IDENTITIES INVOLVING VALUES OF BERNSTEIN,
¢-BERNOULLI AND ¢-EULER POLYNOMIALS

A. BAYAD AND T. KIM

Abstract In this paper we give some relations involving values of g-Bernoulli,
g-Euler and Bernstein polynomials. From these relations, we obtain some interest-
ing identities on the g-Bernoulli, g-Euler and Bernstein polynomials.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, let p be a fixed odd prime number. The symbols, Z,, Q,

and C, denote the ring of p-adic integers, the field of p-adic numbers and the field
of p-adic completion of the algebraic closure of Q,, respectively. When one talks
of g-extension, ¢ is variously considered as an indeterminate, a complex number
g € C, or a p-adic ¢ € C,. Let N be the set of natural numbers and Z; = NU {0}.
Let x = p"; where r € Q and (s,t) = (p,s) = (p,t) = 1. Then the p-adic absolute
value is defined by |z|, = p~". If ¢ € C, we assume |¢| < 1, and if ¢ € C,,, we always
assume |1 — ¢, < 1.
Let Cpn = {€ |€?" = 1} be the cyclic group of order p”. Then, the p-adic locally
constant space is defined as T), = lim,,_,o, Cpn ( see [10]). Let UD(Z,,) be the space
of uniformly differentiable functions on Z,. For f € UD(Z,), the bosonic p-adic
invariant integral on Z, is defined by

B = [ f@du@) = Jim Y f@pe+ V7 1)
P =0
_ N“inoopifv S f(@),  (see [17, 10, 11, 12]).
=0

From (1), we note that

Lf) = / f(@ + du(z) = / f(@)dulz) + £(0), @)
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where f1(x) = f(z + 1), (see [14, 10]).
Let f € UD(Z,). Then the fermionic integral on Z,, is given by

pY -1
L) = [ f@dua@ = Jim S f@ua+rz,) 3)
P =0
pY -1
= J\}Enwg;)f(x)(—l)x, (see [18, 17, 9]).

As known results, by (3), we get
11 (f1) = =1-1(f) + 2/(0), ( see [15]). (4)

By using (2) and (4), we investigate some properties for the g-Bernoulli polynomials
and the g-Euler polynomials.

Let C[0, 1] be denote by the space of continuous functions on [0, 1]. For f € C[0, 1],
Bernstein introduced the following well-known linear positive operator in the field
of real numbers R :

Bu(fle) = 3 () () )0 = 0" = 3 1) Bl
k=0

where (}) = "("_1)'};5"_16“) = k!(:ik)! (see [1, 3, 18, 17, 14, 12]). Here, B, (f|z)

is called the Bernstein operator of order n for f. For k,n € Z,, the Bernstein
polynomials of degree n are defined by

Byn(z) = (Z) zF(1 —z)"F for x € [0,1]. (5)
For z € Z,, the p-adic extension of Bernstein polynomials are given by
By (z) = (Z) 2*(1 — )" %, where k,n € Z, ( see [18, 22, 5]. (6)

The purpose of this paper is to give some relations for the ¢g-Bernoulli, g-Euler and
Bernstein polynomials.

From these relations, we obtain some interesteing identities on the g-Bernoulli,
g-Euler and Bernstein polynomials.

2. SOME IDENTITIES ON THE ¢-BERNOULLI, g-EULER AND BERNSTEIN
POLYNOMIALS

In this section we assume that ¢ € T),. Let f(z) = ¢®¢®'. From (1) and (2), we
have

t
L @) = s e o)) 7)

The g-Bernoulli numbers are defined by

t > tn
1 Bt — Z Bn(Q)ﬁv ( see [10]), (8)
n=0 .
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with usual convention about replacing B, (q) by B, (q).
By (7) and (8), we get Witt’s formula for the g-Bernoulli numbers as follows:

/ ¢*z"du(z) = Bp(q), n € Zy, ( see [10]). (9)
ZP
From (8), we can derive the following recurrence sequence:
1 if n=1,
Bo(q) =0, and q(B(q) +1)" — Bn(q) = , (10)
0 if n>1,

with usual convention about replacing B"(q) by By (q).
Now, we define the g-Bernoulli polynomials as follows:

t
get — 1

e®t = Bl ZB x|q (11)

with usual convention about replacing B"(x|q) by B, (z|q).
By (2) and (11), we easily get

oo n

/que(”y)tdu(y) Z n(@lg)—. (12)

D —

Thus, we also obtain Witt’s formula for the ¢-Bernoulli polynomials as follows:

Léqu+wwm@>=BAﬂ@7ﬁmneZ+ (13)

P

By (9) and (13), we easly get

Ba(ela) i()"%)

1=
= (x4 B(q)", forn€Z,.
It is easy to show that

rel (<1tqw>(i_3ﬂ> -

tn+1

1—q

where H,,(q~') are the n-th Frobenius-Euler numbers ( see [17]).
By (8), (10) and (15), we get

Bn+1(Q) . Hn(qil) - Hn(q71)
nt+l  q(l-q¢t) g¢-1"~ 15)

Therefore, by (15), we obtain the following proposition.

Proposition 1. For any n € Z,, we have

Bn11(q) _ Ha(q™") _ Hu(q7")

n+l ql-q¢0  q-1°

where H,,(q~1) are the n-th Frobenius-Euler numbers.
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From (11) and (12), we can derive the following equation:

qt 1—x)t __ 71 ntn
e —e" " _W ZB (@lg™)(=1)" (16)
and
qt e - "
e D SLAIEE LS an)

By comparing the coefficients on the both sides of (16) and (17), we obtain the
following theorem.

Theorem 2. Let n € Z,. Then we have
qBn(1 —zlq) = (_l)an(x‘qil)'
From (10) and (13), we have

Bl = B0+ 141" = () Bl (18)
=0
= o)+ (i) + 5 Y- (] )amilo (19)
=2
1<~ /n n
- qlzz(l)3l<q>+q<1+31<q>>

= % + quQan(Hq) = g + q%Bn(q), while n > 1.
Therefore, by (18), we obtain the following theorem.
Theorem 3. Forn € Z, with n > 1, we have
¢*Bn(2lq) = Bu(q) + qn.
By (9) and (13), we easily see that

/ (- o)du(x) = (~1)" / ¢ (& — 1) du(a) (20)
Z 7

P P

= q/Z (z +2)"q"du(z)

P

1
= f/ 2"¢"du(x) +n
q.)z

Y

Therefore, by (19), we obtain the following theorem.

Theorem 4. Forn € N withn > 1, we have

—T n 1 n T
[ ara-oraue = [ o) +n
Zp qJz,
Let f(z) = ¢”e**. Then, from (3) and (4), we note that
2
Terldp_q(z) = ——— 18, 19, 4, 21]). 21
/qu dp—1(x) qet+1,(see[8, 9, 4, 21)) (21)

P
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n [18], the ¢g-Euler numbers are defined by

oo m
= PO S Bl (22)
n.
n=0

with usual convention about replacing E"(q) by E,(q).
Let us define the g-Euler polynomials as follows:

et = eF@la)t ZE (z|q) —' (23)

2
get +1

2
get +1

From (3) and (4), we note that

TL
/Z qye(’”"‘y)tdﬂfl(y) qet T 1 Z E.(z|q) —' (24)

P

Thus, by (22) and (23), we get

/Z (@ +y)"dus(y) = En(zlg), forn e Z,. (25)

By (20), (21) and (24), we get

n

Eutel) = 3 () B = e B0 (26)

=0

with usual convention FE(q)"™ by Fy,(q).
In [2], it is known that

4 (2lq) =2+ gmq), (27)

and

/

For z € Z,,, by (6), we have

g "1 —x)"du_q(z) =2+ }/Z 2"q"du—_1(x), ( see [13]).

P P

Bui-a) = Y (})a-or50) (29)
=0
_ n n ll‘l J}_l
: ;(l) Bifa)
= Bln( )Bi(q)z™",

where By, (z) are Bernstein polynomials of degree n.
Therefore, by (27), we obtain the following proposition.

Proposition 5. Forn € Z,, we have

1—1"(] ZBln ,
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where By, (z) are Bernstein polynomials of degree n.

From (7) and (20), we can derive the following equatlon
/ / z+y (T-‘ry)td’u/ 1( )d//"( ) p ezt T (29)
By (8), we get
L eBla®)2t _ Z 2" B ( (30)
g2e? — 1

By comparing the coefficients on the both 51des of (28) and (29), we obtain the
following theorem.

Theorem 6. Forn € Z,, we have
1 X n
27/ / ¢" V(@ +y)" T du-1(2)dp(y) = Bn(d®).
ZP ZP

By using (9) and (24), we obtain the following corollary.

Corollary 7. Forn € Z, we have

1 & n 2
PR <1>EI(Q)B"_l(Q) ~ ol

From the definition of Bernstein polynomials, we note that
Bin(x) = Bp—pn(l—x), forn,keZy.
Thus, we have
1 1 n\ (NPT 1\ (n
ey sty = (1) (2) () = (2) G)

Therefore, we obtain the following lemmma.
Lemma 8. Let n,k € Z. Then we have

By Lemma 8 and Corollary 7, we obtain the following corollary.

Corollary 9. Forn € Z,, we have

1 < (n
Bn( 2) = on Bn— ()
q 5 ;(J 1(q
= Y Bun3)Ei@)Bai(a)

~
Il
=

For the right side of (28), we have

2t - 2m 2mt = n = 2m, . n "

m=0 n=0 m=0

tn+1

m=0
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n (29), we see that By(g?) = 0. By comparing coefficients on the both sides of (29)
and (30), we obtain the following theorem.

Theorem 10. Forn € Z, we have

m+y n o 2m

By (9), (24) and binomial theorem, we obtain the following corollary

Corollary 11. Forn € Z,, we have

> 1 W+
2m, . n - - E B _ .
n;)q m 2(n+1)(n + 1) lz:; < l > l(q) n+1 l(q)

By Lemma 7, we obtain the following corollary.

Corollary 12. Forn € Z, we have

[e’e) n+1
1
2m,. n __
g::oq mt= e ZBnJrll )El( )Bni1-1(q).-

It seems to be important to study double p-adic integral representation of bosonic
and fermionic on the Bernstein polynomials associated with ¢g-Bernoulli and g-FEuler
polynomials. Theorem 10 is useful to study those integral representation on Z,
related to Bernstein polynomials. Now, we take bosonic p-adic invariant integral
on Z, for one Bernstein polynomials in (6)as follows:

| Buatrads = [ (})a-ar -t (32)

P P

(Z) nik (n , k) (—1)l/Z " gt dp ()

=0 P

(Z) "Z_fc (n ; k) (—=1)'Brsi(a)-

=0

From the reflection symmetry of Bernstein polynomials, we have

Bin(2) = By—pn(l —z), wheren, k€ Zy. (33)
Let n, k(> 1) € N with n > k + 1. Then, by (32), we get
/ Bin(n)d*du(z) = / Buin(l — 2)¢%d(z) (34)
Zp

=(@i@mﬁ%amﬂmm

=0 P

= q(" Zk: Vg [ e tdut@) +n— 1)
()% ()

P

- q(z> g (?) (="' Bni(g™).

Therefore, we obtain the following theorem.
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Theorem 13. Let n, k(> 1) € Z withn >k + 1. Then we have

/Bkn (z)¢" " du(x) —2k<)zBlk —1)5 !B, _i(q).

By (31), we obtain the following corollary

Corollary 14. For n,k(> 1) € Z; withn >k + 1, we have

1
2% (Z)Bl’k(2)( 1M By, i —2nquzn #(5)(=1)'Br1a(g)-

Let m,n, k(> 1) € Z,, with m 4+ n > k + 1. Then we have

()% () farsnarmiay

=0 P

(IS s

D

(RS )i rasno

(35)

/Z Bin (@) By (2)q*du(z)

Therefore, by (34), we obtain the following theorem.

Theorem 15. Let m,n, k(> 1) € Zy with m+n >k + 1. Then we have

/Zp By () Bim (2)q" *dp(z) = < )( )22 ZBl o DB ().

By binomial theorem, we easily get

[ B = (1) () ST () o [ g

? =0 P

- q<’,;‘> (’}j)mz (”*”}2’“><1>ZBI+%<;>. (36)

1=0
By (35), we obtain the following corollary.
Corollary 16. Let m,n, k(> 1) € Z; with n +m > 2k + 1. Then we have

2% ) ntm—2k . )
24k2(_1)l+2k31,2k(§)3n+m 1(q) =2"""q Z 1! B m—2k(5 )Bl+2k(q)
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For s € N, let ny,na,...,ns, k(> 1) € Zy with ny + ng + -+ +ng > sk + 1.

| B B @aute) = () (7)) [ a0 - s

¥ D

_ (21)(’;) i(_msw / (1 — gymattme—lg=a gy (y)

=0 Zp

= q<’:> (’;:) i (Slk) (*1)5'“”/Z (z +2)m g dp(x)

P

- () () lf; ()" Barns@ . @)

Therefore, by (36), we obtain the following theorem.

Theorem 17. For s € N, let n1,na,...,ns, k(> 1) € Zy withny +ng+---+ng >
sk + 1. Then we have

/Z Bin (2) -+ Bum. (@)g"~*dp(z) = (’2) - (2) psk i(1)3’““3175,@(;)Bn1+...+ns_l(q).

P =0
From binomial theorem, we can easily derive the following equation:

| B @)+ B @) " du(o) (33)

ni+--+ngs—sk
_(m N ny4-o+ng —sk\ l/ I+sk —x
()0 (e e

1=0 I3

() () (T Bt

1=0
By (37), we obtain the following corollary.
Corollary 18. Let s € N and ny,ns,...,ng k(> 1) € Zy withni+ns+---+ng >
sk + 1. Then we have
ni+-+ns—sk

1 _
q Z (_1)1Bl’n1+~-+nsfsk(ﬁ)BlJrsk(q Y
=0

on1 4+ 4ng—2sk

sk
1 )
=Y Bla(5) (=D B, ala).
1=0
3. FURTHER REMARKS

In this ection, we assume that ¢ € C with |¢| < 1. The ¢-Euler polynomials and
g-Bernoulli polynomials are defined by the generating functions as follows:

oo tn
E _ Tt __
Fq (t,(E)— qet—|—le _T;En(qu)ﬁa |t+lqu| <m,
and
t > tm
B _ xt __
FB(t,) pre Ll ZBn(q|x)n!, |t + logq| < 2. (39)
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In the special case x = 0, E(0|q) = E,(q) are called the n-th g-Euler numbers and
B, (0|q) = Bn(q) are also called the n-th g-Bernoulli numbers.

As usual convention, let us define F?(¢,0) = FP(t) and Ff(t,0) = FF(t).

For s € C, we have

L/OOFB(—t N2t = L /OO g (40)
L(s)Jo 7" 7 O T(s) Sy 1—get

o0 1 o0

_ qu+1 / o (mADts—1 g
0 I'(s) Jo
St m-+1 s qm

_ q _
= L 2w

m=0 m=1

From (39), for any |q| < 1 we define ¢g-zeta function as follows:

o m

Q

Co(s) =

m=1

S

3

Note that (,4(s) is analytic in whole complex s-plane. By (38), (39) and elementary
complex integral, we get

G =n) =(=1)

qBu(1lq) :{ —(I+Bi(q) if n=1, )

n =IO T

n

From (38), we note that

2 t 2t S tr
_ _ 2an 2\"
(qet—i—l) (qet—l) q?e?t — 1 Z (4 )n!’

n=0

and

2 t > tm
_ (B(O+E(@)t _ n
<qet+1> <qet—1> e > " (B(q) + E(q)) o

n=0
Thus, we have

2Bu) = (5@ + B = () B

(q)Enfl((Dv (42)
l
).

with usual convention about replacing B™(q) by By (q
By (42), we get

= 27
=0

Bu) = 5 3 () ) B B0t 1), (13)

From (40) and (41), we can derive the following equation:

)n+1 qQBn-‘rl (QQ) _ _(_1)an+l(q2)
n+1 n+1

n+1
= —(—1)nm ; <n ;L 1) Bi(¢*) En1-1(¢%).

Cp2(=n) = (-1



IDENTITIES INVOLVING VALUES OF BERNSTEIN, ¢-BERNOULLI AND ¢-EULER POLYNOMIAIL$

REFERENCES

[1] M. Acikgoz, S. Araci, A study on the integral of the product of several type
Berstein polynomials, IST Transaction of Applied Mathematics-Modelling and
Simulation, 2010, Vol. 1, No.1(2), ISBN 1913-8342, 10-14.

[2] A. Bayad, T. Kim, B. Lee, S.-H. Rim, Some identities on the Bernstein
polynomials associated with q-FEuler polynomials (Communicated).

[3] S. Bernstein, Démonstration du théoréme de Weierstrass fondée sur le calcul
des probabilités, Commun. Soc. Math. Kharkow 13 (1912), 1-2.

[4] I. N. Cangul, V. Kurt, H. Ozden, Y. Simsek, On the higher-order w-q-Genocchi
numbers, Adv. Stud. Contemp. Math. 19 (2009), 39-57.

[5] H. W. Gould, A theorem concerning the Bernstein polynomials, Mathematics
Magazine, Vol. 31, No. 5 (1958), pp. 259264.

[6] N. K. Govil, V. Gupta, Convergence of q-Meyer-Konig-Zeller-Durrmeyer op-
erators, Adv. Stud. Contemp. Math. 19 (2009), 97-108.

[7] L.C. Jang, W-J. Kim, Y. Simsek, A study on the p-adic integral representa-
tion on Z, associated with Bernstein and Bernoulli polynomials, Advances in
Difference Equations, Vol 2010 (2010), Article ID 163219, 6pp.

[8] K. I Joy, Bernstein polynomials, On-line Geometric Modelling Notes,
http://en.wikipedia.org/wiki/Bernstein polynomails.

[9] T. Kim, Barnes-type multiple q-zeta functions and q-Euler polynomials, J.
Physics A : Math. Theor., 43 (2010), 255201, 11pp.

[10] T. Kim, An analogue of Bernoulli numbers and their congruences, Rep. Fac.
Sci. Engrg. Saga Univ. Math.22(1994), N.2, 21-26.

[11] T. Kim, On the symmetries of the q-Bernoulli polynomials, Abstract and
Applied Analysis, Vol.2008(2008), Article ID 914367, 7pp.

[12] T. Kim, A new approach to p-adic q-L-functions, Advanced Studies in Con-
temporary Mathematics 12 (2006),N.1, 61-72.

[13] T. Kim, g¢-Bernoulli numbers and polynomials associated with Gaussian bino-
mial coefficients, Russian Journal of Mathematical physics 15 (2008), 51-59.

[14] T. Kim, J. Choi, Y. H.Kim, g¢-Bernstein polynomials associated with q-Stirling
numbers and Carlit’s q-Bernoulli numbers, Abstract and Applied Analysis Vol-
ume 2010, Article ID 150975, 11 pages doi:10.1155/2010/150975 .

[15] T. Kim, Some identities on the g-Euler polynomials of higner order order
and q-Stirling numbers by fermionic p-adic integral on Z,, Russian Journal
of Mathematical physics 16 (2009), 484—491.

[16] T. Kim, Note on the Euler g-zeta functions, Journal of Number Theory 129
(2009), 1798-1804.

[17) T. Kim, B. Lee, Some identities of the Frobenius-Euler polynomials, Abstract
and Applied Analysis 2009 (2009), Article ID 639439,7 pp.

[18] T. Kim, J. Choi, Y.H. Kim, C. S. Ryoo, On the fermionic p-adic integral
representation of Bernstein polynomials associated with Fuler mumbers and
polynomials, Journal of inequalities and Applications, Vol 2010 (2010), Article
ID 864249, 12 pp.

[19] B. A. Kupershmidt, Reflection symmetries of q-Bernoulli polynomials, J. Non-
linear Math. Phys. 12(2005), 412-422.

[20] G.G. Lorentz, Bernstein polynomials, (2nd edition) printed in USA (1986).



12 A. BAYAD AND T. KIM

[21] S-H. Rim, J-H. Jin, E-J. Moon, S-J. Lee, On multiple interpolation functions
of the q-Genocchi polynomials, Journal of Inequalities and Applications, Vol
2010 (2010), Article ID 351419, 13 pp..

[22] S. Zorlu, H. Aktuglu, and M. A. Ozarslan, An estimation to the solution of an
initial value problem via q-Bernstein polynomials, Journal of Computational
Analysis and Applications, Vol. 12, N. 3, (2010), 637645.

ABDELMEJID BAYAD. DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE D’EVRY
VAL D’ESSONNE, BD. F. MITTERRAND, 91025 EVRY CEDEX, FRANCE,
E-mail address: abayad@maths.univ-evry.fr

TAEKYUN KiM. DIVISION OF GENERAL EDUCATION-MATHEMATICS, KWANG-
WOON UNIVERSITY, SEOUL 139-701, REPUBLIC OF KOREA,
E-mail address: tkkim@kw.ac.kr



