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Crystal surfaces

How crystal surfaces are
Crystal surfaces is made up of terraces separated by

steps of atomic height. These steps contain straight
parts separated by kinks. On the terraces, there are sur-
face vacancies (or advacancies) resulting from missing
surface atoms.

How crystal surfaces evolve
Under ultra-high vacuum conditions, atoms are sent

onto the surface, and they diffuse until they are incor-
porated. These process depends on the crystal material,

Physics of Crystal Growth
temperature, pressure... A. Pimpinelli & J. Villain
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parts separated by kinks. On the terraces, there are sur-
face vacancies (or advacancies) resulting from missing
surface atoms.

How crystal surfaces evolve

Under ultra-high vacuum conditions, atoms are sent
onto the surface, and they diffuse until they are incor-
porated. These process depends on the crystal material,

Physics of Crystal Growth
temperature, pressure... A. Pimpinelli & J. Villain

From micro to macroscopic descriptions
Crystal surfaces are described through EDOs at microscopic level and by PDEs at

the macroscopic one. These are obtained as limit of EDOs.
Our mathematical point of view
We will focus on IV order parabolic PDEs describing the evolution of crystal surfaces.
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Applications

"It is important to study this evolution [the crystal ones|, because the manufacture
of crystal films lies at the heart of modern nanotechnology."

\ H.A.H. Shehadeh, R.V. Kohn & J. Weare, Phys. D: Nonlin. Phen. (2011).
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"It is important to study this evolution [the crystal ones], because the manufacture
of crystal films lies at the heart of modern nanotechnology."

% H.A.H. Shehadeh, R.V. Kohn & J. Weare, Phys. D: Nonlin. Phen. (2011).

o Modern electronic devices (e.g. mobile phone antennae).

N J. L. Marzuola & J. Weare, Phys. Rev. E (2013)
and references therein (Nature, J. Electrochem. Soc., J. Stat. Phys.,...) .

o New technologies based on nonlinear optics, plasmonics, photovoltaics and
photocalysis.

A M. Khenner, J. Appl. Phys. (2018)
and references therein (Proc. SPIE, Nanomedicine, J. Optics, Nanoscale,...) .
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Basic tools

The Fourier series

o k-th Fourier coefficient of 27-periodic u = u(t, z):
1

B K) = oy

/ u(t,z)e @k de ke zZV;
™™

o the Fourier series:
u(t,z) = Z a(t, k)™,
kezZN
o some properties of ~:
wo(t,k) = Y a(t,j)o(t.k—j) kezZV;
jezN

—

(0%u)(t, k) = (ik)*u(t, k) ke zZN.
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Basic tools

Sobolev and Wiener spaces

o Sobolev spaces WP (TV), H*(TN):
W) = {u e P(TY) s fulfyny = lullyy + 102ulf, < o},

HY(TV) = que LA(TY) . Jullfe = D [KP[a(k)|> < oo p;
kezN
o Wiener space A%(TH):

AY(TYN) = ue LN(TY) s ufae = Y [K*a(k)] < oo ¢
kezZN
o interpolation inequality between Wiener spaces

— S
lullas < lullgo’[ulllr VO<s<r, 6= =
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Why using Wiener spaces?

Motivations through rough examples
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o The heat equation:
cup—Au=0 + wug€Ll*(TV)= weL?0,T; H(TV))
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Why using Wiener spaces?

Motivations through rough examples

o The heat equation:
u—AMu=0 + wupeLl?(TVN)= weL?0,T;HY(TV))
u—AM=0 + wuyc AN(TV)= we L(0,T;A%(TYV))
(Fourier series owu(t, k) + |k[*a(t,k) =0 VkeZN,
ufa(t, k)| = Re(u(t, k)ora(t, k) /[a(t, k)|~ gllu()]a0 + [u(®)] 42 = 0.)

o The biharmonic heat equation:
u+ANu=0 + wugecl*(TV)= weL?0,T;H*(TVY))
ug+Au=0 + wugeA(TN)= weLl(0,T;A%(TV))
(Reasoning as before~~ 4 [|u(t)|| 40 + ||u(t)|| 44 = 0.)

We gain spatial regularity!!
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@
The main problem

Crystal...what?

dyu = Ae™ B¢ in (0,7) x TN, /
with  (u ugdxr =0,
u(0,2) = up(z) in TV, (o) TN| 0
where u represents the crystal height. This model has been introduced by

N J. Krug, H.T. Dobbs & S. Majaniemi, Z. Phys. B. Condensed Matter (1995).
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Results

Oy = Ne B

u(0,z) = ug(z)
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The main problem

in (0,7) x TN

where u represents the crystal height. This model has been introduced by

N J. Krug, H.T. Dobbs & S. Majaniemi, Z. Phys. B. Condensed Matter (1995).

Y.

O O O O

Possible ways and results

=A™ in(0,T)xQ, QCRY, N>1
Gao, J.-G. Liu, Y. Lu, X. Xu,

Lyapunov functionals;

passing from IV order equations to Il order elliptic-parabolic systems;

Sobolev initial data (with/without smallness conditions);

uniqueness for Au regular enough.

19/11/2019
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L
The change of variable

We choose v = f(u) such that the fully nonlinear problem becomes quasilinear.
The change of variable: v = Au

O = A% in (0,7) x TV, with  (vg) = 0.
v(0,2) = vo(x) in TV,
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The change of variable

We choose v = f(u) such that the fully nonlinear problem becomes quasilinear.

The change of variable: v = Au

Ov = A%e? in (0,T) x v, with  (vg) = 0.
1}(0,.13) — UO(x) in TN’

Definition

A function v € L>(0,T; L=(T")) is a weak solution if
/ ©(0,z)vo(z) dz — // Arp(t, x)v(t, z) + Ap(t, ) e V) g gt = 0,
™ (0,T)xTN

for all o € Whi(0,T; LY (TN)) n L (0, T; WHH(TN)).
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Main results

Theorem - R. Granero Belinchon & M. M.

Existence: If vy € A°(T?) is a medium size datum*, then there exists at least
a global solution such that .
ve L®(0,T; L®(TN))n L3 (0,T; W (TV))

AM(0, T; W (TN)) n L2(0, T; HA(TY)),
lo(t) oo < [lvoll goe™ 0 vt € (0,T).
Regularity: If vg verifies also vg € A%(TY) N H2(TY), then
v e C([0,T]; H*(TN)) N L*(0, T; H*(TV)),
T
Jo)n + | Io(6) e ds < cloo).

o) ||z < c(vo)e™ )t con 0<r < 2.

* Its smallness condition is explicit.
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@
The a priori estimate

N
Opon = N 7 vl in (0,T) x TN,
=0
vn(0,2) = vg = Aug in TN,

Proposition - A priori estimate

If g € A°(TY) is a medium size datum, then {v,}, is uniformly bounded in
L2°(0,T; A°(TN)) n LY (0, T; AY(TY)).
Furthermore
o ()]0 < [[vo]l e Vi€ (0,7).
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@
The a priori estimate

=~ (=1)7
Opon = N Tugl in (0,7) x TN,
j=0 7

vn(0,2) = vg = Aug in TN,

Proposition - A priori estimate

If g € A°(TY) is a medium size datum, then {v,}, is uniformly bounded in
L2°(0,T; A°(TN)) n LY (0, T; AY(TY)).
Furthermore
o ()]0 < [[vo]l e Vi€ (0,7).

Remark

We have the same spaces of the biharmonic heat equation.
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@
Sketch of the proof

1. First step: the quasilinear form

" o(=1) .
dvn =) (j—,)(v%),me

J=0

E) . .
f,jzwfj with j7=1,...,N.
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Sketch of the proof

1. First step: the quasilinear form

1
Opvp = Z ( 1 ) ( )mé@ = Un méﬂ"’Z 1),

7=0

NB Nj - Nj(vn, ey (Un),iiéﬁ)-
2. Second step: the Fourier series

Ai0n(t, k) = —|k|*0n(t, k) +

5 . .
f,]':ﬂf]_ with j7=1,...,N.
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Sketch of the proof

Crystal...what? Results

1. First step: the quasilinear form

~ (=17 ~ (-1
Dyvn = Z 7 (v3,)iiee = —(vn)siiee +Z WN
7=0 j=2
NB Nj = ]\G’(’Un7 ey (’Un)’“'g[).
2. Second step: the Fourier series

3

A0 (t, k) = —|k|*0n(t, k)
3. Third step: since 9¢|v, (¢, k)| = Re(vn(t,k) U, ( k))/ [on(t, k)|,
d n
Zpllon(@ a0 < —llva(t) ] a2 + 5 (8)].a0-
]:2

N.

M. Magliocca (Sapienza Univ. of Rome)

with j=1,...,
10/ 21

. 9f
f"jiﬁj
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Crystal...what? Results
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~ (=17 ~ (-1
Dyvn = Z 7 (v3,)iiee = —(vn)siiee +Z WN
7=0 j=2
NB Nj = ]\G’(’Un7 ey (’Un)’“'g[).
2. Second step: the Fourier series

3

A0 (t, k) = —|k|*0n(t, k)
3. Third step: since 9¢|v, (¢, k)| = Re(vn(t,k) U, ( k))/ [on(t, k)|,
d n
Zpllon(@ a0 < —llva(t) ] a2 + 5 (8)].a0-
]:2

The interpolation inequality leads to
. . . i—1
IN; ()]0 < e(i = 1,5 = 2,5 = 3)lvn(t)[Ijo" llvn () ]| aa-

N.

M. Magliocca (Sapienza Univ. of Rome)

with j=1,...,
10/ 21

. 9f
f"jiﬁj

19/11/2019



Crystal...what? Results Remarks More models The a priori estimate Conclusion Further regularities

We consider the sum over j > 2, getting

Eon(®lLao < o (®)Las (5 (lon(8)lLao) ~ 1)

_ @
for & ([lun(t)[l40) = ZC(J -Lj-2 —3)W
Jj=2 ’

But... is it true that
5 (Jlon ()] 40) 1 < 02
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We consider the sum over j > 2, getting

Eon(®lLao < o (®)Las (5 (lon(8)lLao) ~ 1)

B N TM €3] v
for 6 ([[on(t)]|40) = ZC(J -Lyj=2 —3)W
j=2 :

But... is it true that

5 (Jlon ()] 40) 1 < 02
We need to ask for

vg € A%(TY) such that §(||vol[40) — 1 < 0.

In this way
t
[[on ()[40 + (1 = 5(||vo||Ao))/0 [[on ()]l a2 ds < ||vol 0,

on ()] g0 < e~ (1000l40)) g 4o

19/11/2019 M. Magliocca (Sapienza Univ. of Rome) 11/21
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Further regularities

The smallness condition

The inequality

6(||U0||A0):Zc(j—l,j—2’j )|(| Oﬂl)
Jj=2

=

5(llvoll 40) = ell*ola0 (14 7]lwol| yo + 6llvoll%0 + o lie ) =1 <0

Remark

P WolframAlpha = lwllu <0023

19/11/2019 M. Magliocca (Sapienza Univ. of Rome)
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Compactness results

1. Banach-Alaoglu Theorem: {v,}n = v in L0, T; L®(TVN)).
2. Interpolation inequality in Wiener spaces:

T T T
/0 lom () 2,2 dt < /O lon(®) 22 dt < sup [lon(®)]La0 /0 on(£)]| s dt < ¢

te(0,7)

= {vpnjn—v in L2(0,T; HX(TY)).
3. Riesz Theorem:

10son, () || -2 = sup ‘(@Un(t)v@
p € H? |lellyz <1

2. + a priori estimate
C

= {Own}n — 8w in L*(0,T; H *(TV))
4. Gathering 2. + 3. + Aubin=  {v,}, — v in L%(0,T; L*(TN)).
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Crystal...what? Results Remarks More models The a priori estimate Conclusion Further regularities

O
Conclusion of the existence

Existence: Let us consider

/ ¢(0, z)vn (0, ) dz — // drpon + N pe™ " drdt = 0.
T~ (0,T)xTN
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O
Conclusion of the existence

Existence: Let us consider

/ ¢(0, z)vn (0, ) dz — // drpon + N pe™ " drdt = 0.
T~ (0,T)xTN

The previous convergences imply

2 —Un _ =
/TNALP(C e )d:v

from which .
/ / Azap (e_v" - e_v) dx dt — 0.
0 ™

< ellon@lleee Fv @l A (1) || L2 [vn () — v(1)]| 2,

_ oy = [Yerat(1-A _
e* ey—foew( W (x —y) dA
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Conclusion of the existence

Existence: Let us consider

/ ¢(0,2)vn(0,z) do — // Brpun + A pe” " dodt = 0.
™ (0,T)xTN

The previous convergences imply

2 —Un U
/TNAL,D(e e )d:p

from which .
/ / A2np (efv" — efv) dx dt — 0.
o JIN

Exponential decay: Weakly-x lower semicontinuity of the norm:

< ellon@lleee Fv @l A (1) || L2 [vn () — v(1)]| 2,

(-5t

[o(t)]|Loe < lim inf [Jvn (t)[| a0 < e [voll a0
N —oc0

oy — Y oae+ =Ny (.
ev ey—foem( Y(x —y)dr
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Regularity

Regularity with ug € A?(TY)

o Banach-Alaoglu Theorem~~ M (0, T; W42 (TV)).
o Uniform boundedness + interpolation ~ L3 (0,T; W3==(TH)).
o Sobolev interpolation~~  strong convergence in L? (O,T; H’"(TN)) for r < 2.
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Regularity

Regularity with ug € A?(TY)

o Banach-Alaoglu Theorem M (0, T; Whee(TN)).
o Uniform boundedness + interpolation L5 (0,T; W3==(TH)).
o Sobolev interpolation strong convergence in L? (0,T; H"(T)) for r < 2.

Regularity with ug € A°(TN) N H2(TYN)

We prove suitable a priori boundedness and compactness results. It is worth to
point out that these results hold with the same smallness condition.
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Remarks on Wiener spaces and technique

On the Wiener space A?(TH)
The scaling vy (t, z) = v(At, A*2) is invariant for the A°(TY) norm, i.e.

[0l 40 = lloall s0-
In particular

O\ = A%,
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Remarks on Wiener spaces and technique

On the Wiener space A%(T%)
The scaling vy (t, z) = v(At, A*2) is invariant for the A°(TY) norm, i.e.
[0l 40 = lloall a0-

In particular

O\ = A%,

On the technique

o Fourier series derivatives turn into products;

o the smallness condition is explicit and depends only on ||vgl| 40 ~+ good for
experiments in lab;

o no restriction on the dimension N > 1.
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Remarks on solutions and domains

From v to u

If Aug € A°(TY) is medium size, then there exists at least a global weak solution
u € W2 (TV).
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If Aug € A°(TY) is medium size, then there exists at least a global weak solution
u € W2 (TV).

From TN to RN
TN = Fourier series:

> Wiener space defined through Fourier series.
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From v to u
If Aug € A°(TY) is medium size, then there exists at least a global weak solution
u € W2 (TV).

From TN to RN
™ Fourier series;

Wiener space defined through Fourier series.

1 .
- / R0 (k) dk;
(2m) 2 JRN

RN Fourier transform
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Remarks on solutions and domains

From v to u

If Aug € A°(TY) is medium size, then there exists at least a global weak solution
u € W2 (TV).

From TN to RN
™ Fourier series;

Wiener space defined through Fourier series.

1 .
- / R0 (k) dk;
(2m) 2 JRN

Wiener space defined through Fourier transform

AY(RN) = {u e LY RY):  ufae = /RN k|*[a(k)| dk < oo} :

RN Fourier transform

\ J.G. Liu & R.M. Strain, Interfaces Free Bound. (2019).
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Another crystal surface problem...

o = —u’AN*(u?) in (0,7) x TN,
u(0,2) = up(z) >0 in TV,

This model has been introduced by

\ H.A.H. Shehadeh, R.V. Kohn & J. Weare, Phys. D (2011).
S -1
The change of variable: ©w = (14+v)™ ", (vg) =0

v =~2*((1+v)"3) in(0,T)xTV,
v(0,2) = vo(x) in TN,
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Another crystal surface problem...

dru = —uA?(u?) in (0,7) x TN,
u(0,2) = up(z) >0 in TV,

This model has been introduced by

\ H.A.H. Shehadeh, R.V. Kohn & J. Weare, Phys. D (2011).
S -1
The change of variable: ©w = (14+v)™ ", (vg) =0

Ov=~A((1+v)") in(0,T)xTV,
v(0,2) = vo(x) in TV,

Theorem - R. Granero Belinchon & M. M.

The same existence and regularity results hold, for a different smallness (but
always explicit) condition on ||vg|| 40.
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. and even more!

du=A*(u"3)  in (0,T)xTN,
u(0,2) = up(z) in TV,
Change of variable: v =1+ v with (v) =0
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. and even more!

du= A3 in(0,T)xTN,
u(0,2) = up(z) in TV,
Change of variable: © =1+ v with (v) =0

du = A((Auw)™3) in (0,7) x TN,
u(0,2) = up(z) in TV,
Change of variable variable: Au = 1+ v with (v) =0
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. and even more!
du= A3 in(0,T)xTN,
u(0,2) = up(z) in TV,
Change of variable: v =1+ v with (v) =0
du = A((Auw)™3) in (0,7) x TN,
u(0,2) = up(x) in TV,
Change of variable variable: Au = 1+ v with (v) =0
— A2 -3y N
= £0)7) i ODXT
v(0,2) = vo(x) in T,
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“I think you should be more explicit here in step two.”
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