HIGHER DIMENSIONAL DEDEKIND SUMS IN
FUNCTION FIELDS

ABDELMEJID BAYAD AND YOSHINORI HAMAHATA

ABSTRACT. We introduce new kinds of Dedekind sums in function fields.
Our Dedekind sums are very similar to ordinary Dedekind sums and
to higher dimensional ones in the classical case. The reciprocity law,
rationality and characterization of the Dedekind sums are discussed.
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1. INTRODUCTION

Given relatively prime rational integers ¢ > 0 and a, the classical Dedekind
sums is defined as

c—1
1 k k
s(a,c) = o E cot (%) cot (W—Ca> :

It satisfies a famous relation called the reciprocity law
a’+c2 41— 3ac
12ac

s(a,c) + s(c,a) = (a>0).
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See Rademacher-Grosswald [8] for details. A generalization of Dedekind
sums to higher dimensions was presented by Zagier [9]. Let p be a positive
integer, and aq,...,a,_1 be integers prime to p. We assume that n is odd.
Zagier defines a higher dimensional Dedekind sum as follows:

i )i 2L § g () o (PRt
DAL, ... Ap_q) = (— ) co o) .
' ' p p p

k=1
For pairwise coprime positive integers ay, ..., a, (n odd), this sum satisfies
the reciprocity law

n

l aiy...,Q

Zd(aj;al, Ce ,aj_l,ajH, Ce ,an) =1- M,

- al DY an

7j=1
where l,,(aq, . .., ay) is the polynomial in ay, . .., a, defined as the coefficient

of t™ in the power series expansion of

- a;t - L 5 L oy 2 66
e L 14 —a2t2 — —ag*th 4 g5 — ... ).
Htanh(ajt) ]1:[1( 3G TN T g

j=1

We note that Beck [1] generalized Zagier’s Dedekind sum.
It is known that 7 cot w2 can be expressed as follows:

R 1 1
1.1 tmz = — )
(1.1) T cot z+;(z—n+z+n>

In function fields, we have periodic functions that have expressions anal-
ogous to (1.1). Based on this, Okada [7] introduced Dedekind sums in
rational function fields, and established reciprocity laws for them. For each
A-lattice, we can define Dedekind sums, which yield a generalization of those
of Okada. See [6] for details. It should be noted that we have Dedekind
sums over finite fields ([5], [6]). These are like Apostol-Dedekind sums given

by
c—1
k— (ka
sn(a,c) = Z EBn <7) )

k=1

where B, (z) denotes the nth Bernoulli function.

The goal of our paper is to introduce new kinds of Dedekind sums defined
over rational function fields. Our Dedekind sums are very similar to ordinary
Dedekind sums and to Zagier’s higher dimensional Dedekind sums [9]. As
the main theorem, we establish the reciprocity law for our Dedekind sums.
The rationality and characterization of Dedekind sums are also discussed.

Notation.
/ . .
> : the sum over non-vanishing elements
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[T : the product over non-vanishing elements

F, : the finite field with ¢ elements

A =TF,[T] : the ring of polynomials in an indeterminate 7'
K =T,(T) : the quotient field of A

|| : the normalized absolute value on K such that |T'| = ¢
K, : the completion of K with respect to ||

K. : a fixed algebraic extension of K.

C' : the completion of K

2. A-LATTICES

In this section, we give an overview of A-lattices and related periodic
functions. For details, see Goss [4]. A rank r A-lattice A in C' is a finitely
generated A-submodule of rank r in C' that is discrete in the topology of C'.
For such an A-lattice A, define the Euler product

ea(z) = ZH/ <1 — §> :

The product converges uniformly on bounded sets in C', and defines a map
epr : C — C. The map ey has the following properties:

ex is entire in the rigid analytic sense, and surjective;

e is [Fy-linear and A-periodic;

ex has simple zeros at the points of A, and no other zeros;
dep(z)/dz = €/\(z) = 1. Hence we have

1 :ek(z)zz 1
2=\

ean(2) eal2)

Let ¢ be the Drinfeld module corresponding to A. For any a € A\ {0},
we denote by ¢la] := {x € C' | ¢p,(x) = 0} the A/aA-module of a-division
points. It is known that A/aA is isomorphic to ¢la] by A + aA — ep(A/a).
Put

Bola) = 3 = S

zEP[a] AEA/aA €A (%)k

for each positive integer k, and we use the convention Fy(¢[a]) = —1. We
adopt the convention that >, , /aA' is zero when A/aA = {0}. Then we
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have

az Pa(2)

= z

¢a(2) a(2)

- Y i

Z — €
AEA/aA Al

z

S 0

AeA/aA 1 ea(A/a)

(2.1) = =) Ew¢la)?".

If a € F,\ {0}, then Ey(¢[a]) = 0 for any positive integer k, and az/¢q(2) =
1.

3. HIGHER DIMENSIONAL DEDEKIND SUMS

Let A be an A-lattice. We introduce Dedekind sums for A. Assume n > 2.
Let ay,aq,...,a,-1 € A\ {0} be prime to a, € A\ {0}. In other words, if
1 # n, then Aa; + Aa, = A. Then

Definition 3.1. The higher dimensional Dedekind sum is defined as

1 ’ a N\ ! Ap_1 A -1
salap;ay, ... an_1) = (=1)" - Z eA(aL) ---eA( al ) )

a
" AeN/anA

Remark 3.2. (i) When A/aA = {0}, Z)\EA/aA, is zero.

(ii) In the cases (n,q) = (2,2), (3,3), our Dedekind sum coincides with
one of Dedekind sums introduced in [6]. In particular, if A = L is the A-
lattice corresponding to the Carlitz module, then this Dedekind sum is as

defined in Okada [7].

The Dedekind sum sy (ay,;ai, ..., a,_1) has similar properties to those of
Zagier’s Dedekind sum:
Proposition 3.3. (i) sa(an;a,...,a,_1) only depends on a; + a, A,
(i) sa(an;as,...,an_1) is symmetric in ay, ..., a, 1,
(iii) sa(an;Caq,...,an—1) = ¢ tsalan;an, ... ,an—1) for any ¢ € F,\ {0},
(iv) sa(an;bay, ... ba,—1) = sy(ap;ay,...,a,_1) for any b € A prime to
.

The proof is trivial, so we omit it.
Remark 3.4. By Proposition 3.3 (ii), (iii), and (iv), we have

(—1)”_18A(an; A1y p1) = SA(Qn; A1, .oy Ap_1).
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Hence, if CharF, # 2 and 2|n, then the sum is equal to zero. Therefore in
the case CharF, # 2, we may suppose in advance that n is odd.

We now state the reciprocity law for our higher dimensional Dedekind
sums.

Theorem 3.5 (Reciprocity law). Choose ay,...,a, € A\{0}. Ifay,...,a,
are coprime, then we have

n
(3.1) Z salagay, ..., ai—1,Gip1, ..., an)
=1

1
=—— > Ey(dla])-- Ei(lan]).
re--Qn, @ 1
i1>0,...rin >0
Remark 3.6. We note that for a; =--- =a,_1 =1, a, € A\ {0}, we have
n—1
A -1 n—1
salan; 1, .. 1) = %En—l(¢[an])‘

Let a, ¢ be the coprime elements of A\ {0}, and let A denote an A-lattice
in C. The inhomogeneous Dedekind sum sp(a,c) is defined as

1 ro (e T
SA(CL,C) = SA(C;Q, ]-) = E E : €A (7) €A (E) )
AEA/cA

The Dedekind sum s, (a, ¢) has the following reciprocity law:

Theorem 3.7 (Reciprocity law). If a,c are coprime, then we have

Er(¢la]) + Ex(¢le]) — En(¢la]) Er(9le])

(3.2) sa(a, ¢) +sa(c,a) = ac

4. EXAMPLE

We compute Dedekind sums for special cases. To do this, let us prepare
some results.

4.1. Power sums of a-division points. We recall the Newton formula
for the power sums of the zeros of a given polynomial.

Proposition 4.1 (The Newton formula cf. [2], [3]). Let
fX)=X"+a X"+ X +e

be a polynomial over a field L, and aq,...,a, be the roots of f(X). For
each non-negative integer k, put
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Then it holds that
Ty +cilyr+-+cp1Th + ke, =0 (kK <n),
Ty +eilyr+ -+ en1Thnp + 1 =0 (k>n).

Proposition 4.2. Let ¢ be a Drinfeld module, and a be a fized element in
A\ A{0}. If

¢a<z) = Zli(a)zqzv
then
Bola) = { 7 s
HOD= 0 (k=1,...,q-2if¢>2)

Proof. The set {1/x | z € ¢[a] \ {0}} is the roots of
a (27120 = Za’lli(a)zqm’qi.
=0

Applying the Newton formula to this polynomial, we have

Eya(olal) + (g — 1)1

=0, E¢la)=0 (k=1,...,q—2).
[l

4.2. Higher dimensional Dedekind sums. Let A be an A-lattice, and
¢ be the corresponding Drinfeld module.
We give explicit formulas for certain higher dimensional Dedekind sums.

Proposition 4.3. If a,b € A\ {0} are coprime, then

n—l Q_l)n—l
sa(b;a,...;a) = TEn_l(gb[b])
_ (—l)’ﬂb;lll(b) (n _ q) .
0 (n=1,...,q—1)
Proof.
n—1 n—1
P —N—
sa(b;a,...;a) = sa(b;1,...,1) (by Proposition 3.3 (iv))

—1 n—1

= ( Z E,_1(¢[b]) (by definition of E,_1(¢[b]))

(1" (b) (n =

_ P =q) Proposition 4.2).

{ D (n=1... .q—1) (by Proposition 4.2)

(]
As a corollary to Theorem 3.5, we have
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Proposition 4.4. Let ay,...,a, € A\{0}. Ifai,...,a, are coprime, then

we have
q -1
—1)¢ li(a li(a
ZSA(ai;Gb---,ai717ai+1,---7aq):( ) (1< 1)+---+M).
i—1 ay Qg aq Qq

Proof. By Theorem 3.5 and Proposition 4.2, the left-hand side of the iden-
tity is written as

21_-1.):: (Ema(Glar]) + -+ Epa(6lad])).

which yields the right-hand side by Proposition 4.2. O

We supply a few examples of the reciprocity law for higher dimensional
Dedekind sums.

Case 1. q = 2.
1 li(a li(a
a1a9 aq a9

Case 2. q = 3.

sala;az) + sp(ag;ar) =0,
sa(as; ar, az) + sa(ag; a1, as) + sa(ar; az, az)
1 li(a li(a li(a
o __L(he), b b))
a1a903 ay (e5) as
Case 3. 3<q,2<n<gq.

n

E sa(@i;an, ..., @1, Gy, - o ) = 0.

i=1
Let L be the A-lattice corresponding to the Carlitz module p defined by
pr(z) =Tz + z9. As is mentioned in Goss [4],

(4.2) l(a) = (a? — a)/(T" — T).

Then (4.2) yields the following specialized examples, which are those given
by Okada in [7].

Case 1. q = 2.

ap+a
sp(ar;az) + sp(ag; ar) = W.
1a2(1= —

Case 2. q = 3.
sp(ai;az) + sp(az;a) =0,
a? + a3 + a’
(116L26L3(T3 — T) '

(4.3)  sp(as;ay,az) + spag; ar,as) + sp(ar;az, az) =
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Case 3. 3<q,2<n<q.

n

E sp(ai;ar, ... a1, a1, ..., a,) = 0.

=1

4.3. Inhomogeneous Dedekind sums. Let a,c be the coprime elements
of A\ {0}, and A be an A-lattice.
In the case ¢ = 3, by (4.1), we have

sa(a, ) + salc,a) = 1 (ll(a) + ll(c)) .

ac a C

Moreover assuming that A is the A-lattice L associated with the Carlitz
module, by (4.3), we obtain

a’+c* +1

sp(a,c) + sp(c,a) = PEGEE

5. PROOFS OF THE THEOREMS

Proof of Theorem 3.5.
Let ¢ be the Drinfeld module corresponding to A. Let us consider the

rational function )

¢a1 (Z) T ¢an (Z)
By assumption on ay,...,a,, we have ¢[a;] N ¢la;] = {0} if ¢ # j. This
implies that J_, ¢la;] = {0} or F(z) has a simple pole at any non-zero
element of | J;, ¢[a;]. When q; is not a unit, for any non-zero element ¢ €
¢la;], there exists a unique element A+ ;A € A/a;A such that x = e (A /a;).
Then we have

F(z)

dz 1
Res, (F(2)dz) = Resﬂ<¢ai<z>)g¢aj<x>

1 CL]')\ -1
= ;HGA o .
b ‘

This contributes s (as; ay, ..., a; 1,011, ..., a,). When a; is a unit, ¢[a;] =
0. Hence sp(a;;aq,...,a;-1,0i11,-..,a,) does not appear in the right-hand
side of (3.1). In other words, it is zero. To compute the left-hand side of
Theorem 3.5, we need the following lemma.

Lemma 5.1. Let G(2) be a polynomial over a field L of degree > 1, and R
be the set of all roots of G(z). Then we have

> Res, ( G@dz) =0.
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Proof. The partial fraction decomposition of 1/G(z) can be expressed as
ord(a)

Can
Z Z (2 —’a)"’

a€ER n=1

where ord(a) is the order of a, and C,,, the coefficient of (z — a)™™. Then
for any a € R, we have Res,(1/G(z)) = Cy1. It is easy to see that 1/G(z)
can be rewritten as follows.

1 (> ucr Ca) 2™ a polynomial in z with degree less than m — 1

G(z) G(z) G(2) ’

where m is the degree of the polynomial G(z). Hence,

1= (Z C’a71> 2™ 1 4+ a polynomial in z with degree less than m — 1.

a€R
However since m — 1 > 0, we can easily obtain ), Cq1 = 0. O

The set of all poles of F(z) is |J;_, ¢[a;]. By the above lemma, we have

n

(-1t Z salaisar, ..., ai—1,Qit1, - - -, an) + Reso(F(2)dz)

=1

= Z Z ,ReseA(,\/ai)(F(z)dz) + Reso(F(z)dz) = 0.
=1 )\EA/G,ZA

By (2.1), it follows that
Reso(F(2)dz) = (=1 Y E, (b)) Ei, (dlan)).

a .. a
1 iy in=n—1

This completes the proof.

Proof of Theorem 3.7.
By the reciprocity law (3.1),
(5.1)

sa(e;a, 1) + sa(l;a,¢) + spa; ¢, 1) = 1 Z Ei(¢pla])E;(o[c]) Ex(o[1]).

ac . “
i+j+k=2

Since s5(1;a,¢) = 0, Ey(dla]) = Eo(¢[c]) = Eo(o[1]) = —1 and Ey(¢[1]) =
Es(¢[1]) =0, (5.1) yields the reciprocity law (3.2).
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6. RATIONALITY

In this section we suppose that the Drinfeld module ¢ associated with A
is defined over K.

Proposition 6.1. The higher dimensional Dedekind sum sp(an;ay, ..., an—1)
is rational, that is, sp(an;a,...,an—1) € K. In particular, the inhomoge-
neous Dedekind sum sy(a, ¢) is rational.

Proof. We know that each es(\/a,) is a root of ¢, (z) defined over K,

and ep(a;N/a,) = ¢q,(en(N/ay)) for each i. Hence sp(ap;as,...,a,-1) is
rewritten as
6.1)  salanian. . an ) = (—1)—1 = S !
. A\Un, A1,y Up—1) = \— _ .
1 1 anx6¢[an] ¢a1 (x) U gban—l ('CE)

It is invariant under the action of all elements of Gal(K(¢[a,])/K). The
proposition follows from it. O

Remark 6.2. If ¢7(z) is given by
or(2) =Tz +1(T)2" + -+ 1,(T)27,
then ¢q, (2), ..., ¢a,(2) € K(Iu(T),...,1.(T))[z]. By (6.1), it is easy to verify
salan;ar, ... an—1) € K(Iu(T),...,1.(T)).

However, sj(an;ay,...,a,—1) is not always rational. For instance, when
I,(T) ¢ K, by Proposition 4.3
q—1
—— —1 q_ll T
sA(T;l,...,l):M 7K.

T2
7. CHARACTERIZATION OF LOWER DIMENSIONAL DEDEKIND SUMS

As mentioned in Proposition 3.3 and Theorem 3.5, the higher dimensional

Dedekind sum sp(ap;as, ..., a,—1) has the following properties:
(1) sa(an;aq,...,a,_1) only depends on a; + a, A,
(2) sa(ap;aq,...,a,—1) is symmetric in aq, ..., a,_1,
(3) sa(an;Cay,...,an—1) = 'salan;an,...,an_1) for any ¢ € F, \ {0},
(4) salan;bay, ..., bay—1) = sa(an;ay,...,a,—1) for any b € A prime to
a'ﬂ?

(5) the reciprocity law.

The following is an analog of the result of Zagier’s higher dimensional
Dedekind sums.

Proposition 7.1. (i) The one dimensional Dedekind sum s (b;a) is
determined by the conditions (1)—(5).
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(ii) The two dimensional Dedekind sum sp(c;a,b) is determined by the
conditions (1)—(5).

Proof. (ii) By (4), we have the form sy(c;a,1) for a certain b’ € A with
b'b = 1(moda,). One can suppose dega < dege by (1). The reciprocity
law (5) guarantees interchanging of the role of a and ¢. Using the Euclidean
algorithm, finally, we have the form s, (1;a,1) = 0.

(i) The proof is similar to the case (ii). O
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