 (5)
The main interest of these numbers is that they give the values at negative integers
of Dirichlet L-series: if L(s,x) Z X ) > 1) is the L-series attached to
X, then we have the formula
L(=n, ) = —% (n > 0).( see [16] Theorem 4.2 ) (6)

Indeed, in the equation (4) expanding the left and the right side into a Laurent
series in u, yields at once the most important property Fourier expansion of the
classical Bernoulli

By, (z) = _T_L! 2*: e(kx)7 n>1. (7)

(2mi)™ = kn

where the sum Z means that & = 0 is to be omitted (and in the non-absolutely
kez

convergent case n = 1 the sum to be interpreted as a Cauchy principal value).
From this, it is not difficult to relate Bernoulli numbers and polynomials to special
values of zeta and partial zeta functions defined over the field of rational numbers.
This paper can now be summarized as a generalization of these facts to the Barnes
polynomials and numbers.

For A € C\{0}, note that

tN Azt —-N ()\t)N z(At)
¢ = A ~— ¢ . (8)
)\aJ _ H (eaj()\t) _ 1)
J=1 j=1
Then, we obtain
> A"
> Bu(Az|Aay, ... )\aN =% NZB (zlar, ., an) —. (9)
n=0 :

Therefore by comparing the coefficients of both sides of the equation (9), it’s easy
to see that

Proposition 1 (Homogeneity). For any a1, ...any non nuls positive real numbers

and A € C\{0}, we have
B,(A\z | Aay, .., \ay) = \"" VB, (x| a1,..,an), (n>1). (10)
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Now we state our main results.

Theorem 2 (Explicit formula and rationality). Let ai,...any be non nuls positive
real numbers. Then
lel (X) BmN(X)

B, (x| a,..,an) e —1 _

_— = a™ L aoN , (neN), (11
mi+..+my=n

where X = A””N and Ay = a1 + ... + any. In addition if a1,...any are rationals

By (z]as,..,an)
nl

numbers then s a polynomial with rational coefficients.

Theorem 3 (Fourier expansion). Let ay,...an non nuls positive real numbers and
set AN =a1+...+an and X = ﬁ. Then for anyn > 1 and | X| < 1 we have
CO% 5~ e e Z e ((k + ..+ kn)X)

Bn g ooy = e~ m m
(@ as,..an) (2mi)" “ N KN

mi+..+my=n k1,....,kn€Z\{0}

knezv(oy means that kyi,...kn € Z\{0} and, in the non-absolutely

.....

convergent case m; =1, for any 1 <i < N, the sum Z;ﬁez\{o} to be interpreted as

ot dma=n M€aNSs that my, ..., my € N

a Cauchy principal value for each i, and

with the usual convention the sum Z e(k;X)=—-14m; =0.
k,€Z\{0}

Theorem 4 (Von Staut type identity). Let ai,...any non nuls positive integers.
Put

MO | IR
p prime <n
Bn(O ‘ a17..,aN)

Then the denominator of ‘
n!

divides p(n).

Let ¢ an integer > 2 and x a Dirichlet character modulo ¢q. As usual,

e =M 6 =3 et
k=1 t=1

where s is a complex variable.
By homogeneity Proposition 1, without loss of generality we can assume for the
following theorems that: a; +---+ay = 1.

Theorem 5 (Values of L-function at non-negative integers). Let g > 2 be a natural
number, ai,...an non nuls positive real numbers with a1 + ... +ay =1, x a non
trivial Dirichlet character modulo ¢ > 2. Then we have

quw)Bn (; | al,..,a,N) _

t=1
2N (—1)N (n! B _ .
W G)Z Z a71n1 1_..a’;\}”N 1L(m1,x)...L(mN7x)’ ZfX(—l) — (_Dn’
mi+..+my=n
x(—1)=(=1)"i,mq,....,mN>0
0 otherwise.

with the usual convention L(0,x) = S-.
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From the above Theorem 5 we get immediately the following corollaries.

Corollary 6 (Values of L-function for even character). Let ¢ > 2,n be a natural
numbers, ay,...an non nuls positive real numbers with a1 +...4+ax =1, x an even
non trivial Dirichlet character modulo q > 2. Then we have

Z Bgn ( | al,..,aN> =

NN n)! — IN — . .
e ((22)29 LGy S a e T L(20,X)--L(2) N, X),

Jit-+in=n

with the usual convention L(0,x) = Z.

Corollary 7 (Values of L-function for odd character). Let ¢ > 2,n be a natural
numbers, a1, ...ay non nuls positive real numbers with a; + ... + ay = 1 and x an
odd non trivial Dirichlet character modulo ¢ > 2. Then we have

4
Z B2n+1 (q | alv'waN) =

2N (—1)N (2n+1)! mi—1  my—1
@rznFt Gy E ay" T ayN T L(ma, x)- L(my s x)-
mi+..+may=2n+1
Ty odd

Corollary 8. Let ay,...an non nuls positive real numbers with a1 + ... +ay =1
and x a non trivial Dirichlet character modulo q¢ > 2. If x(—1) # (=1)™, we have

Z}Z *|a1,..., N):O

Remark 1. Here we show how to use our Theorem 5 to obtain

Bn+1,
L(-n,x) = —ﬁ (n>0).

Set

1 if x(—=1) = —1.

Using the following functional equations

Gy = x(—1)g/Gy, T(s) cos(ﬁ%‘s) _ 2%; (2;> L(1 = s,%),

5{ 0 ifx(-1)=1,

( see [16] chap.4 p.29-37), at s = n we obtain

2(n)GxL(n,x) 1,
—W——nq L(1 —n,x).

Take N =1 and ay = 1, our Theorem 5 gives us

= LY _ 200GxL(nx) _ .
;X(t)Bn (q) N —ng "L(1 —mn,x).

Hence,

L= = g gw)Bn (%)
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and from the definition (5), it ’s easy to see that

q
— _ t
t=1 q
Therefore, we get the equality (6).

2. PROOFS OF MAIN RESULTS
Proof of Theorem 2: Writing X = ﬁ. We have

tV ot 1 1 agteX(@d
N € T aj..an 1:[ et — 1
H (eajt _ 1) i=1

j=1

n=0 \mi+--+mny=n

In other hand
tN — B
Nie“ = Z n—?(gﬂal, ey an )t
H (eajt . 1) n=0
j=1
By comparing the right members of both equations above we obtain

Bn<$ | ay, ..7CLN) _ Z m1—1. .amN—lel (X) BmN <X) (n S N)

a .
1 N | |
ma- my-
mi+..+my=n 1 N

n!

Let aq,...ay be rationals numbers. By using the fact that the classical Bernoulli
polynomials are in Q[z], we obtain that M is a polynomial with rational

coefficients. This completes the proof of our theorem. [J

Proof of Theorem 3: Using the equation 7 and Theorem 2, we can write

Bn(x|a1a“7a'N) _ Z*: a71n1_1~..a;</,”\7_1 (_1)Nm1!...mN!
n! my!---my! (2mi)matstmy

my+-dmy=n
my,-,mpy >0

’

e((kr+-+kn)X)
N '

ki, kn€Z\{0}

_ _1 B, (X) B, (X)
mq—1 my—1 1 N n
( “ “N ml! WLN!

_ = - my—1 my—1 e (ks + -+ kn)X)
- (2m)n Z ay eay” Z L RN ’
77:;1-%—-%—7;71]5]\{;0" k1,"'7kN€Z\{O} ! N

This, yields the theorem. [

Proof of Theorem 4 .00
Let n be non-negative integers, p be a prime number. We denote by v,(n) the
p-adic valuation of n. In order to prove our theorem we need the following two
lemmas:
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Lemma 9. For any n € N, n > 1 and p prime number. We have
E=1 ifp=1fn.
vp(n!) <
2] -1 ip-1in,

For this, we set K = [logn/logp]. It’s easy to see that v,(n!) = Zfil[n/pl]
K i oo 7 n
(1) It p—1 fn, we have vp(nl) = 3 ;2 [n/p'] <n 32 n/p' = 5.
(2) If p — 1|n, we write n = m(p — 1) with m > 1. Then we have v,(n!) <
nzszl n/pt =m(l —p ) <m.

This proves the lemma 9.

Lemma 10. For any n € N, n > 1 and p prime number. Let d, denotes the

denominator of i’;, We have

%(D@S[ " }

p—1
From Von Staudt Theorem [6] p.233, we know that
0 ifp—1 pn,

vp(denominator(By,)) =
1 ifp—1]n,

From this and Lemma 9, we obtain

vp(dy) = vp(n!) + vy(denominator(B,)) < {p = J .

Then we get our Lemma 10.

B,(0]ay,..,a
Now we are ready to prove our theorem. Let D,, the denominator of M

n!
By Theorem 2, we get
Bn<0 | ai, ..,CLN) mi—1 my—1 Bm Bm
R Z ay ceay™Y 1 T (neN).

mi! T my!
mi+..+my=n 1 N

Therefore, we can write

vp(Dy) < max Up(dmy - dimy)

mi+..+my=n

From this relation and Lemma 10, we obtain

mi mn mi+---+mpy n
D < ce < = .
D) S (L?— J T [p— 1]) - mﬁﬂaﬁw—n[ p-1 } [p— 1}

Bn(O | ay, ..,aN)

n!

Hence the denominator D,, of divides p(n) = H p[pnj]

p prime <n
This gives our theorem. [

Proof of Theorem 5
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Using Theorem 3, we have

N - 1 e 1 1. t
EIIND SR (VSR I SR S R (RSRTSI)
mi+.+my=n ki,okneZ\f0} 1 TN =1 q
S
mece . .
> x(0e (k2) =106,
t=1
we have
—_1)Vn! - mq— m— : 1
= Gree Y amapt Y g X(k1 e+ ).
mit..+my=n 1,...kneZ\{O} 1 TN
. - -~ _ o x(k) x(kw)
= 7((2731.)" Gy Z al’ 1...aﬁN ! Z o
mi+.+my=n k1,...kn€Z\{0} 1 1
While
, X(kl) m
> X — (1 x(-1)(-1)™) Lome )
keZ\ {0}
Therefore

! —1)N n: 1 my—1 Al m;
S x08, (lanay) = o 6 5 @ T D)™ Ko
t=1 .

2V (—1)N(nl)

= @ %% 3 a" N Ly, ). L(my, X).

mi+..4Amy=n
x(—1)=(—1)"",mq,...,mpn>0

Since the summation is over my,...,my > 0,m; + .. + my = n, x(—1) = (=1)™,
this implies that x(—1) # (—1)™. otherwise the sum is zero.
Hence, we obtain our desired theorem. [J
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