VALUES OF TWISTED BARNES ZETA FUNCTIONS AT NEGATIVE INTEGERS
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ABSTRACT. In this paper we study the analytical and arithmetical properties of the twisted zeta function
given by the following expression

L —:ct s—1 lOg w ])
F(s)/o t H —rdt (0.1)

1—w%e

where Re(s) > N,Re(z) > 0, w € C\{0}, N € N and aj,---,an have positive real part. These functions
have many interesting properties. We prove a collection of fundamental identities satisfied by this zeta
function. For instance, the special values of these zeta functions are connected to twisted Barnes numbers and
polynomials. This give us an elementary new approach to show various new and known results concerning
the Barnes zeta functions. We derive from our study all known results on Hurwitz zeta functions.
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1. Introduction and motivation

In this paper our main motivations come from various identities satisfied by the Riemann, Hurwitz and
Barnes zeta functions. These identities are at the origin of numerous applications in various areas in math-
ematics and physics. Especially, the identities on Riemann-Hurwitz’s zeta function occurs in a variety of
disciplines. Most commonly, it occurs in number theory, where its theory is the deepest and most developed.
In number theory the Riemann and Hurwitz zeta funtions are closely connected to Dedekind zeta and Artin
L-funtion which play a central role in this discipline. However, it also occurs in the study of fractals and
dynamical systems. In applied statistics, it occurs in Zipf’s law and the Zipf-Mandelbrot law. In particle
physics, it occurs in a formula by Julian Schwinger [?] giving an exact result for the pair production rate of
a Dirac electron in a uniform electric field. On the other hand, we know less well all the properties satisfied
by Barnes zeta function as well as their applications which can ensue from it. Let us recall briefly only their
fundamental analytical properties.

1.1. Hurwitz zeta function: The Hurwitz zeta function is one of the many zeta functions. It is formally
defined for complex arguments s with Re(s) > 1 and = with Re(z) > 0 by

i 1
(o) =S (11)
2 vy

The most important properties of {(s,x) are:

(1) The function s — ((s, ) has meromorphic continuation to whole complex plane C, whose only poles
at s = 1. At s = 1 it has a simple pole with residue 1. The constant term is given by

iy [¢(s.2) = 2] = ~oo) (1.2

where 1y (z) = Linl'(z) = L) is the digamma function.

THIS WORK WAS SUPPORTED BY AKDENIZ UNIVERSITY SCIENTIFIC RESEARCH PROJECTS UNIT
1



2 ABDELMEJID BAYAD AND YILMAZ SIMSEK

(2) Tt has an integral representation in terms of the Mellin-Laplace transform as

1 o0 ts—le—rt
C(s,z) = () /0 = dt (1.3)

for Re(s) > 1 and Re(x) > 0.
(3) The values of {(s,z) at s = —n, n € N are given

(-ny2) = - 22®)

and the coefficients of the polynomial {(—n, ) are rational. The Bernoulli polynomials are given by
the generating function

, (1.4)

E:B ',|ﬂ<2w (1.5)

and B,, := B, (0) are the Bernoulli numbers. These numbers are rational numbers.
(4) There is the multiplication theorem

q—1
> s,z +p/g) = q° ((s,qz), q €N, (1.6)
p=0
(5) There is the difference theorem
Cls,z+1)—((s,z+1)=—z°. (1.7)
(6) At s = —n, n € N, there is a symmetry relation:
C(—n,1 —x) = (=1)"T¢(—n, 2). (1.8)
(7) The derivative of the Hurwitz zeta in the second argument is a shift:
0
%C(s,x) = —sC(s+1,2). (1.9)

(8) It has an addition identity:

¢(s,z+y) :Z <s+k_1>(—y)kﬁ(s+k,x). (1.10)

s—1
k=0
See [?, 7, ?] for basic properties of Riemann and Hurwitz zeta functions.

1.2. Barnes multiple zeta function. The Barnes multiple zeta function is a multidimensional general-
ization of the Hurwitz zeta function. For this section we refer to the remarkable works of Friedman and
Ruijsenaars [?, ?]. The Barnes multiple zeta is given by

1
(n(s,alar, an) = Y (1.11)

(x+nia1+---+nyan)®
ni,...,nn=>0

where x and a; have positive real part and s has real part greater than the positive integer N. For N =a; =1
it is the Hurwitz zeta function.
Cn(s,xlas,...,an) has the following properties:
(1) It has a meromorphic continuation to all complex s, whose only singularities are simple poles at
s=1,2,...,N.
(2) It has an integral representation in terms of the Mellin-Laplace transform as

Cn(s,zlay,...;an) = F(ls) /00 ~ e dt , Re(s) > N, Re(x) > 0. (1.12)
[T -et

Jj=1
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(3) The values of (s, z|ay,...,an) at s = —n, n € N are given by
—1)Nn!
(n(=n,zlar,...,an) = ((n_’_)]v)!Bn-‘rN(x'ala e AN ), (1.13)
where B, (z|ay, ...,ay) are Barnes multiple polynomials defined by
tN tn 2 2
—ZB xlai,...,a ) , |t <m1n( 7T,~~ ,ﬂ) . (1.14)
ai an

N
H e“: —1

(4) The derivative of the Barnes multiple zeta in the second argument is a shift:

0
%CN(s,xmh way)=—sCn(s+1,z|ay,...,an). (1.15)

(5) It has a difference-recurrence formula

Cnin (5 + ansa|ar, s anan) = Qg (,2lar, oo anvsn) = (s, lar, oo an) (L.16)

with (o(s,2) = —27* .
(6) It has an addition identity:

o0

Cn(s,z+ylag, ... an) = Z <s —Zf 1 1) (=) *Cn (s + k,zla, ..., an). (1.17)
k=0

Regrettably, we did not find in the literature the multipcation and the symmetry formulae for Barnes multiple

zeta function. We remedy it in our work.

In this paper we study new zeta function (??). It’s obvious to note that our zeta recovers Hurwitz and

Barnes multiple zeta functions. According to the expressions (??) and (??) if we take N = 1,a; = 1 and

w = 1 we obtain Hurwitz zeta function. From (?7?) and (?7?) if we take w = 1 we obtain Barnes multiple

zeta function. Incidentally it recovers Riemann zeta: if we take N =1,a; =1 and x = w = 1.

In this paper we prove extension of all properties to those quoted above for the zeta (?7?). For instance, the

properties (?7?),(?7),(?7),(??),(??). Our study allows us to investigate new properties satisfied by this new

zeta.

2. Identities on twisted Barnes zeta functions

In this section we construct and investigate properties of twisted Barnes zeta functions and twisted Barnes

polynomials and numbers. Let v € N, a= (a1, ...,ay), where aq,- -, a, are strictly positive real numbers.
Let w € C\{0}. We consider F”)(¢| @) the function
t + log(w®) m ™
FW(t]a) = aj— t + log(Jw|)| < min e, — ], 2.1
W d) = 1:I ol -+ o) T (21)

it is a continuous function on [0, +00) with worst polynomial growth at ¢t — oc.
We start by studying the Mellin-Laplace transform of this function

1 /OO . S
— | tTIEW (=t ] a)e %t .
T Jo (

It is easily verified that Z{” (s, | @) is a well-defined analytic function for R(z) > 0 and either |w| < 1,w # 1,
R(s) > 0or w=1, N(s) > v. We call it twisted Barnes zeta function. This function satisfies the functional
equation:

ZW(s,x| a) =

BYAR
Ox

(s+1,2]|a)=—sZ(s,x|a) (2.2)
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Taking w = 1, we can get originally Barnes multiple zeta function ¢, (s, x|a1, ...,a,). In fact,

ar- oy [ 1T I I'(s+wv
Z&v)<s7x|2):}T/() (st IH (1—6 a;t>e xtdt:a’ll..av(:[‘(S))C’U(S—"_U7x|a/1?"'?a/v)7
j=1

Finally,

1 I (S — 'U) (’U)
A1y .eey @ = Y ANa
CU(S,.TZ| 10y N) L ay F(S) w=1

(s—v,z|a). (2.3)

In this case, according to the 77 (?7), Z&v)(s,x | @) has a holomorphic continuation to all complex s ( we
delete all the singularities at s).

Now we define the twisted Barnes polynomials Bévzv(x | @) as follows:

Ao 5 B o @) T+ Tou(ful)] <min (2, 2. (24
’ n! aq Ay
H ((wet)aj _ 1) n=0
j=1

B,%(Z) = Br(f’zv(O | @) are the twisted Barnes numbers.
Taking w = 1 we obtain the originally Barnes multiple polynomials Bﬁf))(x | a1, ..., a,) given by

tv >

"= BU(z]ai,....,a)

[Teewt—1) 0

‘We have the fundamental result:

tn
n!’

Lemma 1 (Fundamental lemma). The function s — z) (s, | d) has analytic continuation to whole
complex s-plane.

Proof. We have

/ t5+k71671t di = l,fsfk/ uerkfle*U du = xfsfkr(s + k) (26)
0 0

Fixing N € N, we therefore obtain

- NB(U)(x|a1 iy Qy)
T(s)Z (s,x | d) :Z k Tt (s + k) +
= k!
00 N tk
/ g1 (F,gv>(t @)=Y B (] ar, ""“”)k') e~ dt. (2.7)
0 k=0 '

The term in brackets is O(t*1) for t — 0, so the integral yields a function that analytic for R(s) > —N —1.

The remaining terms have simple poles for s = —n — k,n € N. Therefore the function s — quv)(s, x| a) has
analytic continuation to whole complex s-plane. i

Hence , we can derive the following theorem

Theorem 1 (Values at negative integers). Let v € N, aq = (a1, ...,ay), where ay,- - ,a, are strictly positive
real numbers. Let n € N, x > 0. The function s — Z&U)(s,z | 8) has analytic continuation to an entire
function on the whole complex s-plane and

—

Zl(l}’)(—n,x | 3) =aqy- --avB,(l%(x | a).
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Proof. From the Lemma 7?7 we get the analytic continuation. Therefore it remains to verify the residue
assertion. To this end we splits up quv)(s, x| 3) as the sum of two integrals :

1 ! - 1 = a
Z() - :7/ =1 () (_y —at gy 7/ 1) (_y —wt gy
Wl @)= g [ oD Qe s [T e

It’s easy to see that the second integral converges absolutely for all s € C and R(z) > 0 and cancels at
negative integers. For R(s) > 0 , the first integral can be written :

1 /1 1 - _ 1 1 — (—1)mtm+571
— | RO (| @)e wtdt:ay--av—/ BO (x| ) g
I'(s) Jo I'(s) Jo mzz:o ’ m!

the integral converges absolutely and then we can make inversion of [ and ) . Hence

1 [t R cay = (1) B (x| a) 1
— | W) (¢ A v W .
F(s)/o (| 3)e Z T

m=0

from which follows that :

v -1)"
lim Z(s,z|d) = lim WBT(LUBU(IL‘ | a)
s——n s——n ’I'L'F( )(n+5) ?

= a;-a,BY) (x| q).
Thus completes the proof of this theorem. I
From our Theorem ??, relations (??) and(??) , we get he following results

Corollary 1.
(1) If we take w = 1, then we have

—1)’n!
CU(_nﬂrlala ) av) = mBn-‘rU('rla’la ---7av)-
(2) For anyn > 1 we have:
dBh | . S
| d) =B (o] a). (2:8)

. v — . .
Our zeta function va )(8, x | a) can be rewritten as a power series

Proposition 1 (Explicit formula). Let v € N, a = (a1, ...,ay), where ay, -+ ,a, are strictly positive real
numbers. Let n € N;x > 0. Then we have
v
v - v _ v—k F(S + k) N
ZW (s, x| a) =a1~--av2( % ) (log(w™)) ng(s+k,w,x| a) . (2.9)
k=0
where
N Mt taymey
s,w,r | a)= 2.10
Cv( | ) s z’r:n -0 (.’E +aym;+---+ avmv)s ( )
Proof. From equation [?7), we write
-1 v
() (= —a;t 4 log(w®) (t+ log(w™1))
F\ H W =a-Gy— . (2.11)

H(l — W efajt)
j=1
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By using the binomial formula in equation (?7?, we have

1 v 1 terkfl

s—1 v N\ —xt v —1\\v—k —xt
@t F‘zg))(it‘ a)e al"'avZ( k ) (lOg(’UJ )) F(S) v € .

k=0 H (1 — waie—ait)
j=1
The zeta function can be rewritten
1 b N
Z(v) S / p—1p) (g —at gy
(s, x| a) O w (=t ] a)e

v ts+k71

ar - ..al,kZ:O ( k > (log(w™1))" ™" F(ls) /OOO ﬁ . waje_ajt)e“dt .

j=1
It can be rewritten as a power series by using
—axt
> e’ = Z walml-‘r”--‘ravmve—(1+a1m1+”-+avmv) . (2.12)
H (1 _ ,wajefajt) My, My >0
j=1
Zq(uv)(s,x | a)
a1+ Qy
v 1 jo%s)
= Z < v ) (log(w_l))vik 7/ ts+k_1wa1ml+"'+avmve—($+a1m1+"~+ava)dt
o mzokmo I(s) Jo
v 1 o
= Z < . ) (log(wfl))v_k wa1m1+-~+avmv / tSJrkf16*(I+a1m1+---+avmv)dt .
mi,- ,my >0 k=0 k I'(s) Jo

Let z = (x + aymq + - - - + ay,m,)t. Then we obtain

70 (s, | @)

a1 -+ Ay
v
v v—k 1 0o s th—1,—2
= l -1 a1my+-ay,my / d
mi Z’m >Ol€2:2] < & ) ( Og(w )) v F(S) 0 (iC +amiy+---+ avmv)s+k :
- v v—k wa1m1+~'+a“mv 1 %)
= l -1 s+k—1 _Zd
k—o( k ) (OQ(UJ )) Z . (x+a1m1+...+avmv)s+k F(S) /O z e Z
= My, My >0
. v _1\\v—Fk — F(s + k‘)
= log(w™"))" " (s + k,w,z | a) ——=
> (1) tostw) )

This yields the explicit formula. I
Using our Proposition 77, we obtain

Corollary 2 (Special cases).
(1) If v=ay = 1 we obtain

Zl(ul)(s,m | 1) = —log(w)®(w, s, z) + sP(w,s + 1,z) .
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(2) If v=w =a; =1 we obtain
ZWM (5,2 1) = sB(1,5+ 1,2) ,

where
m

O(w,s,z) = Z (chu_im)s ,

m>0
is the Lerch transcendent function [?].

Theorem 2 (Addition identity). For any x,y € C, Zz(yv)(s,x +y | d) has the addition identity:

> -1
%@@w+y|3%=236+51 >FM“$WS+&£3)

s
k=0
Proof.
1 o0
ZW(s,x+y|a) = F(s)/o VRO (=t | @)e@Hw)tgy
1 o0
= @/0 t57te M EW) (—¢ | '@)e Vit
1 S (7y>k > s+k—1_—x v —
- X /0 Rl EO) (g | @ )etds
k=0 '
1L ()" .
= @kz o T(s+ k) ZW(s+ kx| a)
=0
o~ (=) T(s + k) >
S Ly ekl
k=0 ’
- k—1
= 2 (” : )(—y)kZ&”)(Hk,x ).
k=0 N ° 7
Thus finished the proof. 1
By using the fundamental Lemma ??7, Theorems 7?7 and 7?7 at s = —n we derive

Corollary 3. For any x,y € C, we have
BO,(w+y|d) = (k)Bff)kw( )yt
k=0
Theorem 3 (Rationality theorem ). Let aq, ..., a, positive rationals numbers. We have
B{),(a) € Q(w)[log(w)].
Indeed, if w =1 the numbers Bn e 1( ) € Q are rationals numbers.

Proof. Set z =t + log(w). Let us write

v

v t+l a; v X
I =T =TT X o

j=1 j=1 j=1 \'m;>0

where B,,,, are the classical rational Bernoulli numbers. Furthermore,

J

v m miy My
mip 2 -~ ai'"...ay’” By, -+ By,
aj " Bm;— | = [ ]
?my! myl...my!

j=1 \m;>0 m>0 ™M, my >0
miF...dmy=m

z

m

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Now by using the identity

m

=3 (1) tagtwpent

k=0
we obtain
d m
H ajt+log(waj) = ay 1”.012”17 B'ml"'Bmu m
. (wet)*i —1 o ZmZO j:'l’r:”-l}—“”-;—‘r;;uzzqrn mal...m,! z
=t L (2.18)
m1 moy m
— ay "0y By By, m k ym—k
= Dm0 (Z o e ) ST () (log(w))* o
myF...dmy=m
ma My, m
ay’'...ay"" By, -+ B, m k,m—k _
TS (log(w))" t™ ™" =
myl...my! k
m>0 my,..,mey >0 k=0
mi+...+my=m
Z Z a't...ay’* By, ..By, (n+k (log(w))k i
mil..my!
n>0 \ k>0 mi...my>0
my4...dmy=ntk
Then

BT(LUEU(Z) a/Tlnl...amvBml - B’I’I’L (n _|_ k) X
—mwl E E v v (log(w))* (2.19)
n! k>0 M. ymy >0 m1!-~-mv! k

- my+...+my=n+k

This give our theorem. i
: (v) -
Let us prove the homogeneity property of Zy,’(s,z | a).

Theorem 4 (Homogeneity identity). Let v € N, a = (a1, ...,ay), where ay,--- ,a, are strictly positive real
numbers. Let A > 0 and x > 0. Then we have

ZW (s, 3 | Ad) = A2 (s, | @)

Proof. It’s easy to see that

v

At + log(w™
H g(w™)

(v) 7y =
EY)(t]| Aa) (w1

Jj=1

() + log(w?
_ jE((wieM)tz( 1)

= FQ(t|a).

Then we obtain

1 > —
ZW (s, x| Aa) = —/ tTLEW (—t | Na))e ™ tdt
L'(s) Jo
1 % o1 () N\ —Axt
= — [ +'FEW (- =t i
), RO e
1>~ > dt
- /\_‘S+1t871F(v) —t —xt 7
7 o (DS

= A Z0(s,2 ] d) .
This yields the theorem. i

We obtain immediately from Theorems ?? and ?7? the identity
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Corollary 4. Let v € N, a= (a1, ...,ay), where ay,- - ,a, are strictly positive real numbers. For all A > 0,
we have
B, [ Aa) = "B (x| d) . (2.20)

v

Using homogeneity Theorem ?7?, without loss of generality, we can assume Z a; = 1.

i=1
By using the Theorem 7?7 at s = —n we get the following symmetry formula for the twisted Barnes
polynomials:
Theorem 5 (Symmetry identity). Let v € N, a = (a1, ...,ay), where ay, - ,a, are strictly positive real
v

numbers. Assume Z a; = 1. Then for any n € N, we have the symmetry identity
i=1

BU), (x| a)=(-1)" ‘1Bffi, 1(1—x|3> : (2.21)

Proof. We study the generating function of the right hand side of the equality (?

27).
R.H.S(z,t) = i ((1)nw >t B;bq)u ) (Z -1 )) %

n=0

w‘z““"'g%( nwl(Za—x )) t)

s [T @ () Flog(wm ) sy o)
- v v 11 (wletw —1 | ° '

We set

j=1

S (XU as)(—t) “raj(—t) +loglw=%) )
- w € ! H (w—le—t)aj _ 1 €

j=1
(g o) L
j=1 wajeajt((w—le—t)aj _ 1)
ﬁ ajt + log(w™) | 4
= -~ | ',
e (wet)® — 1
Finally, we have
R.H.S(x,t) Z B, (x
Thus we obtain our symmetry identity. |
Next we state the distribution identity identity
Theorem 6 (Distribution identity). Let v € N, a = (a1, ...,ay), where ay,- - ,a, are strictly positive real

numbers. Let m € N. Then we have

m—1

v v - t;
ZI(UU)(S,mJ) ‘ 2) — 5V E wZi:] ajtiZI(Mzb (S,J} + E a;— | 3) .
m
i=1

t1, ,ty=0



10 ABDELMEJID BAYAD AND YILMAZ SIMSEK

Proof. Writing

m—1 v
v t;
m~— %Y Z wzizlai“Z,ffrl (s,er Zaif | 3)
t1, oty =0 -
m—1 1 ) )
= m °" Z wi=1 %ti / wlem @i aiup o (= | Z)du
t1, by =0 L(s) Jo
o 1 1 B v m—1 agu ” v —aju—|—log(wma-")
— S—v S ru p d
g [ I (e ) T ey
i=1t;=0 7j=1
s 1 /OO 1w T WY 1 —a;u~+ log(w™®)
= m R — us € T a;u du
I'(s) Jo 1:[1 wiie w —1 1:[1 (wme—w)a —1
J= J=
1 = +lo
— 5 / s~ 1 e~ T H - “g( ) du,
L'(s) Jo j=1 wer =1

we change u by mt, we obtain

v .
m= 5 1 /00 ut e mY H ~m +alig(wa]) du
0

J
whe” m — 1

j=1
1 <1 Y —ajt 4 log(w®)
— s 1 xmt J dt
I'(s) /0 ¢ E wee %t — 1
= zZW(s,maz | a).
This implies the theorem. N

From Theorems 7?7 and 7?7, at s = —n, we obtain Raabe type formula for twisted Barnes polynomials

Corollary 5 (Raabe type identity). Let v € N, a = (a1, ...,ay), where ay,--- ,a, are strictly positive real
numbers. Let m € N. Then we have

m—1 v
v v tl
BW (ma | d)=m"" E wzi=1“itiB7(l L,m (w + E a;— | 3) .
: : m
i=1

t1,,ty=0
Theorem 7 (Difference equation). Put 8v+1 = (a1, ...,apy1) and Zv = (ay,...,ay). Then we have the
difference identity
Z&v+1)(s,x + apy1 | a’erl) _ wfa,UHZi(Uv—o—l)(s’x | 2v+1)

= faq,_,_lw*av“le(uv)(s +1,z | Zv) + wfa”“log(w“”“)Zl(uv)(s,x | Zv). (2.22)

Proof. We write
ts_le_(x+av+1)thg)U+1)(—t ‘ 8v+1) . w—a,,,+1e—xtFl(l)v)(_t | ngrl)
_ tsflefthqgsz»l)(it | 31]+1)( —ayt1t wfav+1)

w—av+1ts—1 —xtF(v+1)( | ( av+1e—av+1t _ 1)

Ay+1
= W e R (<t ) (~apgat + log(w™ )
= —appw e EY (<t | dypn) + w  og(w )t e M EM) (<t | dyga).
From this relation it’s easy to obtain
ZQ(UUH)(S,J: + Ayt | 2v+1) - w‘“”“ZvaH)(s,x | ZU_H)

= —av+1w_““+1sZ1(uv)(s +1,2 | dy) + w_“'““log(wa”“)quv)(&x | ).
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This completes the proof. i

We obtain from Theorems 7?7 and 7?7 at s = —n the corollary

Corollary 6. For any ay,--- ,a,4+1 reals positive numbers and n € N, we have

szl,);tl)(x + Ay41 ‘ Zv-{—l) — U)_a7’+1B7(11,}$1)($ | E)U-‘rl)

= nayp1w= B, (] dy) 4w log(w ) Bl(x | @).
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