High-Regularity Invariant Measures for Euler Equations
and Growth of the Solutions
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Euler Equations, d € {2,3}

u(t) : T — RY, p(t) : T¢ — R satisfying

Oiu+u-Vu = —Vp
V-u = 0
u(0) = up € H5(T9).

Leray projector: P: [2 — L2, ,

Oru+ B(u,u) = 0
u(0) = ug € Hjiv(Td).

with B(u,v) := P (u-Vv).

—Ap=V-(u-Vu).
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Deterministic results (d = 2)

Global well-posedness in H*® holds for large s.

1d
iaHu(t)H%—IS = —(B(U, U), U)HS :

Modulo lower order error terms:

(B(u,u),u)ps ~ (V3(u-Vu), Vou)2

~(u-VV°u,Vou)p2 + (Vu-Vou,Vou)2.

Property of B: (B(u, v),v);2 =0.

d
Ol S [Vulles ()l
?

With interpolation,

d 2+2
Ol S IVu@lleellu()]s "
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Deterministic results (d = 2)
Remark: Q(t) = V A u(t) satisfies a transport equation
0+ u-VQ=0.
Calderén-Zygmund: [Vu(t)]lis S plIRA(E) > S pIQolis-
With y(t) := ||u(t)||ns we get:
y(£) < Coy ()5 < Cy(2)log y(1).

in the end we obtain [|u(t)|ys < Ce®"".

Theorem (Matching lower bounds)

( Kise/ev—gverak) In a disc, double exponential growth can occur.
(Zlatos) Best result on the torus: exponential growth on arbitrary long
time.

Conjecture. Almost-surely double exponential growth does not occur.
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Main result

Flow ¢: of a PDE: u(t) = ¢+up. w is invariant on H* if for any measurable
sets A C H*, p(p—tA) = p(A) that is:

P(u(t) € A) =P(up € A).

Fors >2 (d=2)ands>7/2 (d = 3) there exists measure us on H*,
invariant under the flow of the Euler equation and such that:
@ Almost sure global well-posedness holds on the support of the
measure. (Thm 5.2/5.5)
Q Growth estimates of the form ||u(t)||ys < t*©). (Thm. 5.9/5.11)

Similar results in other settings : Sy (on NLS), Sy-Flédes (on SQG).
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Invariant measure as a tool of globalisation

Q Invariant measure + LWP — slowly growing global solutions.
@ Construction of invariant measures.

© Properties of such measures.
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Growth of Sobolev Norms with Invariant Measures

Assumptions.
@  is invariant on H®;
@ n(llulue > A) S e

© Good LWP theory: if |lug|/ys < A then a solution exists on [0, 7],
7 ~ sk and [|u(t)|[ps < 2) for t < 7.

Proposition

Then for p-almost every ug € H® there exists a global solution u such that:

|u(t)||ne S log2(t).
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Growth of Sobolev Norms with Invariant Measures

Assumptions. Really flexible, except (3).
Q 1(p—+A) < p(A) "quasi-invariance".
@ E,[||ul?:] < oo, hence u(||ullps > A) S A2

@ Good LWP theory: if ||up||ys < A then a solution exists on [0, 7],
™~ 3 and [lu(t)|[ e < 2X for £ < 7.

Proposition (Section 5 (if d = 2 a global flow is already known))

Then for u-almost every ug € H® there exists a global solution u such
that:

[u(®)l| s S F(2)-
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Conservation Laws and Invariant Measures

For which systems is it easy to construct invariant measures?

In finite dimension. A good class of equations: Hamiltonian equations.
Let:

9:p = —9gH(p,q) 9:q = dpH(p,q),

Then dp= Z71 e HPadpdq is invariant, because:
Renorm.Cst.

@ H is conserved by the flow.

@ dpdgq is conserved (Liouville).
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Conservation Laws and Invariant Measures

Two-dimensional case. Let Q(x) = 3, Q,e:
O Conservation law for Euler in 2d: E = [|Q[|7, = 3, |Qn[2.

@ Guessing invariant measure:

dp(u) = Ce~ 2B [ dQ,
n

© . is the law of the random variable:

Q¥(x) = z:g,,(w)e"""X .
Q lIssue: supp(p) ~ {Q € H 17} ~ {u € H°"}. (See Flandoli).
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Hyper-dissipative method (1)
Hyper-dissipative stochastic regularization (HVE?) and (HVE?)

Oruy + B(uy,uy) +vlu, = Nz
uy(0) = uw € H5,(T9),

with L = (—A)* and n = 9;¢ with:
(t) = Z‘bmgn(t)ein%v
white in time (8, ~ brownian), smooth in space.

> nPX|gal? =: By

Stochastic Navier-Stokes — § = 0.

Scaling balance between vL and /v
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Hyper-dissipative method (2)

Follwing Kuksin:

© Construct invariant measures i, to the approximate equations
Oruy + B(uy, u,) +vlu, = vm,

using a Krylov-Bogolyubov argument. (Section
@ Prove uniform estimates for the p,,.

@ Pass to the limit v — 0.
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Hyper-viscous method (2)

Follwing Kuksin:
@ Construct invariant measures i, to the approximate equations
Oruy + B(uy, u,) +vlu, = vm,

using a Krylov-Bogolyubov argument.

Classical p,, invariant in H!: Section 3 for solutions, Section 4.1/4.2
@ Prove uniform estimates for the p,,.

Crucial step: Proposition 5.3/5.4
© Pass to the limit v — 0.

Easy once one has uniform estimate: Section 4.3
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Proving uniform estimates: 1t6 formula

u,(t) = up + /Ot(—uLuV — B(uy, u,)) dt' + v/ Y dnBn(t)en,
then for any functional F:
E[F (u,(£)] — E[F (15)] = —v /OtE[F’(u,,; Lu,)dt’
_ / CEB[F (uy: B(u, uy)]dE

0

v [t 5
45 ) S EIF (e en]
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Dimension 2

Itd formua to F(u) = ||ul|?,, gives

B [lo(6)1] ~ & [lula] = [ () +0m) v’
where (1) is the deterministic contribution:
(1) = —E[(B(u, uy), ) + v(Ltty, )]
and (II) is the 1t& correction: (/1) := 53, [n|?|¢n|? =: §Bi.
@ Algebraic cancellation: (B(u, u),u)y = 0. (Dimension 2 used here!)
@ v(Lu,u)p = vl|ullZp.s-

© Measure invariance E [||uy,(t)]|2,] = E [||uo||2.].
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Dimension 2 (Cont.)

From this:

i (V€ ers] — v ) e = [ Blo ). vt =0,

thus

E {Huy(t)Hfﬂﬂ;} = % independently of v.

Obtained:
@ Measures (i, invariant for (HVE),.
o Uniform estimate E,, [||ull?,2.5] = %.
@ 2+ > 2: local theory of the form T yp ~ A~ K is available.

Possible to pass to the limit.
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Summary (dimension 2)

Obtained:

@ Measure p, invariant for the Euler equations.
° Em[“”“ipm] < %, in particular p(H?t9) = 1.

o Almost-surely ||u(t)||ys < t*() (C.f. Bourgain's globalisation
argument).
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Dimension 3 case

o Key algebraic cancellation: only in L2, (B(u,v),v);2 = 0: It6 to

F(o) = ulf. )
0
Ep sl = 2.
o Leads to invariant measure g, p(H*%) =1 and Ep[llull?,s] < %.
1+6>3+1

o Further approximation problem: p = uy for approximate equation
(truncation in low frequencies)

Oruny + By(un, uny) =0,

un(0) = P<yug and By(u,v) = P<yB(u, v).

e Again uniform estimate E,,, [||u||y1+s] < % and N — oo.
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Is it finished?

© Invariant measure + LWP = slowly growing global solutions. ¢/
@ Construction of invariant measures in H®, s > g +1. v

o W(H**) =1v

o Epufllullfais] < oo

e 2+6>4+1v

© Properties of such measures. Question: what does ;. look like?
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Properties of the invariant measures: partial answer

Proposition (d = 2 Thm 5.4, see Section 6)

The measure ji constructed satisfies:

(o, llull 2 €T) ST,

in particular i does not possess any atom.

Proposition (d = 3 Thm. 5.6, see Section 6)

The measure | constructed satisfies the following alternative:
© 1 does not have any atom, and for dist(I',0) > ¢,

plu, [lullz €T) Se [T
Q =20
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What precludes the ;1 = 9 case in dimension 27

o Algebraic miracle (B(u, u), u);2 =0 = E,, [||u]2,:s] = B

o Algebraic miracle (B(u, u), u) = 0 = E,, [[|u]%0s] = &
e Weak convergence p, — p in H?t9—¢.

Expect that E,,, [[|ul2,,s] = Eu[llull3s] = %, precluding do.

Only have Em[”“H%-/l+61||UHH1+5<R] V__>6 EM[HUH%HEIHUIIHH&SR]-

Proposition (Prop 5.6 (iv))

The correct limiting statement is:

Ey[llultn] > C(Bo, By, 6) > 0.
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What precludes the ;1 = 9 case in dimension 27

Proposition (Prop 5.6 (iv))

Ey[llultn] > C(Bo, B, 6) > 0.

Proof.
@ By Itd + H! algebraic miracle: E.. {e‘:”“”zl} < C < o0
o Implies By, [|ul2: 1)), =r] < R2E,. [[ulléy] < CR2.
This gives

. 2 _ . . 2
fim By, [lullin] = Jim lim By, [[ullnLju),,0>R]

= lim B [l[ullfp a0 >R] = Eullulfa].

Last step: 50 = B, [[ul2.s] < Ep [0 ]~ By [l ulfecs]’.
—_———

=B1/2
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Proof of no other atom than 0

Let ' be such that dist(I,0) > r. Reduces to:

Proposition (Prop. 5.9)

There holds: p,(u, ||ul|;2 € T) < C(r)|T].

Probability detour. For processes y(t) = yo + [5 x(s)ds + 3, #nBa(t),
there exists a "local time" field AY(a) such that:

BO lr( t)dt_/A“’

o [rE[A«(a)]da = PE[1r(y0)]-
o E[A¢(a)] = —tE[1[500)(v0)x0] (From It6 formula)
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Proof of no other atom than 0 (end)

Uniform control on E,,, [||u]|7,1.5] imply:
By, |1r(llulli2) D [@nl*|unl? | S IT| where un = (u, en) 2.
n

Goal: lower bound on 3, |¢n|?|ual?.

Remark: let Q. = {v, ||v][;2 < & or ||v| girs = e~ /?}, then for u € QF:

S 0n2lunl? > #(e).

Let € < r so that {||ull2 € T} N Q. C {||u]lpgass > e~ Y?},
po({llullz €TINQ) S e
Finally
po(lulle € T) = p({l[ull 2 € T} N Q) + o ({llull 2 € T} N )
<e+r(e)7H.
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{t,, construction: Krylov-Bogolyubov method (1/2)

Given Ay = L(uy,(t)) where L(ug) = do, existence of the invariant measure
comes if:

@ The measure \; := %fot Ay dt’ are uniformly tight in H.
@ Some continuity of the trajectories (this is OK).

Local and global theory Use e~ tL : HS — Hs+2(1+9),

u,(t) = (Linear evol. of £(t)) + (Smoother Deterministic Term)

@ Subcritical space for s > % +1—2(1+46) = —25: we have LWP in
H*.

o Global theory: apply deterministic arguments, works since
Navier-Stokes is globally well-posed in H! in dimension 2.
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Krylov-Bogolyubov method (2/2)
(1) By compactness of H — H?*9, reduces to:

sup \e(u, || Ul poes > R) — 0.
t>0 R—00

— 1 t
Xe(ws s > R) < ¢ [ B(lu€)ess > R

c >
< [ E[lu(®)lEe] a

[t6 formula:

t
E[]lun(t)1] = Ellluol 7] +V/ E[fu(t)[Fp]dt’ = vBit,
— 0
=0
this gives
C

Ae(l[ull s > R) < -
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No concentration around zero (1/4)

Remark. (1) results from the fact that the measures 1, do not possess any
atom and the uniform estimate

(0 < flufl2 <e) Se.
What should be used in the proof:
@ Invariance of the measure y;
@ Some properties of the bilinear form B(u, u) = Pu - Vu;
© The high regularity support of the measure.

Better to estimate P(a < ||ul|;2 < €) S ¢, by writing:
1 78
P(0 < [|ull2 < €) = lim 7/ P(a < ||u]2 < €)da,
50 B Jo
hence we need:

1 B
) AR R RLEESS
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No concentration around zero (2/4)

Starting point:

(a,e) (It 2)
71@/ 10, (||u < / “@eR TN g,
(a,e) (H HL2 ,8 ”u”L2

Tool. Local time for martingales and I1t6 formulas:

g 2
| 1(a,m)(|ru|rL2)A(u)da]

+ 3 160l*Ep, (10,5 (g(llulZ)) (g (lulF)lunl)?2] = 0

E,..

A(u) i= & (ul2) (5 — 9ul2:) + &”(1ul12) T |60/ unf? Properties
B(u, u) and invariance is used.
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No concentration around zero (3/4)
Take g(x) = /x and get:
A 2
B | [ oo (lulE)Aw) da) <o,

that is:

'81300 u
E,, [ | (Bouuwiz - wa) da]

|2
B Vul|?
[ [
0 ullZ2

o Bollullzs = 325 [0nl?|unl® 2 Nullf2;

e High regularity: [|[Vul|?, < [|ulli2]|V?ul| 2 and

B lllullme] S 1.
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No concentration around zero (4/4)

We summarize:

o)

7E/ 1(35) HUHL2 / ( T’)UH da
B 1,00

SE,, | [ D (Bolulf — 3 00f?un? ) da
0 HUHI_Z n

< [, [I0] o

o ulle

SB.
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