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ABSTRACT
We reprove various existence theorems of regular solutions for the Euler equations, using classical tools of real

harmonic analysis such as singular integrals, atomic decompositions or maximal functions.
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Introduction.

This paper contains no actually new theorem. It aims to give a new proof of well-established results of existence
of solutions to the Euler equations in spaces such as Besov spaces or Triebel-Lizorkin spaces. Following the seminal
work of J.Y. Chemin [CHM 98], a large number of papers were written on that topic, mainly based on the use of
the Littlewood—Paley decomposition. This approach is very efficient, especially in the critical case of Béo,l [PAK
04], but can lead to tedious computations, as in the case of Triebel-Lizorkin spaces [CHN 09].

In this paper, we shall try not to use the Littlewood—Paley decomposition where it can be avoided . More
precisely, we shall relax our computations and get rid of the computation of the Littlewood—Paley decomposition
of the solution, and replace it by some more or less classical lemmas on transport equations, singular integral
operators, atomic decompositions, and interpolation. This will allow us to recover existence results in Besov spaces
and in Triebel-Lizorkin spaces.

1. A general scheme for solving Euler equations.

We consider a divergence-free vector field vy = (vg.1,...,v0,4) on R?

d
(1) div 'Uo = Zaﬂ)o’i =0

and the associated Cauchy problem for the Euler equations
(2) div 7 =

7 is assumed to be a bounded Lipschitz vector field (more precisely, we shall consider v € (L°°((0,T), Lip))¢, where
Lip is the space of bounded functions with bounded derivatives).

If we take the divergence of those equations, we find that

(3) Ap =Y "> 3:0;(vivy)

i=1 j=1

d d &
> V
(4) Vp = E E vzvj + Vq with Ag = 0.



For # € (Lip)? and div ¥ = 0, Z?Zl Z;l:l %(Ui’l}j) is a well-defined distribution and may be written as the
gradient of a distribution : if K is the kernel of the convolution operator 4V, then we have |K(z)| < Clz|'~¢

and |8i8jlz'(x)|*d*1 [ for |z| # 0], so that we may write, taking ¢ € D be equal to 1 on the ball |z| < 1, that
d d V9, d d 2 d d %
2im1 21 —a - (Wivg) = 2lig 2051 (PK) * (050i0ivs) + 3y D051 00 ((1 — ) K)  (viv;) and hence we get

that Z?:l Z?:l %(Uﬂjj) belongs to (L>°)¢. We shall consider only cases where ¢ = 0 (excluding the action of
harmonic polynomials).

The Euler equations we shall consider will then be
0+ 555 = S, Ty Y% (viwy)
(5) div 7 =0
Vjt=0 = Yo

Throughout the paper, we shall look for existence of solutions in (L*°((0,T), E)¢, where E will be a Banach
space embedded into Lip; we are not looking for differentiabilty with respect to ¢, hence the equations will be
satisfied in a weak sense (in the distribution sense). The spaces E we shall consider will be actually embedded
in a smaller space : E C B}, ; C Lip. It is known that, when @y belongs to (Béoyl)d, then (5) has a solution
7€ (C([0,T),BY 1) NL>((0,T),BL, ;))* and that this solution is unique [PAK 04] (see [BAH 11] for a larger class
of uniqueness obtained by Danchin : @ € (C([0,T), B, ,,) N L*((0,T), B, »))* ). Thus, we shall be interested in
the problem of proving existence of solutions keeping the regularity of the initial value ¢y € E<¢, and pay no special
interest in the uniqueness issue (as it has been settled by Danchin [BAH 11]).

While in dimension d = 2, the study of the equations is easy through the control of the vorticity w = curl @
(classical results are [WOL 33 | and [YUD 63]), the equations are more difficult to deal with when d > 3. We shall
now rewrite equations (5) in a more convenient way for further study. We consider the Leray projection operator
IP on the solenoidal vector fields :

(6) Pf= f—ﬁzdivfi

this is not defined for all distributions, but at least it is well defined on vector fields of the form Zle 0;t; where
the u; are bounded vector fields. For w = Zle 9i(v;0) = U.V¥ = 0.IPV¥, we find that

R v ¥) d
(7) Z Z — (viv;) = 0 — P = Z v;IP0; U — PO, (v; V)

so that we get finally
(8) Ujt=0 = o

Equations (8) are the Euler equations we shall study in the rest of the paper.
We shall consider the following linear equations associated to the non-linear problem (8)

O f +o.Vf= Z?:l[vi;IPai]f
(9)

Jlt=0 = o

In equations (9), we see two parts. The left-hand part 0, f + 3.V f is a transport equation through the vector field ;

this can be solved through the use of characteristic curves when v € L} Lip. The right-hand part Zle [v;, 0;IP] f isa
sum of Calderén’s commutators (commutators between pointwise multiplication and singular convolution operators
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with homogeneous kernels of exponent —d — 1); those commutators are generalized Calderén—Zygmund operators
when the multipliers v; are Lipschitz functions. Thus, the same kind of minimal regularity on v is required to deal
with both parts of the equations (9).

Let us pay now a few words on those two aspects of the equation. The characteristic curves are defined by
s — X o (s) where X; , is the solution of

%Xt,w(s) = 17(8,Xt,x(5))
(10)
Xt,:n(t) =T

But, for a divergence-free vector field 7 € L} Lip, the homeomorphism x — X; ,(s) is bi-lipschitzian and preserves
the Lebesgue measure, so that it operates on many function spaces. For instance, we have the following lemma :

Lemma 1 :
Let s — X, () be the characteristic curves associated to a divergence-free vector field ¢ € L*([0,T], (Lip)?).
Then there exists two constants Cy and Cy such that, for g € BMO and 0 < s <t < T, we have

(11) lg(Xee(s)lzo < Collglarro ¢ J: 178> 4.

Proof :
For a measure-preserving bi-Lipschitzian homeomorphism X, we have for any ball B = B(xzg,r9) and any
constant A

1 1 1
12 g [l @) - mate(0)] de < 20 [ (K@) <Al de =205 [ ()~ Al dy
1Bl /5 1Bl /5 1Bl Jx(B)
Let M be the Lipschitz constant of X (M = sup,, W) and B; = B(X(xg), Mry), A = mp,g. We have
X(B) C By so that (12) gives
d

(13) ,73 /B 9(X () — mp(g(X))]| de < 2f§—ﬂ [ low) ~ mp,gl de < 20l gllsao

Thus, we have (11). o

A Calderéon commutator is a commutator between an operator M4 of pointwise multiplication by a function
A and a singular convolution operator Tx with a homogeneous distribution K of exponent —d — 1 which is smooth
outside from {0}. The distribution kernel of [M 4, Tx| is given by L(x,y) = (A(z)—A(y)) K (z—y). If A is Lipschitz,
then [Ma, Tk] is a generalized Calder6n—Zygmund operator [CAL 65] [MEY 97] [LEM 02] : T is bounded on L?
and its kernel satisfies, outside from the diagonal x = y,

Sup:cyéy ‘.CII - y|d’L('r7 y)’ < +00
(14) sup, 2, [& — y| "V, L(x, y)| < 400
Sup:cyéy ‘:E - y’d+1‘vyL(5L’, y)’ < 400

The operator IP is a matrix of scalar operators (Pj)i<jkr<d and thus Zle[vi,]Pai] is a matrix of Calderén—

Zygmund operators Tj , = Zle [vi, Pj 10;]. But the operators T} j enjoy further interesting properties. Indeed, we
have

d
(15) Tin(1) = = Pjxd; = Pji(div §) =0
=1

and similarly 7' «(1) =0, so that they operate as well on many function spaces. For instance, a Calderén-Zygmund
operator T" maps boundedly L> to BMO, but it maps as well boundedly BMO to BMO if and only if T(1) = 0
[LEM 84]. Thus, we have the following lemma :



Lemma 2 :
If v € (Lip)? and div @ = 0, then there exists a constant Cy such that, for every g € BMO, we have

d
(16) 1Y i, Pixdilgl o < CallV @ ¥llollgll Baro

i=1

Combining Lemmas 1 and 2, we easily get (by an unusual proof) the following (well-known) result about the
conservation of the solenoidal character of the vector fields for solutions of equations (9) [BAH 11] :

Proposition 1 :
Let f € (L>((0,T),Lip)¢ be a solution of the system

O f +o.Vf= Z?:l[vi;IPai]f
(17)

fie=o = T
where ¥ € (L*((0,T), Lip)¢, div # = 0, @ € (Lip)? and div @ = 0. Then, we have : div f = 0.

Proof : . .
We are going to prove that f =IPf in BMO. Indeed, we have

— —

OPf+P(N)f =P X [vs, PO, f = P(@V)Pf —P(@.V)f

(18) B

IP fl1—0 = "o
and

Of +0Nf =0 [, PO f = 6.VPf — P(@.V)f
(19) .
f|t:0 = Vo
so that
0) O(f =P +oV(f-Pf) =P@EV)P] - P@EV)f = 3L, [0;, PO (f — Pf)
f- ]Pﬁtzo =0

and thus

(21) F=Pf = [ (POl = Pf)) (5. Xea(s) s

where X is the solution of

(22)
Xt’x<t) =X
Using Lemmas 1 and 2, we find that
t t= 5 N -
(23) IF = PFlsso < CoCa [ eI 1% 471 & 5 | F~ P Flmaso ds
0
which is enough (due to the Gronwall lemma) to grant that || f — IPf|| zao = 0. o

Proposition 1 will lead us to choose our way of constructing solutions to equations (8). The classical way
[CHM 98] [BAH 11] is to construct inductively approximations h,, of the solution v as solutions of the problem

8tﬁn—i—l + ﬁn-ﬁﬁn—i—l = Zle[hn,i; IPaz]FLn
(24)

Pny1 [t=0 = Vo
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but the intermediate solutions &, are not divergence-free, so that the operator T,, = Zle[hn,i,IPai] on the left-

hand side of (24) doesn’t satisfy T;,(1) = T,¥(1) = 0. Thus, we shall prefer the following scheme (as in [CHN
09]) :

The scheme we shall follow to sove the Euler equations is then the following one : starting from ﬁ) = Up, we
shall try to find a solution f,4+1 € Ly°Lip of the equation

25) Oy fri1 + [V g1 = Zle[fn,i,lp@']ﬁlﬂ
25

Jn+1 jt=0 = Vo

If this can be done, we will have (by induction) V. f;l =0.
In order to compute f,,41, we define inductively g, 1 as g, 0 = Up and

OiGn it + -V ingir = 20 i PO Gk
(26)

In,k+1 [t=0 = V0

The problem is now to prove the convergence of g, j to fri1 (as k — +00) and of f,, to ¥ (as n — +00).
2. The abstract theory : the Cauchy problem in A®.

In this section, we are going to solve equations (8) in an abstract space A7, A7 will belong to a scale of
Banach spaces A® (where s > 0 stands for a regularity index) which satisfies the following hypotheses:

o Hypothesis (H1) : integrability
A® C LL _(RY) (continuous embedding)

loc

o Hypothesis (H2) : monotony
For s1 < 89, A%2 C A%

o Hypothesis (H3) : regularity
fe AT & fe A% and Vf € A% (with equivalence of the norms || f|

o Hypothesis (H4) : stability

If a sequence (f,)nen is bounded in A° and converges in D’(IR?) then the limit belongs to A® and we have
| limy, — 400 frllas < Csliminf, 4o || fnllas. (This is usually checked by using the theorem of Banach—Steinhaus,
when A® is a dual to a Banach space of functions in which D is densely and continuously embedded)

As + |Wf\

As+1 and Hf' As)

¢ Hypothesis (H5) : invariance

The map (f,g9) € D x A% — f x g extends to a bounded bilinear operator from L' x A% to A%. (Due to
hypothesis (H?%), it is equivalent to the invariance through translations : there exists a constant C, such that for
all zp € R? and f € A% we have ||f(z — z0)|las < Cs||f]la¢)-

¢ Hypothesis (H6) : interpolation
If T is a linear operator which is bounded from A®! to A®! and from A®2 to A®2 then it is bounded from A®
to A® for every s € [s1,s2] and || T'||z(as,45) < C(s, 51, 82) max(||T||z(as1,451), [T £as2,a52))-

o Hypothesis (H7) : transport by Lipschitz flows
Let @ € L*((0,7T),Lip) be a divergence-free vector field and let fo € A® for some s € (0,1). Then the solution
f€C([0,T],L},.) of the transport equation
Of+aNVf=0
(27)
Jit=0 = fo

T
satisfies supg<; < || f(Z, )] as < Coe Jo Nean dtHfOHAS-

o Hypothesis (H8) : singular integrals



Let T be a bounded linear operator from D(IR?) to D’ (IR?) (with distribution kernel K (x,y) € D'(R? x IR%))
which satisfies the following conditions
e T is bounded on L? : ||T(f)|l2 < Coll f|l2
e outside from the diagonal x = y, K is a continuous function such that |K(z,y)| < Cy |x—y|d(11+|m—y|)

e outside from the diagonal, K satisfies |V, K (z,y)| < Colz — y|~?* and \ﬁyK(x, y)| < Colr —y|~41
eT(1)=T*(1)=0in BMO
Then, T is bounded from A® to A® for all 0 < s <1 and [|T||z(as,45) < CsCo

We further consider an hypothesis on some ¢ > 0 :
o Hypothesis (H9) : pointwise products with A“

A% C L* (continuous embedding) and, for all s € (0,0], the product (f,g) — fg is a bounded bilinear
operator from A% x A® to AS.

We then have the following theorem on the Cauchy problem for the Euler equations with initial data in A+ :
Theorem 1 :

Let A% be a scale of spaces satisfying hypotheses (H1) to (H8) and let o > 0 satisfy hypothesis (H9). Let
Ty € A9 be a divergence free vector field. Then there exists a positive T' such that the Cauchy problem

(28) Uj=0 = To

has a unique solution v € C([0,T], A7) such that supg<;< ||V]| 4e+1 < +00.

Proof :
Step 1 : Study of the operator Zle[ui,IPﬁi]

IP is a matrix of singular integral operators P;j = 0;ild + R;R); where R; is the j-th Riesz transform

R; = \/8_%. We shall prove :

Lemma 3
Let @ € A7 with div @ = 0. Then the operator Z?Zl[ui,Pj,kai] is bounded on A® for every s € (0,1 + o]
and we have || S, [ui, Pirdilf | a- < Coollf|

s || ar+e.
Proof :

The operator T; ; = [ui, Pjx0;] is an example of the famous Calderén commutators [CAL 65] [LEM 02]
between a Lipschitz function and an operator of order 1. The operator P;;0; is a convolution operator with a
distribution K ; whose restriction to IRd\{O} is a smooth function which is homogeneous of homogeneity order
—d — 1. The distribution kernel of T} ; ;, is given (outside from the diagonal = y) by the function L; ; x(x,y) =
(ui(x) — uwi(y)) K jx(z — y). Since u; € A7 C Lip, we have that |L; j (2, y)| < Cyllui]| a1+o and

. i Iw—yld(11+\w—y\)
VoL je(@,y)| + |VyLije(@,y)] < Colluillar+e|z — y|~97L. Moreover, Calderén’s theorem states that T ;5 is
bounded on L? with operator norm bounded by C||V||oe < Co||ti || a1+

The next step is to compute 7; ;x(1) = T}, ,.(1). We have T; ; x(1) = —Pjx(0;u;). Thus, 2?21 T; k(1) =
P; ;.(div @) = 0. Thus, we can apply (H8) and we get Lemma 3 for 0 < s < 1.

Now, we consider s such that 1+s < 140 and such that Zle[ui, P; 10;] is bounded on A%. We take f € AM**
and try to estimate g = Z?Zl[ui,Pj,kai]f in AT1. Due to (H3), we must estimate ||g]
1019 as. We just write

as and, for I = 1,....,d,

d

d
(29) a9 =Y [ui Pir0iloif + > [Oyui, Py di) f



so that we find

d d d
(30) lgllasr < Co(lD lui, Pindilllasanll fllaser + D> 11D [0, P k05 f|

=1 =1 =1

40).

We thus need to estimate || 2?21 [O1u;, Pj 10;] f|| a=. This will be done by distinguishing the low frequencies and the

high frequencies. If Sy f is the low-frequency block in the Littlewood—Paley decomposition f = Sy f + j:f Ajf,
then we write (using the fact that 4 is divergence-free)

(31) Zle[alui,Pj,kai]f:A+B+C+D:
E?:l 8luiSon,k81f — E?:l 8ZSOPJ,k(0lqu) + Z?:l (9[&1' (Id —SO)Pjvk&f — Z?:l(ld —So)Pj,k(alui(?if)
(Id — Sp)P;,, satisfies the assumptions of (HS8), hence is bounded on every A™ with 0 < 7 < 1; since it is a
convolution operator, hence commutes with derivatives, we use (H3) and find that it is bounded on every A” with
0 < 7 ¢ IN and finally for every positive 7 (by (H6)). Thus, using (H9), we find that ||C||4s + || D] 4= is controlled
by [[ul| a1+ || f| a1+s. Moreover, 9;SoP; . has an integrable kernel; we then use the embedding AT C A* (by (H2))
and (H5) to get that |Al|as + || Bl|as is controlled by ||u|| 414+ || f|| 4= and thus by |[u]| g1+o || f|| a1+s-

Thus, by induction, we get Lemma 3 for 0 < s <140, s ¢ IN; the case s € IN and 0 < s < 1 4 o then follows
by interpolation; if & € IN, we obtain the final case s = 1 4 ¢ by induction from s = ¢ to s = 1 4+ ¢ one more time.
o

Step 2 : Transport equations in A°
In this section, we shall prove :

Lemma 4
Let @ € LY([0,T), A'*°) with div @ = 0. Let fo € A® for some s € (0,1 + o]. Then the solution f €
C([0,T),Li,,) of the transport equation
of +u.NVf=0
(32)
f|t:0 = fO

T
Cs,a' o I

w(t,. - dt
| ( )||A1+ ||f0||A$

satisfies supg<,<r || f(t;-)][as < Cs o
Proof :

As for Lemma 3, we shall prove the lemma for 0 < s < 1, then we shall prove that it holds for 1 +s <1+ o
when it holds for s; this will give that the lemma is valid for 0 < s < 14 0, s € IN; then interpolation will give the
case 0 < s <1+ o0, s €N and, if 0 € IN, a final induction gives the case s =1+ 0.

The case 0 < s < 1 is a direct consequence of (H7) since we have (by (H2), (H3) and (H9)) the embedding
Al*e C Lip.

Now, let us assume that Lemma 4 is valid for some s € (0, o] and let us assume that fo € A*5. In particular,
fo is uniformly locally in W!:! and since # is a Lipschitz vector field, we find that f as well is uniformly locally in
W11 and that its derivatives (01 f,...,04f) are solutions of the system

d
(33) for j=1,....d, 00;f +@.NO;f == OjupOpf
k=1
Thus, writing Mgz = (0;uk)1<jk<d and 7 — X; ,(7) the characteristic curves associated to the vector field u, we
oLf
find that H(t,z) = : is solution of the fixed-point problem
Oaf

(34) H@@:H@&AM+AA@@&AWH@&A@MT
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For A > 0, let £) be the operator K +— £ K = S with S(t,z) = fg e AT My (1, Xy w (1)K (1, X4.2(7)) dT. L

maps L>°((0,T), (L}, .)?) into itself (where L}, is the space of uniformly locally integrable functions, normed by

Ifllz:, = supy,era fipppjer [f(@)| dz) and we have
L ¢ [* il a0

(35 IesKlz~ry,,, < C”K|’L°°Lizocsup0<t<T/ e M| €7 S M Vdr = Oy g| K| e,
0

The solution H of (34) may be written as H = e* K where K is solution of
(36) K(t,z) = e MH(0,X;,(0) + LK
For X large enough, we have Cy z < 1 and £, is a contraction on L*°((0,7), (LL,,.)%).

Further, we may apply the induction hypothesis and (H9) to see that £y maps L>((0,7T), (A%)%) into itself
and that we have

¢ s
(37) ILAK || oo as < C|| K| poas sup / e N || greo S 1Tatte Pgr Dy
0<t<T Jo utoe
O fo
For A large enough, we have Dy z < 1 and £ is a contraction on L*((0,T), (A%)%). Since H(0,z) =
9a.fo

belongs to (L}

uloc

that H itself belongs to L>((0,T), (A4%)?). This proves that f € LAl TS,
We then control the size of || f|| 41+s through the Gronwall lemma. o

N A%)4 we get that H(0, X;.(0)) belongs to L>((0,T), (L}

uloc

)Y N L2 ((0,T), (A%)%) and finally

Step 3 : Equation (26)

We are now going to prove theorem 1, by approximating the solution ¢’ by the inductively defined j:;L (equation
(25)) and gy, 5 (equation (26)). We shall prove by induction that we can find a time 7" such that for all n and k we
have

(38) sup H‘f_r,;HAl—&-o' S 4CO||170HAH-U and sup ‘|§n’k|’A1+0 S 400”170||A1+a
o<t<T o<t<T

where () is the constant 14, , in Lemma 4. Recall that we defined inductively g, r as G,0 = ¥y and

) OiGnis1 + Fr-NGnsi1 = S0 [fnir POk
39

9n,k+1 |t=0 = V0

We assume that f,, is divergence free and that SUPg <t [ foll 140 < 4Co]|To|| 4140 and SUPg<t et ||Gn k|l a1+e <
n)

4Co||To|| ar+-. Now, using 7 +— Xt(’x (7) the characteristic curves associated to the vector field f,,, we have the

following expression for g, k41 :
t d
(40) Tusnr = (XD O) 4 [ (Yl POIG) (7. X2 ()
0 .

=1

We write 69 = Cy||h|| a1+-. Using Lemmas 3 and 4, we find that, for some constant Dy which depends neither on
Up, nor on n or k, nor on T,

(41) omtiT |G kt1] ar+e < Soet 0700  CoDyTe* 070 (460)?

so that the induction is valid if 7" is small enough to ensure that
(42) e2C0T% (1 4 16C, Do T) < 4.
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Step 4 : Equation (25)

If we consider the operator £, defined by L,,§ = h with

t d
(43) Rt z) = / (3 i POIG) (7, X (7)) dr
0 =1
we have
(44) sup |57l ar+e < 4Co60DoTe* ™™ sup |G| ar+a
0<t<T 0<t<T

so that £, is a contraction on L>((0,T), (A1*9)?) (under condition (42)). Thus, §, x converges to the fixed point
Frog1 = ﬁo(Xt(Z)(O)) + Ly frni1. We find that f,41 is a solution of (25) (so that f,,; is divergence free) and that

supgs 7 || frag1llar+e < 4Co||[To]| ar+o.

Step 5 : Equation (8)

The last step in the proof of Theorem 1 is to check the convergence of f; to a solution ¥ of equation (8). Let
kn = fny1 — fn- We have

d d
(45) a15];:71—+-1 + ﬁl—i—bﬁlgn—i—l — _Ervﬁfn—{—l + Z[fn—i—l,iv ]Pai]lgn—i—l + Z[kn,ia ]Pal]ﬁ’b-i-l

i=1 =1
with

S0 Ok, J,kalh—
(46) Zz 18l nzaSO kah Zz 16‘5’0 ]k(alknzh)
+ 300 Othni(Id —So), Pidih — Y20 (1d —So) Py i (Oikn,:0:h)

This gives

t
(47) k?n_|_1 = / ( k} an+1 + Z fn+1 I3 Ipa n+1 + Z n zlea ]fn—l—l)(Tv Xt(:Lr+1)(T)) dr
0 =1

hence (by Lemmas 3 and 4, and hypotheses (H5), (H8) and (H9)) we find that, for some constant D, which depends
neither on vy, nor on n or T, we have

(48) sup |[kni1l|ac < D1eP1%TT (450 sup ||knllae + 400 Sup 1 knslae)
o<t<T o<t<T

If T is small enough to grant that

(49) 469 D1eP1 40T T < 1/4
we find that
— 1 —
(50) sup |[kpt1llac < 5 sup [[knllac
0<t<T 3 o<t<T

so that >, cn SuPg<iar [ frt1 — fallas < +oo.

Let us remark that ,f, is bounded in A°, so that f, belongs to C [0,77], (A°)?) and converges strongly in
C[0,T), (A%)9) to some vector field . This vector field is divergence-free. Moreover, due to the stability hypothesis
(H4), we have that supy,or ||U]| ac+1 < +00.

Now, we check that ¥ is a solution to (8). We must prove the convergence in D' of fn v fn+1 to 7.V7 and
of Ele[fnyi,IPai]f;H to sz 1[vi, IPO;]u. This is quite easy, since f,, converges strongly to ¥ in L and 8 f,,
converges *-weakly to 0,/ in L>°. This gives by interpolation strong convergence in B%> for all a € (1/2,1), from
which we get the required convergence. o



3. The scale of Besov spaces.

We may apply quite directly Theorem 1 to the case of an intitial value vy in a Besov space :

Theorem 2 :
Let vy € Bp};;" be a divergence free vector field. Assume that 1 < p < 400, and that o > d/p and 1 < q¢ < 400,
or that 0 = d/p and q = 1. Then there ezists a positive T' such that the Cauchy problem

0T+ 0.V = N0 [vi, PO;)T

(51) Ult=0 = o

has a unique solution v € C([0,T], By ) such that supg<,< ||| g1+o < +00.

Proof :
We introduce the scale of Besov spaces B, , for 0 < s <1+ 0 and we check that this scale satisfies hypotheses
(H1) to (H9) :

o Hypothesis (H1) : integrability : for s >0, B5 , C L” C L| (IR%)

loc
o Hypothesis (H2) : monotony : For s; < s, B2, C Byl
o Hypothesis (H3) : regularity : f € B;j;s & [ € B, and Vf e B,
o Hypothesis (H4) : stability : If a sequence (fy,)new is bounded in B, , and converges in D’ (IR?) then the limit

belongs to B, , and we have || lim, 4o fnllps, < liminfn,yoo || fullBs - (B, is the dual space of the closure of

Din B, 1).a/(a-1))-

o Hypothesis (H5) : invariance : for all o € R? and f € B, , we have || f(z — zo)|lBs , = IIflB;: -

o Hypothesis (H6) : interpolation
To prove that (H6) is fullfilled, we may use the real interpolation functor, as we have, for s; < s < s3 € IR,
that By , = [B;l,, B;2le,q with 0 = 2= [BER 76].

p,q’ »q S§2—3S81
o Hypothesis (H7) : transport by Lipschitz flows
Let @ € L'((0,T),Lip) be a divergence-free vector field and let S(t) be the operator that maps fo € LP to the
solution f € C([0,T], L},.) (f(t,z) = (S(t)fo)(z))of the transport equation

of+uNVf=0
(52)
f|t:0 = fo

We have ||S(¢) foll, = || foll,- Moreover, we have, when fo € WP, 9,;5(t) fo = 22:1 S(t)Okfo 0; Xk t,2(0). so that

T —
supg<i<r lf(t, ) lwir < Ce” Jo il dtHfOHWLp- The case of the Bj , norm follows by interpolation, since, for
0 <s <1, wehave By = [L?, WhPly , with 6 = s.

o Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from D(IR?) to D’ (IR?) (with distribution kernel K (x,y) € D'(R¢ x IR%))
which satisfies the following conditions
e T is bounded on L? : ||T(f)|l2 < Coll f|l2
e outside from the diagonal x = y, K is a continuous function such that |K(z,y)| < Cy =

: { =)
e outside from the diagonal, K satisfies |V, K (x,y)| < Colz — y|~¢"1 and |V, K (z,y)| < Colz — y| 741
o T(1) = T*(1) = 0 in BMO

Then, T is bounded from B} , to By , for all 0 < s <1 and ||T|z(5;: ,Bs ) < CsCo [LEM 85].

o Hypothesis (H9) : pointwise products with BJ
It is well known that, for any positive s, B, , N L* is a Banach algebra [BER 76] [LEM 02]. For o > n/p and
1 < ¢ < +o0, or for for o = n/p and ¢ = 1, we have By , C L°° (continuous embedding). Thus, the pointwise
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product (f,g) — fgisa bounded bilinear operator from B) X E to E when £ = By = and when F = LP, hence,
by interpolation, when E = By  for any s € (0,0] (since, for 0 < s <o, By , = [L?, By ]o,, with 0 = s/0).

Thus, we find that Theorem 2 is only a corollary of Theorem 1. o
4. The scale of Triebel-Lizorkin spaces.

We may as well apply quite directly Theorem 1 to the case of an intitial value 7y in a Triebel-Lizorkin space.
Let us recall that Besov spaces may be defined through the Littlewood—Paley decomposition as

(53) feEB) & feS S feLPand (27°|A;fllp)jen € 17

Similarly, for 1 < p,q < +o00, the Triebel-Lizorkin space F}; , [BER 76] may be defined as :

(54) feFs, & fes Sofelland (Y 297, f|%)" " € L7
jeN

We may prove easily the following Theorem (announced in [CHA 02] and fully proved in [CHN 09] for p > 1) :

Theorem 3 :
Let vy € FI};U be a divergence free vector field. Assume that 1 < p,q < +00, and that o > d/p. Then there
exists a positive T such that the Cauchy problem

8,0+ 0.VT = L [vi, PO;)T
(55) Bz = T
V.o =
has a unique solution v € C([0,T], Fy ) such that supy<,<r HUHFE&" < +o00.
Proof :

We introduce the scale of Triebel-Lizorkin spaces F;’q for 0 < s <1+ o and we check that this scale satisfies
hypotheses (H1) to (H9) :

o Hypothesis (H1) : integrability : for s > 0, F5 C L? C L} (IR?)

¢ Hypothesis (H2) : monotony : For s; < sg, Fy2 C F,

o Hypothesis (H3) : regularity : f € FZ};S & feF;, and VfeF

o Hypothesis (H4) : stability : If a sequence (f,)new is bounded in Fjj , and converges in D’ (IR?) then the
limit belongs to F, and we have || lim,— o0 fnllrs < lminf, o0 [|fnllF:, : it is enough to check that we have
the pointwise convergenee of Ajf, to A, f (where f is the limit of f,) and then to conclude by applying twice
Fatou’s lemma.

o Hypothesis (H5) : invariance : for all o € R? and f € Fy . we have || f(z — o) ps

o Hypothesis (H6) : interpolation
To prove that (H6) is fullfilled, we may use the complex interpolation functor, as we have, for s;1 < s < s € IR,

that Fy = [F,}, F,;2]e with 6 = 2= [BER 76].

o Hypothesis (H7) : transport by Lipschitz flows
Let @ € L'((0,T),Lip) be a divergence-free vector field and let S(t) be the operator that maps fo € LP to the
solution f € C([0,T], L},.) (f(t,z) = (S(t)fo)(x))of the transport equation

oOf+aVf=0
(56)
f|t:0 = fO
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Indeed, we write again f(t,z) = fo(X:4(0));  — X;,(0) is a bi-Lipschitzian homeomorphism and the partial

derivatives 0;(X¢,(0) are controlled in L* norm by Ce f lilleip dr Thus, we must prove that FJ is stable
under composition with a bi-Lipschitzian homeomorphism X when 0 < s < 1. This is easy to check using the
characterization of F; = through finite differences [TRI 83]: for 1 < p,q < 400 and for 0 < s < 1, we have :

(57) feF,, & felland ( / / t=9759 f(x) — f(z+ h)|? dh dt)'/7 e LP
|h| <t

(with equivalence of norms). Let J be the Jacobian matrix of X, K(z) = |[J(2)lop = supjy<; |/(x)y[. We have

(58) 17 0 Xllp < 1| det. T &1,

whereas

69 [ 1) - S dh < det Mo [ R @) - fCX () + )| d.
|h|<t || <[| Koot

We make a change of variable k = || K ||och and we write g(z) = f(|| K||coz), we then get

(60) / |f(X(2)) = f(X(z+ h))|? dh < || det JllloollKllffo/ (1K1 X (2)) = g(|1 K| X () + h)|* dh
[h]<t |h|<t

A further change of variable y = || K[| ! X (x)) gives us that the norm of foX in F¥ is controlled by || ]|,

And we easily control the norm of g by the norm of f in FJ , so that we may conclude.

o Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from D(IR?) to D’(IR?) (with distribution kernel K (z,y) € D’(IR? x IR?))
which satisfies the following conditions

e T is bounded on L? : ||T(f)ll2 < Collf]l2
e outside from the diagonal x = y, K is a continuous function such that |K(z,y)| < Cy |x_y|d(11+|w_y|)

e outside from the diagonal, K satisfies |V, K (z,y)| < Colz — y| %! and \ﬁyK(x, y)| < Colr —y|~41
o T(1) = T*(1) = 0 in BMO
Then, T is bounded from F; to F, forall 0 <s <1 and ||T||£(Fs Fs ) < CsCo.

Indeed, the boundedness of such an operator 1" on the homogeneous space Fs has been proved by several
authors (for p > 1, we may quote [FRA 88] [FRA 89]; for p = 1, see [DEN 05]). NOW the norm of Fy; is equivalent

(for s > 0) to the sum of the norm in Fz‘f’q and the norm of B;,/(f, so that boundedness on F]f’q and on B]‘i/qz gives
boundedness on FJ .

¢ Hypothesis (H9) pointwise products with F"q
It is well known that, for any positive s, F;; N L> is a Banach algebra [BER 76]. Moreover, if 0 < s <€ < 1,
then the pointwise product (f,9) — fgisa bounded bilinear operator from B¢ X F,, to Fy . [RUN 96]. For

o > n/p, we have Fy C L° (continuous embedding), and more precisely F;, C B & d/ P Thus, the pointwise
product (f,g) — fg 1s a bounded bilinear operator from FU X FE to E when E F. and when £ = F with
0 < s <min(1,0 — d/p), hence, by interpolation, when E = F; for any s € (0, 0].

Thus, we find that Theorem 3 is only a corollary of Theorem 1. o
5. Atoms and molecules.

The continuity of singular integrals on Triebel-Lizorkin spaces can be proved in an “elementary” way by proving
that this class of operators preserve the localization and the scale of so-called “molecules” (see in particular [DEN
05] and [HOF 92]). The preservation of molecules is the basis for the construction of an algebra of singular integral
operators introduced by Y. Meyer [MEY 85| and the author [LEM 84].

We define A, (0 < € < 1) as the following class of Calderon—Zygmund operators : a bounded linear operator T
from D(IRY) to D' (IR?) (with distribution kernel K (x,y) € D'(IR? x IR?)) belongs to A, if it fullfills the following
conditions :
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e T is bounded on L? : ||T(f)|l2 < Coll f|l2
e outside from the diagonal x = y, K is a continuous function such that |K(z,y)| < Cy |$7y|d(11+|xiy|)
e outside from the diagonal, K satisfies |K (x,y) — K(z,y)| < Colx — z|¢( lw_sldﬂ + |z—y1|d+6)
e outside from the diagonal, K satisfies |K (x,y) — K(x, 2)| < Coly — z|<( |m73}|d+€ + |x,zl|d+e)
o T(1) = T*(1) = 0 in BMO
We shall define a norm on A, by taking || f]|
four inequalities.

Now, we define an a-molecule f centered at x = xg at scale r (what we shall write as f € M*(xg,r)) by the
following requirements : f € M (xq,r) if it fullfills the following conditions :

o |f(0)] € e
o 1f() = f)l < (57) " (rtigyees + e
o [pa f(x) dz=0

A. as the infimum of the constants Cy which satisfies the above

We shall use the following result of [LEM 84] :

Theorem 4 :

A)Ifo<fB<a<e<landifT € A, then there exists a positive A > 0 such that for every xg € R and every
r > 0 we have for every f € M%(zo,r) that \T(f) € MP(zq,r).

B) Let 0 < e < B < a<1. IfT is a bounded linear operator on L? and if there exists a positive X > 0 such that
for every xo € R? and every r > 0 we have for every f € M®(xo,r) that XT(f) € MP(xzqo,7), then T € A..

C) The set A = Uy<c A, is an algebra of Calderon—Zygmund operators.

Using this theory of molecules, or using the characterization of A€ by the matrix of T' € A€ in a wavelet basis,
we have the following theorem of Meyer [MEY 97] :

Theorem 5 :
If0 < e<1andif T € A., then, for 0 < o < €, the operator (—A)*/? o T o (=A)~%/2 belongs to A,
Moreover, if & < < € and 0 < < § — @, [[(=A)*? 0 T o (~A)"*/2| 4, < CaprTll4,

6. Sobolev spaces over the Morrey—Campanato spaces and Lorentz spaces.

Theorem 5 will give us a new way of establishing well-posedness of the Euler equations. Indeed, we introduce
a class Boz of Banach spaces by the following conditions : we will say that a Banach space B of functions defined
on IR? belongs to Bey if it fullfills the following requirements :

o Hypothesis (K1) : integrability
B c L. _(IR%) (continuous embedding)

loc

o Hypothesis (K2) : stability
If a sequence (f,)new is bounded in B and converges in D’(IR?) then the limit belongs to B and we have
| limy,— 400 frullB < Csliminf, 4o || frllB-

¢ Hypothesis (K3) : invariance
The map (f,g) € D x B+ f x g extends to a bounded bilinear operator from L! x B to B.

o Hypothesis (K4) : pointwise product
The map (f,g9) +— fg is a bounded bilinear operator from L* x B to B.

¢ Hypothesis (K5) : bi-Lipschitzian homeomorphisms
If X is a bi-Lipschitzian measure-preserving homeomorphism, if J is its Jacobian matrix, then for every f € B
we have f o X € B and moreover, for two positive constants C' and D which don’t depend neither on X nor on f,

we have ||f o X|p < C(1+[|7]o)” [ fIl5-

o Hypothesis (K6) : singular integrals
For every e € (0,1] and every T € A, T is bounded from B to B and ||T'||zp,5) < C||T|

Ae

¢ Hypothesis (K7) : high frequencies control
there exists some x € IR such that B C BY, .
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We shall define the Sobolev space W*?B for k € IN as the space of the functions f € B such that, for all
o € IN? with |a| < k, we have °f € B. We may prove a variant of Theorem 1 :

Theorem 6 :
Let B € Bey such that B C Bf - Let N € IN such that N + k > 0. Let vp € WNTLEB be o divergence free
vector field. Then there exists a positive T' such that the Cauchy problem

8,7+ 0.VT = L [vi, PO;)T
(61) Bie—o = T
V.0=0
has a unique solution ¥ € C([0,T], WN-B) such that supy,<p ||0]lwr+1.6 < +00.

Proof :

Let us first remark that , for f € S’, we have f € W*B & (Id— A)*/2f € B, due to hypothesis (K6). We thus
introduce the scale of Banach spaces B®* = (Id — A)S/ 2B for 0 < s <14 N and we check that this scale satisfies
hypotheses (H1) to (H9) :

o Hypothesis (H1) : integrability : for s > 0, B* ¢ B = B c L! (IR%)

loc

5152
2

¢ Hypothesis (H2) : monotony : For s; < sq, B*> C B*! (since (Id — A)
a kernel in L1

o Hypothesis (H3) : regularity : f € B'** < f € B® and V[ € B (owing to (K6))

is a convolution operator with

o Hypothesis (H4) : stability : If a sequence (f,)nen is bounded in B® and converges in D'(IR%) then the limit
belongs to B* and we have || lim,_ o0 fn| s < Uminf, oo || fallms. (Just check that (Id — A)%/2f,, converges in
S"to (Id — A)*/2f, where f = lim, . o fn, and then apply (K2)).

o Hypothesis (H5) : invariance : it is obvious since we can commute convolution operators.

o Hypothesis (H6) : interpolation
To prove that (H6) is fullfilled, we may use the complex interpolation functor, as it is easy to check that we
have, for 0 < s1 < s < s9, that B® = [B®', B%2]y with § = 2=

So9—81 :
o Hypothesis (H7) : transport by Lipschitz flows
Let @ € LY((0,T),Lip) be a divergence-free vector field and let S(t) be the operator that maps fo € B to the

solution f € C([0,T], Li,.) (f(t,z) = (S(t)fo)(x))of the transport equation

of +uNf=0
(62)
f|t=0 = fo

T —
Due to (K5), we have [|S(t)follp < C’ecfo Illie dtHfOHB. Moreover, we have, when fo € WhB 9,5(t)fo =
22:1 S(t)0kfo 0; Xk.t,»(0). so that (using (K4) and (K5)), we get

¢ [Tl d
o sup (o < O Y g

The case of the B® norm follows by interpolation, for 0 < s < 1.

o Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from D(IR?) to D’(IR?) (with distribution kernel K (z,y) € D’(IR? x IR?))
which satisfies the following conditions
e T is bounded on L? : ||T(f)|l2 < Coll f|l2
e outside from the diagonal x = y, K is a continuous function such that |K(z,y)| < Cy =

: L T
e outside from the diagonal, K satisfies |V, K (x,y)| < Colz — y|~¢"1 and |V, K (z,y)| < Colz — y| 74
o T(1) = T*(1) = 0 in BMO
Then, T is bounded from B* to B for all 0 < s < 1 and ||T||z(p+,ps) < CsCp : indeed, it is easy to check that, for
positive s, (—A®/? is well defined on B and that f € B® < f € B and (—A)*/2f € B (with equivalence of norms
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|(Id — A)*/2f||g and ||f||z + |[(—=A)*/2f||B). Now, if T € A; and 0 < s < 1, we find that | Tf||z < C| f||5 (due
o (K6)) and that [|[(—A)*2Tf||g = ||((—A)*2 o T o (—A)~*/2)(=A)*/2f|| 5 < C||(—A)*/%f|| 5 (due to Theorem 5
and (K6)).

o Hypothesis (H9) : pointwise products with BY

From (K6) and (K4), we find that, for f and ¢ in BY C L*, we control (—A)N?/2f (=A)N1=2)/24 in BO
when Re z = 0 or Re z = 1. By complex interpolation, we find that we control (—A)*/2f (=A)1=2)/2g in B® when
0 < Re z < 1. In particular, we find that, for f and g in BY and o and 3 in IN% with |o| + |3| = N, we control
0%f0%g in BY. This proves that the pointwise product (f,g) — fg is bounded from BN x BY to BYN. On the
other hand, we have (from (K4)) that the pointwise product is bounded from BY x B° to B?. By interpolation,
it is bounded from BY x B® to B® for 0 < s < N.

Thus, we find that Theorem 6 is only a corollary of Theorem 1. o

Example 1 : Lebesgue spaces.
For 1 < p < 400, L? € Boy. Thus, theorem 6 gives again Theorem 3 in the case of WN*T1P with N € IN and
N > d/p. (Recall that WN+1P = Fg;’l).

Example 2 : Lorentz spaces.
For 1 < p < 400 and 1 < ¢ < 400, the Lorentz space L7 belongs to Boz. Hypotheses (K1) to (K7) are

easy to check, since, for 1 < p; < p < p2 < +o0o, we have LP? = [LP* LP?|y . with 0 = ;’2 ’;1 . Theorem 6 gives

the existence of a solution to the Euler equations, when the initial value belongs to WN*LL"? with 1 < p < +o0,
1<g¢g<+o00, Ne Nand N > d/p.

Example 3 : homogeneous Morrey—Campanato spaces.

For a ball B = B(xzg,r), we define 15 the characteristic function of B and |B| the Lebesgue measure of
B. The homogeneous Morrey—Campanato space MP4 is then defined, for 1 < p < 400 and p < ¢ < 4o by
f € MP? < supg | B[V VP |1gf|l, < +oo (with norm || f||yme = supg |[B|Y4 VP15 f||,). Tt is easy to check
that, for 1 < p < g < +00, we have MP-4 € Bcz. Theorem 6 gives the existence of a solution to the Euler equations,
when the initial value belongs to WNT1M"" with 1 < p < ¢ < 400, N € N and N > d/q.

Example 4 : homogeneous Lorentz—Morrey—Campanato spaces.

The homogeneous Lorentz-Morrey—Campanato space MP%7 is then defined, for 1 < p < +00, p < g < 400 and
1<r<+4o0, by f e MPITe supg |B|Y 9~ YP |15 f||rr < +00 (with norm |\ f1l ygp.ar =SUPR |B|Y/a=1/P|| 15 f| o).
It is easy to check that, for 1 < p < ¢ < 400 and 1 < r < 400, we have MPaT ¢ Boz. Theorem 6 gives the
existence of a solution to the Euler equations, when the initial value belongs to WNTLM”"" with 1 < p < ¢ < +o0,
1<r<+4o00, Ne Nand N > d/q.

Example 5 : multiplier spaces X".

For 0 < r < d/2, the homogeneousSobolev space H" is defined, by f € H" < f € LT% and (—A)/2f €
L?. Then the space X" is defined as the space of pointwise multipliers from H" to L? [LEM 02] : | f|lx. =
Sup|g) .. <1 [lfgll2. Those spaces were first studied by Maz’ya [MAZ 84] [MAZ 85]. It is easy to check that, for

0 <7 < 1, we have X" € Bey. Hypotheses (Kl) to (K4) are quite obvious. For (K5), we may write the norm in
H (for0<r<1)as|flyg = (/[ @S g dy)l/2 and thus check easily that H" (as well as L?) is stable

RERIGE
under bi-Lipschitzian changes of variable; thus, X7 is stable as well under bi-Lipschitzian changes of variable and
(K5) is fullfilled. The stability of X" under the action of a Calderén—Zygmund operator has been established by
Verbitsky in [MAZ 95], and thus (K6) is fullfilled. Moreover, (K7) is obvious, since X" C B/ . Theorem 6 then

gives the existence of a solution to the Euler equations, when the initial value belongs to W X" with 0 < r < 1,
N eINand N > 1.

7. Besov spaces over the Lorentz spaces or the Morrey—Campanato spaces.

In [LEM 02], we developed a theory of Besov spaces over shift-invariant Banach spaces of local measures. A
shift-invariant Banach space of local measures is a space F which is the dual of a space E* such that :
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i) D is dense in E*

ii) the norm of E* is invariant through space translation : || f(x — zo)| g+ = ||f|| &~
iii) E* is stable through space dilation : for all A > 0, sup) ¢ .. <1 [f(Az)[|p- < +o0
iv) the pointwise product (f,g) — fg is a bounded map from C, x E* to E*.

Then, for s € IR and 1 < ¢ < +o0, the Besov space By, Is defined as the interpolation space By, =

[(Id — A)~/2E, (Id — A)*2/2E]y,, for 51 < s < 53 and 0 = o= It does not depend on s; nor sy and can be
characterized through the Littlewood—Paley decomposition as

(64) feBg, e feS SfekEand (27°|1A; f|l£) jen € 17
One more time, we may easily apply Theorem 1 to solve the Euler equations in some generalized Besov spaces :

Theorem 7 :

Let E be a shift-invariant Banach space of local measures and assume moreover that E € Boyz. Let o > 0 and
1 < ¢ < 400 be such that Bg, , C L. Let vy € BH"’ be a divergence free vector field. Then there exists a positive
T such that the Cauchy problem

07+ 0.VT = N0 [vi, PO;)T
(65) fleco = o
V.=
has a unique solution v € C([0,T], Bg ,) such that supy<;<r ||17||B]12+; < +o0.

Proof :
We introduce the scale of Banach spaces Bf; , for 0 < s < 140 and we check that this scale satisfies hypotheses
(H1) to (H9). Hypotheses (H1) to (H5) are obvious (integrability, monotony, regularity, stability and invariance).

o Hypothesis (H6) : interpolation
To prove that (H6) is fullfilled, we may use the real interpolation functor, as it is easy to check that we have,
for 0 < s1 < s < sy, that B, , = [B§7q,Bzz7q]97q with 0 = 3=5L

S2—S81
o Hypothesis (H7) : transport by Lipschitz flows

This is a direct consequence of the same property for the scale B® = (Id — A)~%/2E, since for 0 < 1 < s <
sy <1 we have By = [(Id — A)™*/2E, (Id — A)*/2E]y 4.

o Hypothesis (H8) : singular integrals
This is again a direct consequence of the same property for the scale B® = (Id — A)*S/ ’Fp

o Hypothesis (H9) : pointwise products with Bf,

In [LEM 02] we have shown that, for any positive s, Bz , N L> is a Banach algebra. Thus, the pointwise
product (f,g) — fg is a bounded bilinear operator from B F.q >< F to F when F = Bf, . and when F' = E, hence,
by interpolation, when F' = By, for any s € (0, 0] (since, for 0 <s<o, B} =|E, BE q]g q With 6 = s/a)

Thus, we find that Theorem 7 is only a corollary of Theorem 1. o

Example 1 : Lorentz spaces.

Theorem 7 gives the existence of a solution to the Euler equations, when the initial value belongs to BZﬂ ,
with 1 < p < 400, 1 < g < 400, 0 >d/pand 1 <r < 400 (or 0 = d/p and r = 1). The case r = 400 was
discussed in [TAK 08].

Example 2 : homogeneous Morrey—Campanato spaces.

While the Sobolev spaces built on MP? are known as Q@-spaces [WU 03], the Besov spaces are known as
Kozono-Yamazaki spaces [KOZ 94]. Theorem 7 gives the existence of a solution to the Euler equations, when the
initial value belongs to BK;}q L with 1 <p<g<+o0,0> d/qand 1 <r < +o0 (or 0 =d/q and r = 1). Such a

result was announced in [TAN].
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Example 4 : homogeneous Lorentz—Morrey—Campanato spaces.
Similarly, Theorem 7 gives the existence of a solution to the Euler equations, when the initial value belongs

toB;'\;’lq,r7twith1<p§q<—l—oo,1§r§+oo,a>d/qand1§t§+oo (orc =d/qand t =1).

8. Related equations.

Theorem 1 can be adapted to deal with other equations that are quite close to the Euler equations.

Example 1 : the ideal MHD equations. The ideal MHD equations introduce a new variable b : now, we
consider two divergence-free vector fields vy = (vo,1,...,v0,4) and by on R? and we try to solve the following
Cauchy problem :

L Ujy—0 = Vo, bjs=0 = bo

One more time, we consider only solutions for which we can get rid of the pressure term (here, V(p — %\5\2)) by
use of the Leray projection operator IP, and we write

( 8t17+ Zi:ld IP& (’Uﬂ_)'— bzg) =0
8t5+ Z?:l lP(?Z(le;— blﬁ) =0

Ujy=0 = Vo, bjs=0 = bo

| divi=0, divb=0
Following [CHN 09], we introduce the new unknown quantities & = v + b and B = @ — b and we find that
od+ > . _1aIP0O;(B;d) =0

05+ XL Po;(aiff) = 0

(68) L .
A|j=0 = Vo + bo,  Bji=0 = Vo — bo
\ diva=0, div3=0
and finally
( (%52 + 5 _)0_2 - Zi:ld [ﬂ’m ]PaZ]O_Z
O +aV.f =3 (o, PO
(69)

Ajt=0 = Vo + bo, Bjt=0 = Vo — bo

diva=0, div3=0
The resolution of (69) follows exactly the same lines as the resolution of the Euler equations and we find easily
the following theorem :

Theorem 8 :
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Let A® be a scale of spaces satisfying hypotheses (H1) to (H8) and let o > 0 satisfy hypothesis (H9). Let

Ty € A7 and I;O € A be two divergence free vector fields. Then there exists a positive T such that the Cauchy
problem

(8,5 + 3,14 PO (0;7 — bib) = 0
6t5+ Z;jzl IPai(vil;— bZ’L_f) =0

Ujy—o = Vo, bj=o = bo

| divi=0, divb=0

—,

has a unique solution (v,b) in C([0,T], A7) such that supg<;< ||V]| ao+1 + 11B]| 4140 < +00.

Examples :
Theorem 8 gives existence of solutions in the following cases :

o AlT? = Bt7 A7 =Bf ,1<p<+o0,0>d/p,1<q< +o0 (Theorem 2)
o At7 = Blte A7 =Bg 1<p<+oo,0=d/p,q=1 (Theorem 2)
o Ao — Flto 47 — Fo 1< p< oo, 0>d/p, 1<q<+00 (Theorem 3)
o AL+ = Wi+l go — o™ | < p< oo, 0 €N, 0 >d/p, 1< q< +00 (Theorem 6)
o Alto = WIHoMP? - go — oM™ | & p << 400, 0 €N, o> d/g (Theorem 6)
o ALHe — WO NPT po e | oo o oo 0 €N, 0> dfg, 1< 1 < 4o0 (Theorem 6)
o Ao = Bite AT =DBf,,,, 1<p<+00,0>d/p,1<q<+00,1<7 < +00 (Theorem 7)
o AMte = Bile A7 =B . 1<p<q<+too,o>d/q 1<r< +oo (Theorem 7)
o Alte = Bi.jp‘,’w?t, A7 =BF, .. 1<p<q<+400,0>d/q 1 <r<+00, 1 <t < +o0 (Theorem 7)

Example 2 : the quasi-geostrophic equation.

The quasi-geostrophic equation (QG) is related to fluid mechanics [PED 87] ; its mathematical study was
initiated by Constantin, Majda and Tabak [CON 94] in 1994. The quasi-geostrophic equation (QG) describes the
evolution of a function (¢, z), t > 0, z € R? as

0,0 + 7.V =0
(71) @ = (—R20, R10)
6(0,.) = 6,

where R; is the Riesz transform R; = \/% (so that the vector field @ is divergence-free : div 4 = 0).

The same formalism as for Euler equations will provide solutions, except that we don’t need hypothesis (HS)
any longer (since there is no right-hand term in equations (71)), but that we need AT to be stable under the
Riesz transforms, in order to ensure that « is still Lipschitzian. Thus, we get the following theorem :

Theorem 9 :

Let A® be a scale of spaces satisfying hypotheses (H1) to (H7) and let o > 0 satisfy hypothesis (H9). Assume
moreover that the Riesz transforms are bounded on A'1°. Let 6y € A1, Then there exists a positive T such that
the Cauchy problem

0,0 + 7.V =0
(72) @ = (—R20, R,0)
0(0,.) = 6,

has a unique solution 0 in C([0,T], A%) such that supg<;< [|0]| a1+o < +00.

Examples :
Theorem 9 gives existence of solutions in the following cases :
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<>A1+G'_B;-ZO"AO'_ B, 1<p<+o0,0>2/p,1<q< 400 Theorem 2
o Alto — B;,Jg", A?=BJ ,1<p<-+oo,0=2/p,qg=1 Theorem 2
o AlT0 = FJto A7 = F7 1 <p<+00,0>2/p,1<q<+00 Theorem 3

o Al+e — WL go el | & p o 4oo g €N, 0> 2/p, 1< g < 400 Theorem 6

( )
( )
( )
( )
o AT — WHOM™T po _ oMt | << doo, 0 €N, 0> 2/q (Theorem 6)
( )
( )
( )

o Alto — W1+U,MP*W, Ao — WJ,MP"”’ l<p<g<+4oo,0 €N, o>2/q 1<7r <400 Theorem 6
o AT = BES A7 = B, 1 <p<+00,0 > 2fp, 1< g < +o0,1 <7 < +o0 Theorem 7
o Alto — le\;—poq A9 — 7\4?4 l<p<qg<+4oo,0>2/q,1<7r<+00 Theorem 7
<>A1+U—B]1\;D"th,A ngq”,1<p§q<+oo,a>2/q,1§7’§+OO,1§t§+OO (Theorem 7)

9. The critical case.

Thus far, there are two hypotheses we did not really use. In all our examples, our spaces A° for 0 < s < 1
were stable under transportation by a vector field in L'Lip (even if the vector field was not divergence-free in
hypothesis (H7)) and were stable as well under the action of a Calderén-Zygmund operator T satisfying 7'(1) = 0
(even if T*(1) # 0 in hypothesis (H8)). (Even for Theorem 5, 7%(1) = 0 is not required, as we shall see in the
following section.) Those conditions are crucial only in the critical case o = 0 (initial value in BL, ; [PAK 04]).

The main lemma is then the following one :

Lemma 5 :

If fe BY 1 s a divergence-free vector field and if g € B! then fﬁg € BY ,

00,17

Proof :
This is easily proved by paradifferential calculus. Using the Littlewood—Paley decomposition of f and of g, we
write

d
(73) FVg=S0fVg+(f=SHVSog+>, > NfVAg+Y. D D 0i(Afidkg)

JEN KEN,|j—k|>3 JEN kEN,|j—k|<2 i=1

and we easily estimate each of the four terms in the right-hand side of (73) : we use the well-known fact that if
h = 3772 h; where the Fourier transform of h; is supported in an annulus a2’ < €] < b27 (or a ball if a = 0)
and if s € R, then [|h]|ps  is controlled by Cup s pell27sl|hyllpllea if @ > 0 or if s > 0 and a = 0; A, fVALg

has its Fourier transform supported in an annulus (with radius of order 2maxk)) if |k — j| > 3; if | — k| < 2,
we can only say that the Fourier transform s supported in a ball with radius of order 27. Thus, we cannot
estimate the term » . n D pew |j_nj<2 D N Agg directly in BY,; (this is a serious obstruction : as a matter

of fact, Bf ,, is not an algebra) and we have to use the fact that f is divergence free to rewrite this term as
div (ZjelN ZkGlN,Ij—kISQ ArgA;f) and estimate Zje]N ZkelN,lj—MgQ ArgA;fin Béo,l' o

We shall get generalizations of Lemma 3 and Lemma 4 as easy consequences of Lemma 5.

Lemma 6
Let @ € B, with div @ = 0. Then the operator Z 1[ui, Pj x0;] is bounded on B, ;| for every s € [0,1] and

we have | X0 [us, Pj 18;) < Csoll fllBs, Nl

ool_

co,1

Proof :

We already know that the operator T} ) = Zle[ui,Pj,kai] is bounded on By  for 0 <s < 1,1 <p < 400
and 1 < g < +o0. Since T} = =T} i, we get by duality that Tj ; is bounded on By , for —1 < s < 0,1 <p < +o0
and 1 < g < 4o00. By interpolation, it is true as well for s = 0.
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Thus, T}y is bounded on BS, ; for 0 < s < 1. We take f € BL, ; and try to estimate g = Z?Zl[ui, P; 0] f in

B, ;. We must equivalently estimate lgllpo | and, for I=1,....d, [[Oig|[po_ . We just write
d d
(74) Org =Y [ui, Px0ilOuf + Y _[Orui, Pirdil f

=1 =1

so that we find

co,1?

d d
(75) gl , < CUTinllcse, o HIflse , + D1 > B, Piidil fllse, ,)-
=1 =1

We thus need to estimate || zjzl[alu,-, P; k0] fllpo_ . We write

S [0, Piudi)f = A+ B+C+D =

76 ; N .
(76) QP pV Sof — S0 0:S0 Pk (Oyuif) + 0N (Id — So) Py f — S0 (Id — So) Py 1 (8,.V f)

A and B are obviously controlled in Bgo,1 norm. On the other hand, (Id — Sy)P;  is bounded on Béoyl and on
BY_ |, so that Lemma 5 gives the control of C' and D. o

oco,1

Lemma 7
Let @ € L'([0,T],BL, ;) with div @ = 0. Let fo € BS, , for some s € [0,1]. Then the solution f of the
transport equation

Of+uNVf=0

(77)
f|t:0 = fO
: c. [T la ) dt
satisfies supg<,<7 || f(t, .)||B;c71 < Cse fo Poont ||f0||B;O71

Proof :

Let 7 — X; ,(7) be the characteristic curves associated to the vector field @. The solution of (77) is given by
f(t,x) = fo(X¢2(0)). We already that, for 0 <t < T, the mapping fo — fo(X¢.(0)) is an isomorphism on B, ,
for 0 <5 <1,1<p<+00and 1< q< +oo. But writing for fo € B’ and go € B .,

(78) %/fO(Xt,m(O))go(Xt,x(O))d:L’ = /gzzﬁf + fi.Vg dz =0

we find by a duality argument that the mapping fo — fo(X¢.(0)) is as well an isomorphism on B ) for 0 < s < 1.
The case s = 0 follows by interpolation.

Now, let us assume that fo € Bl ; C Lip. We write that its derivatives (91 f,...,0af) are solutions of the
system

(79) for j=1,...,d, 80;f+@Nd;f =—0,a.Vf
onf

Thus, , we find that H(t,x) = : is solution of the fixed-point problem
Oaf

(80) H(t,z) = H(O,Xt,x(O))Jr/O ((ﬁ@ﬁ).soﬂ)(T, X;.2(7)) d¢+/0 ((6@@).6(1d—50)%div H)(7, Xy 2(7)) dr

This problem has a unique solution in L>((0,T), (B, ;)%) and we finally get that f € L{°BL, ;. We then control
the size of || f||p1_ through the Gronwall lemma. o

Owing to Lemmas 6 and 7, we get easily the following theorem of [PAK] :
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Theorem 10 :
Let vy € Béo,l be a divergence free vector field. Then there exists a positive T such that the Cauchy problem

0T+ 0.V = N0 [vi, PO;)T
(81) T¢—0 = o
V.5=0
has a unique solution v € C([0,T], BY, ;) such that supgc,<r ||17||BC1>O’1 < +o00.

Proof :
We can follow the same lines as for Theorem 1 (or Theorem 2). Now, the only thing we have to check is the
convergence of f,, to ¥. Recall the identity satisfied by k, = fr+1 — fn :

t d d
(82) Fn = / (= Fn s+ 3 U1 PO g1 + 3 lonis PO fosn) (7, XV (7)) dr
0

=1 =1

We see that we have to control the term || Z?:l[kn,ia PO,] 1| go by k|| go . [F .- We have no problem

for | 25:1 kn’iIPangf;H nor for Z?Zl SO]P@-(kn,if:LH). Lemma 5 gives an easy control for lgn.ﬁ(fd — So)]anJrl
as well as for (Id — So)IP(kn.V fri1). o

The case of the MHD equations is similar to the Euler equations :

Theorem 11 :
Let vy € Béo71 and by € BéQ1 be two divergence—free vector fields. Then there exists a positive T such that the
Cauchy problem

( 815’17—}— Zi:ld IPai(’Uﬂ_)'— bz ) =0

8t5+ Z?:l ]P(?Z(vzl;— bﬂ_f) =0
(83)
Ujt=0 = Vo, bjt=0 = bo

| divi=0, divb=0

=,

has a unique solution (7,b) in C([0,T], BY, ) such that supg<,<r ||17||B<];o,1 + HbHBio,l < +00.

We cannot hope to solve the quasi—geostrophic equation in the critical space, since it is not stable under the
Riesz transforms. But we may just add a slight further requirement to get a solution :

Theorem 12 :
Let 6y € Béo,l N LP with 1 < p < +00. Then there exists a positive T such that the Cauchy problem

00+ a0 =0
(84) i = (—Ra0, R10)
0(0,.) = 6,

has a unique solution 6 in C([0,T], BY, ;) such that supo<,<r [|0] 51 8l < +oo.
10. Relaxing unnecessary hypotheses.

As a matter of fact, the spaces A®* (0 < s < 1) considered in Theorems 2, 3, 6 and 7 were stable under more
general singular integral operators : they satisfy more precisely the following hypothesis
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o Hypothesis (H10) : singular integrals
Let T be a bounded linear operator from D(IR?) to D’ (IR?) (with distribution kernel K (x,y) € D'(R? x IR%))
which satisfies the following conditions
e T is bounded on L? : | T(f)||2 < Co||fll2
e outside from the diagonal z = y, K is a continuous function such that |K(z,y)| < Cy |x—y|d(11—|—|:c—y|)

e outside from the diagonal, K satisfies |V, K (z,y)| < Colz —y|~%~* and |§yK(x, y)| < Colz — y|~41
o T(1) =0 in BMO
Then, T is bounded from A® to A® for all 0 < s <1 and [|T||z(as,45) < CsCo

For A* = B2, see [LEM 85]. For A® = F? _ see [DEN 05]. For A® = (Id—A)~%/2E with E = LP9, E = MP~

P’ P’
or E'= MP%" we shall use a variant of Theorem 5 (see Lemma 8 below). For A% = By, with B = LP9, E = MP1

or E = MP%" this is a consequence of the case of (Id — A)~*/2E (by interpolation).

Lemma 8
Let T be a bounded linear operator from D(IR?) to D'(IR?) (with distribution kernel K (z,y) € D'(IR? x RY))
which satisfies the following conditions
o T is bounded on L* : | T(f)|l2 < Collfll2
e outside from the diagonal x =y, K is a continuous function such that |K(z,y)| < C’Oﬁ

e outside from the diagonal, K satisfies lﬁmK(x,y)] < Colr —y|~47 ! and \ﬁyK(x,y)] < Gyl —y|=471
e T(1)=0 i BMO
Then, for 0 < a < 1, the operator (—A)*/? o T o (—=A)~*/2 belongs to A*~.

Proof :
Let T, = (—A)*? 0T o (~A)~*/2, We know from [LEM 84] that T, is bounded on L?. The problem is to
estimate its kernel. This could be done through a molecular approach : if (ve j.x)1<c<2d-1 jem keza 1S an Hilbertian

wavelet basis of L2, then the kernel of T}, is given in D'(R* x IR?) by
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(86) Ko(z,y) = Z Z Z T (e, 5,6 ) (@) e, 5, (y)

e=1 jEZ kcrd

However, we will prove Lemma 8 by using Theorem 5. We have b = T*(1) € BMO. Using the homogeneous
Littlewood—Paley decomposition, we introduce the operator m, : f +— Zje% Si—o(fA;b). m is a Calderén—
Zygmund operator such that 7,(1) = 0 and 7; (1) = b. Thus, we may write 7' = m, + .S with S(1) = S*(1) = 0.
We know, by Theorem 5, that (—=A)*/2 0 S o (=A)~*/2 belongs to A'~®*. We must estimate the kernel L, of
(=A)*/2 om0 (—=A)~*/2. If S} is the convolution operator with F~1¢(277¢), A; the convolution operator with
FH@(277€)), and if w = F1(|€]*p) and Q = F1(|€[* ;-5 9(25¢€)), then we have

(87) Lo(e,y) = 3 [ 2902z = 2)Ab(2)20(2 (: - ) d
jez /R
It is then a classical computation to estimate the size and the regularity of L. o

11. Maximal solutions.

Due to uniqueness of solutions in Theorem 1, we may define T, (7y) the maximal existence time for a solution
in At .
(88) T, () = sup{T >0 / 37 € (L>=((0,T), A'™))® solution of (8)}.

If we have 7y € (A'19)? (under the hypotheses of Theorem 1), then we have

(90) T,(0p) < 400 =  sup |[|U||a1+0 = +0
O<t<Tg(ﬁQ)
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Under very slight further assumptions, it is easy to check that T, () does not actually depend on o.

Theorem 13 :
Let A® be a scale of spaces satisfying hypotheses (H1) to (H8). Assume that there exists a Banach space E

and a o9 > 0 such that, for all o > o, o satisfies hypothesis (H9) and the following hypothesis :
o Hypothesis (H11) : A? C E and

(91) Ifgllas < Colllfllllglas + llgllellgll )

Then, for o9 < o < 7 and Ty € A", we have T, (Vo) = T- (7).

Proof :
By induction on 7. We prove that if it is true for 7 = o + k (for some k € IN), then it is true for o + k < 7 <
o+ k+ 1. We estimate ||0|| 41+~ as ||T||a- + 2?21 |0:0|| a-. We write

-

d
(92) 8,0;7 + U.V.0; Z v;,1P9;]0;7 — SoIPdiv (9;7 ® ¥) — P(Id — So)(8;7.V7)
We then get

T . t N
93)  ||0:5(t, )||lar < CeP S 17l (11950 4+ +/ 10:5(s,.) @ T(s,.)||ar + |0:0(s,.).V (s, )| ar ds)
0

and finally
- t
— D v(s,. o ds /| — — -
(93) |15(t, )| a1+~ < Ce Jo 15l (G +/0 15(s, ) £l|5(s, )| a1+~ ds)
and we conclude with Gronwall’s lemma. &

Conclusion.

Except for Lemma 5, we made no use of the paradifferential calculus. Of course, our tools are deeply related to
the paradifferential calculus. However, we avoid the rigidity of the Littlewood—Paley decomposition and in a way
replaced it by a molecular approach. Indeed, a Littlewood-Paley decomposition is stable neither through a transport
equation nor under the action of a singular integral operator. On the other hand, a molecular decompostion will
be stable, since a molecuke is preserved under a transport equation (moving the center along the characteristic
curve and deforming the profile of the molecule, but without altering too much its scale), or through the action of
a singular integral operator (with roughly speaking the same center and the same scale, but with a deformation of
the profile). Similarly, a wavelet decomposition is not preserved, but transformed into a vaguelette decomposition
[LEM 02]. In a way, it means that the equations we have studied in this paper could be numerically approximated
by the method of travelling wavelets proposed in [BAS 90].
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