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Abstract

In the present paper we find new constructions of orthonormal mul-
tiresolution analyses on the triangle A. In the first one, we describe
a direct method to define an orthonormal multiresolution analysis R
which is adapted for the study of the Sobolev spaces H§(A) (s € N).
In the second one, we add boundary conditions for constructing an
orthonormal multiresolution analysis which is adapted for the study of
the Sobolev spaces H*(A) (s € N). The associated wavelets preserve
the original regularity and are easy to implement.
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1 Introduction

Wavelets are functions generated from one basis function by dilations and
translations. Wavelet concepts have unfolded their full computational ef-
ficiency mainly in harmonic analysis (for the study of Calderon-Zygmund
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operators) and in signal analysis. The wavelet expansions induce isomor-
phisms between function and sequence spaces. It means that certain Sobolev
or Besov norms of functions are equivalent to weighted sequence norms for
the coefficients in their wavelet expansions. The wavelets have cancellation
properties that are usually expressed in terms of vanishing polynomial mo-
ments. The combination of the two previous properties of wavelets provides
a rigorous analysis of adaptative schemes for elliptic problems. Moreover,
nonlinear approximation is an important concept related to adaptative ap-
proximation.

The search for wavelet bases on a bounded domain has been an active
field for many years, since the beginning of the nineties. Several strategies
for dealing with complex domain geometries as manifolds have been explored
in wavelet literature (see [5] and [8]). There are basically two approaches
domain decomposition into cube patches and multilevel decomposition of fi-
nite element spaces. The first approach was introduced by Z. Ciesielski and
T. Figiel in 1982 (see [3] and [4]) to construct spline bases of generalized
Sobolev spaces W]f(M) (k € Z and 1 < p < oo) where M is a compact
Riemannian manifold. This method is based on a characterization of func-
tion spaces on manifolds as products of corresponding local function spaces
subject to certain complementary boundary conditions. It was adapted
to the wavelet setting to construct generalized multiresolution analyses on
bounded domains. The decomposition method turns out to have principal
limitations and it does not induce Sobolev Spaces H® when |s| > 3/2. The
basic difficulty is that function spaces as Sobolev or Besov spaces on com-
pact Riemannian manifolds (with or without boundary) are usually defined
in terms of open covering and associated charts, not in terms of partitions
of the manifold. The second approach can be more tempting if one wants
to combine properties of wavelet bases (cancellation, dilation, translation)
with the structural simplicity of finite element spaces.

In 1992, A. Jouini and P.G. Lemarié constructed in [13] biorthogonal
wavelet bases on two-dimensional manifold €2; these bases were adapted for
the study of Sobolev spaces H(2) and H}(Q). In 1997, the decomposition
method was used by C. Cohen, W. Dahmen and R. Schneider in ([5], [7] and
[8]) to construct biorthogonal wavelet bases (1x, ¥ )acy of L2(Q) where
is a bounded domain of R? (d € N*); these bases were shown to be bases
of Sobolev spaces H*(£2) for —% <s< % There are related constructions
as well by C. Canuto and coworkers in [2] and by R. Masson in [17]. All
these constructions are based on the decomposition method by gluing scaling
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functions and wavelets across the interfaces of adjacent subdomains. These
bases are continuous but not differentiable; there is a slight difficulty in their
presentation, due to notational burden. Moreover, it is often unclear how
to get other regularity Sobolev estimates than for —% < s < % In 2003,
A. Jouini and P.G. Lemarié presented in [14] two elementary constructions
of orthogonal and biorthogonal wavelet bases on the L-shaped domain L.
In the first one, they used a direct method and in the second one, they
used a decomposition method. These bases have simple expressions and the
specific geometry of the domain allows to get higher regularity namely the
study of the Sobolev spaces H¥(L) (k € Z). Recently, in 2008, A. Jouini
and M. Kratou used decomposition method to construct in [11] biorthog-
onal wavelet bases on a compact Riemannian manifold with dimension n
(or an open bounded set of R™), n € N*. The central problem was to con-
struct extension operators which are straightforward, relatively simple and
are adapted to the scale. This construction of biorthogonal analyses differed
from the previous one in the sense that these analyses are generated by a
finite number of simple basic functions and had better stability constants.

They were also adapted for the study of the Sobolev spaces H! and H_}.

The construction of wavelet bases on the triangle has not been exten-
sively discussed in the literature. Nevertheless, the triangle is used in wavelet
theory to define triangulation of resolution 277 for general domains in the
two-dimensional case. However, we do not have on the triangle regular bases
with compact support and which are simple to implement. The central
problem is to construct wavelet spaces. Moreover, we do not have general
criteria available in literature that tell under which circumstances one has
norm equivalences and how to conclude stability on a special domain as the
triangle.

In this paper, we use a direct method to construct two orthogonal mul-
tiresolution analyses on a triangle A which are adapted to higher regularity
analysis. The scaling spaces are constructed in an elementary way. Our
construction does not involve domain decomposition at all but uses bound-
ary adaptation for fairly general lipschitz domains. The main contribution
offered in this paper which differs from the other constructions is the realiza-
tion of global higher regularity by more elementary techniques than perhaps
those involved in ([5], [8] and [11]).

Section 2 is devoted to the description of multiresolution analyses on the
interval. We develop two ways for constructing wavelet bases which will be
useful for the remainder of the work.
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In section 3, we shall use a direct method based on the results described
in ([12] and [18]) to define two orthonormal multiresolution analyses on a
triangle A.

In section 4, we prove a regularity lemma which gives uniform estimates for
extension operators on the scaling spaces. This Lemma is very important
to establish norm equivalences in Sobolev spaces on the triangle.

In the last section, we study and construct in the first part the associ-
ated wavelet bases on the triangle A. This construction is complicated and
technical due to the geometry of the domain. In the second part and as
applications, we characterize regular spaces namely Sobolev spaces H{(A)
and H*(A) (s € N) in terms of discrete norm equivalences. At the end of
this work, we consider the cases N = 1 (Haar basis) and N = 2. These ex-
amples permit to illustrate the constructions of wavelet bases of this paper
and to explain clearly the relation between the support of the wavelet and
the geometry of the domain.

We recall that all bases constructed in this work have compact support
and the same regularity as for Daubechies bases [9].

NOTATIONS. We denote by
-MRA : Multiresolution analysis
-OMRA : Orthogonal multiresolution analysis.

2  Multiresolution analysis on the interval

Let us recall that I. Daubechies constructed in [9] an orthogonal multireso-
lution analysis V;(R) of L?(R) satisfying the following properties:

e TVH(R) has an orthonormal basis p(x — k), k € Z, where ¢ the scaling
function with compact support.

o (%)= Zii]o—l arp(x — k), the sequence of real numbers (ay) satisfies
ap # 0 and asy_1 # 0. Moreover, we have $(2¢) = My(e™*)@(€) where

My(e™%) = ZZ 0 Lage %€ and “ f 7 is the classical Fourier transform of f
on R. _

e V;(R) has an orthonormal basis ¢; () = 220(Vx — k), j, k € Z.

e Suppy = [0,2N —1].

e ¢ has Sobolev regularity H*¥ with sy = (1 — 23)N + o(N).

e The associated wavelet v is defined by
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$(2€) = e IN=DEMG (e76)p(€).

e  Wy(R) (the orthogonal complement of V5(R) in V1(R)) has an orthonor-
mal basis ¢(z — k), k € Z and W;(R) has an orthonormal basis ¢;;(z) =
25)(Qa — k), j, k € Z.

e The moments of the related wavelet ¢ satisfy [ zFyp(x)de = 0 for
0<kE<N-1

It is well known that we can have orthonormal wavelet bases which
allow synthesis of more general functional spaces than L?(R). Such a fact
was not true by restriction to a subset of R as simple as the set [0,1]. The
problem is that, in bounded domains, classical invariance by dilation and
translation are preserved for dilation, on the other hand they lose in part
their meaning for translation. Moreover, the multiresolution analysis of I.
Daubechies is orthogonal in L?(R), but if we take its restriction to [0, 1],
we do not get an orthogonal multiresolution analysis in L%([0,1]). If we
consider the functions ¢; 1 (x) /[0,1]; we have a linearly independent system
but not orthogonal. However, if we consider the functions t; (x) /[0,1]; We get
a linearly dependent system (see [18]). Then, the construction of orthogonal
multiresolution analyses in [0, 1] (or biorthogonal) is technical specially near
the boundaries 0 and 1.

In the following, we consider the OMRA V;(R) of I. Daubechies and we
denote

Vi([0,1]) = Span{p;k /011, pir € Vj(R)} (2.1)
and
v;([0,1]) = Span{e;j i, suppg; i C [0,1]}. (2.2)

Remark 2.1 If I is a bounded interval of R, the space V;(I) is defined as
the space of restrictions to I of elements of V;(R). More precisely, we may
keep only the indexes k such that (277k,279(k+ 2N — 1)) N 1T # 0.

Recall the following important result.

lemma 2.1 Let f be a scaling function with minimal support, then the re-
strictions (f(x — k)01 # 0) are linearly independent.

This Lemma is proved in [15]. This result states in particular that the
restrictions ¢(z — k) /[0,1) are linearly independent for 2 — 2N < k < 0.
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Remark 2.2 Let I = [a, 5]. For j € Z, let o the smallest integer which is
greater than 27a — 2N + 1 and let B; the greatest integer which is smaller
than 27 3. The functions (¢jk)/r, a5 <k < B are linearly independent, and
thus they are a basis for V;(I).

Remark 2.3 Under the assumptions of Remark 2.2, there exists a constant
c(j, I) such that for all sequences (Ax)a,<k<p; we have the inequality

5]
GiD) S M < / 'S neldr < S A (23)

a;<k<B; ¢ kez? a; <k<pB;

If a or B is not a dyadic number, we may have lim infj—tooc(j, 1) = 0: we

have c(j, 1) < min(fjﬂaj l|?dx, fffﬂﬂ lo|?dx). On the other hand, when «
J

and [ are dyadic numbers, c(j,I) does not depend on j when j is big enough.

The existence of an orthonormal basis of L?([0,1]) allowing the char-
acterization of regular function on the interval [0,1] and having simple al-
gorithms was treated by Y. Meyer in [18]. Starting from the orthogonal
multiresolution analysis of I. Daubechies, Y. Meyer introduced the orthogo-
nal projection operators P; from L?([0, 1]) onto V;([0,1]) and Q; = Pj4+1—P;
and he showed that the ranges of V; = ImP; and W; = Im(); have elemen-
tary Hilbertian bases. This is based on the remark that, while V;1([0, 1]) is
generated by the restrictions of the scaling functions ¢;; and the wavelets
Yjk, —2N +2 <k < 27 — 1, the restrictions of the extreme wavelets Yk,
—2N +2 <k < —Nand 27 —2N +1 < k < 2/ — 1 belong to V;([0,1]),
so their elimination gives a generating system of (2/+! 42N — 2) vectors of
Vj+1([0,1]), hence we have the following Meyer’s Lemma.

lemma 2.2 Let jo be the smallest integer satisfying 270 > 4N — 4. Then,
for j = jo, the functions pjk/01), 2 —2N < k < 27 — 1, (which fgrm a
Riesz basis for V;([0,1])) and the functions 1k j01), —N +1 <k <27 — N,
constitute a Riesz basis for Vj1([0,1]).

Clearly, the inclusion V;(R) C Vj1(R) gives V;([0,1]) C V;41([0,1]).
Thus, we may define W;([0,1]) = (V;([0,1]))-NV;11([0,1]). A Riesz basis for
V;([0,1]) is given by the restriction of functions ¢, —2N +2 < k <2/ —1;
this basis can be split into three subfamilies: the functions located at the
border 0 ((¢j%)/0,1, —2N +2 < k < —1), the functions which have their
support included in [0, 1] (¢jx, 0 < k < 27—2N+1) and the functions located
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at the border 1 ((¢jx)/j0,1], 2° — 2N 42 < k < 27 — 1). Orthonormalization
of the first family and the third one then gives an orthonormal basis ¢; x,

2N +2< k<2 —1with ¢4 = 25p(2 — k) for 0 < k<2 —2N +1,
ik = 2%90[[(1} (27z)for1 < ¢ <2N—2and k = —qand ¢;, = 2%90&]}(23'(3:—1))

for 1 < ¢ < 2N —2and k =2/ —2N + ¢+ 1, where the functions cpl[q} have a
lq]

compact support in [0, +0c) and the functions ¢;" have a compact support
in (—o0,0].

The Riesz basis for V;([0, 1]) may then be completed into a Riesz basis
for V;41([0,1]) by adding the restrictions of the wavelets t;,, —N+1 < k <
27— N. This new set may be split into three subfamilies, the functions located
at the border 0 ((¥%)/0,1), =N +1 < k < —1), the functions which have
their support included in [0,1] (¢ %, 0 < k < 27 —2N +1) and the functions
located at the border 1 ((¢j)/j0,1], 2/ —2N +2 < k < 2/ — N). The second
family already belongs to W;([0,1]), while we need corrections on the first
and third ones. We then get an orthonormal basis @, —N+1 < k < 2N

for W;([0,1]), with w;; = 254p(Px — k) for 0 < k <Y —2N +1, wjp =
2%¢l[q](2ja:) for1<¢g<N-1land k= —qand w;; = 2%¢,Lq](2j(x — 1)) for

1<qg<N-1and k =2/ — 2N + q + 1, where the functions 1/JI[Q] have a

compact support in [0, +00) and the functions %[fl] have a compact support

in (—o0,0].

Meyer’s basis on the interval is theoretically important and constitutes
a fundamental starting point for other constructions. Cohen, Daubechies,
Vial and Jawerth constructed at 1992 in [6] a multiresolution analysis on
the interval in such manner that they got a polynomial extension outside
the interval. Jouini and Lemarié defined at 1993 in [12] a multiresolution
analysis on the interval as the following.

Definition 2.1 A sequence {V;};>;, of closed subspaces of L*([0,1]) is called
a MRA on L?([0,1]) associated with V;(R) if we have

i) Vj Zjo? Uj([07 1]) - V} - Vj([o7 1])

i) Vj > jo, Vj C Vjt1.

Starting again from the orthogonal multiresolution analysis of I. Daubechies,
they proposed a new wavelet space W;([0, 1]) by reviewing the collection of
the functions on the border. More precisely, we have the second important
result from [12].
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Proposition 2.1 Let jo be the smallest integer satisfying 270 > AN — 4. For
Jj > jo, we denote

X; = Span{v;;, 0 <k <2/ —2N + 150,41 2%+1,

0<k<N-=-2¢112 —2N+2<k<2 — N} (24)

Then,
i) dim X; =2
ii) there exists an integer J such that Vj > J, Vi1 =V; @ X;.

It is clear that we can realize orthogonality by using Gram-Schmidt.

3 The spaces v;(A) and V;(A)

As usually in wavelet theory, we define V;(IR?) the multiresolution analysis
associated to the separable scaling function ¢ ® ¢ : Vj(RQ) is the tensor
product V;(R?) = V;(R)&V;(R). For a generic domain Q, we cannot expect
a simple description of the space V;(Q2): even in the univariate case and
in the case of an elementary interval, we have difficulties in estimating the
bases. On the other hand, for very simple cases, we get an easy description.
As an example, if we consider the unit cube [0, 1]", then, by using Lemma
2.1 and tensor product, we get a direct basis of V;([0, 1]") (see [14]).

The next domain we shall consider is the triangle A = {(z,y) € [-1, 1] x
[0,1], y <1 —|z|}. In the following, we study a multiresolution analysis on
A without boundary conditions.

Definition 3.1 The space v;(A) is defined as the space of elements of
V;(R?) with support in A.

We can describe directly an orthonormal basis of v;(A).
Proposition 3.1 For 2/ > 4N —4, v;(A) has the following basis: the family
ik @ Pjky With =27 +2N -1 <ky < =N, 0 < ko < k1 +2/ —2N+1 and the
family o 1, @)k, with —N+1 < ky <27—4AN+2,0 < ko < —k1+2/—4AN+2.

If we look at our domain and the support of the scaling function, we can
split these families into the following sets:
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i) left functions: Pjky @ Pk with =2/ + 2N —1 < k; < —N and
0<ky <k +2 —2N+1

ii) right functions: ¢, ® @k, with —N +1 < k; < 29 — 4N + 2 and
0<ky<—k+2 —4N +2.

The orthogonal projection operator on v;(A) is written PjQ and the pro-
jection operator Q? on wi(A) = (v;(A))F Nvj4i(A) is given by Q? =
P]QJrl — P]Q. Thus, PJO is given by

0 _ «——-N k1427 —2N+1
PPf = e 2itaN—1 2aka=0 < [l iks @ Piky > Pikr © P
29 —AN+2 ~~—k1+2I —4AN+2
+ Zk1:7N+1 Ekgzlo < f/QDj,kl & Pjko > Pikr @ Pjks-

(3.1)

Our main goal below will be a study of regular functions on the tri-
angle with trace on the border. We introduce now the second orthogonal
multiresolution analysis on the triangle A with boundary conditions. This
point poses no problem for generator basic functions of scaling spaces.

Definition 3.2 The space V;(A) is defined as the space of restrictions to A
of elements of V;(R?).

We have an obvious generating family of V;(A).

Proposition 3.2 For 2/ > 4N — 4, V;(A) has the following basis: the
Jamily 0k, @ jpoya with ky = 2 —2N+2+p, 0<p <2 —2and
—2N + 2 < ko < p; the family o, ® Pjka/A with k1 = —2N + 1 + p,
0<p<2N —1and —2N +2 < ky <2/ —1 and the family p;, ® ©jka/A
withki=14+p, 0<p<22 -2 and —2N +2 < ky <27 —2—p.

It is clear that Lemma 2.1 and Remark 2.2 prove that the system de-
scribed in Proposition 3.2 is linearly independent. Then, the spaces V;(A)
define an orthogonal multiresolution analysis on A. The orthogonal projec-
tion operator on V;(A) is written P; and the projection operator @); on
Wi (A) = (V;(A)E N Vy1(A) is given by Q5 = Pyey — Py,

We shall now give a precise description of P; by giving an orthonormal
basis for V;(A).

If we look at our domain, we can split these families into the following
sets:
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i) left functions: ¢;x, ®;k, A With k1 = —2 —2N42+4p,0<p <2 -2
and —2N +2<ky <p

ii) center functions: ¢;x, ®®j i, A With by = —2N+1+p, 0 <p <2N -1
and —2N +2 < ky <2/ —1

iii) right functions: ¢;x ® @;k,/A With k1 =1+p, 0 < p < 2/ — 2 and
2N +2<ky <2 —2—p.

See that the number of left functions is equal to the number of right
functions and this is due to symmetry of our domain. If we look now at
the supports of these functions, we can split these families into the following
sets:

i) interior functions: ¢k, ® Djks/A With —2/ +2N —1<k; < —N and
0 <ky < k1427 —2N+1; @) 4, @0k, /a With —N+1 < ky < 27 —4N+2
and 0 < ko < —ky +27 — 4N +2

ii) edge functions: @;x, ® @)k, A With —2 2N +3<k < -2 +2N -2
and 1 < ky < ky + 27 + 2N — 2 (pjk1®(,0]k2/AW1th -2/ + 2N —
1 <k <2 —4N +2and 22N < ky < —1; iy @ Pika/A with
—2042N -1 <k; < —2N and k1 +27 —2N +2 < kg < k1 +27 +2N —2;
90]7k1®<pj’k2/AW1th 2N +1<ki<-N-landk +2/ —2N +2<
kQ_—k1+2J—4N+1 (pjk1®(p]k2/AW1th N—|—2<k1<0
and —k; + 29 —AN +3 < ky < k; +2/ — 2N, ik @ Pjky/a With
1<l~c1<23—4N+2and k1+2]—4N—|—3<k‘2< k1+2j—1
Dk O Pjky/A With W_AN+3<k; <27—2and1<ky<—k+2/—1

iii) exterior corner functions: ¢;x, ® ¥;r,/a With —20 2N +2 <k <
—2/ +2N —2 and 2 — 2N < kg < 0; )5, @ @)k, /a With 27 —4N +3 <
k1 <2 —1and2—2N <ky <0

iv) interior corner functions: Pjk1 @ Pj ke /A with —2N+1 < k; < —N and
—k14+29 —AN+2 < ky <23—1, Pk @Pjka/A with —N+1<k; <0
andk:1+27—2N—|—1<k2<23—1

Orthonormalization of the border functions (edge and corner functions)
gives an orthonormal basis ¢;, k,/a for V;(A) where (k1,k2) € M; (to
simplify notations) and cardM; = dim V;(A) = 2% + (6N — 5)2/ + (2N —
2)2. All these functions are regular (same regularity as Daubechies scale
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function). Thus, we have the orthogonal projection operator P; onto V;(A)
as

Pif =Y < F/Oikikasn > Binkaya (3.2)

(k1,k2)EM;

4 A regularity lemma

We prove in this section some technical lemmas which will be useful in
regularity analysis for functions defined on A.

lemma 4.1 Let wy, wy be two square integrable compactly supported func-
tions on R%. Then the operator f — > pcpe < f/wi(. — k) > wa(. — k) is
bounded on L*(R).

Proof. Let L € N be such that the supports of w; and wsy are contained
in (=L, L)2. Then we have

T X keze Mewa(z — k’)\Q dr < AL? [ 4cpe Nowa(z — k)| da

2 2
=4L? ||w2||2 ZkeZQ | Akl
and

2
Sheze [ F@wi(y = K)dy|” < Jwilly Syeze [ 1F @) Lr,0)2(y — K)dy
2 2
< AL? w3 [ £]13-
Thus, the lemma is obvious. m

Definition 4.1 Let A = {(z,y) € [-1,1] x [0,1], y < 1 — |z|}. Let us con-
sider, for 20 > AN —A4, the basis for V;(A) given by the family (Dot ko /A) (e ko) M
described in (3.2). Then we define the extension operator E; from V;(A) to
V;(R?) by the formula

Ejf = Z < f/¢j,k1,k2/A >A (bj,kl,ka (4'1)

(kl,kz)GMj

where < f/g >a= [, fgd.

We establish now the first main result of this section. In fact, the fol-
lowing lemma is very useful for analyzing regular functions on the triangle.

lemma 4.2 Let A = {(z,y) € [-1,1] x [0,1], y < 1 — |z|}. There exists
a positive constant o such that for all j such that 29 > AN — 4 and all
feVi(A):

1B 12 gy < allFIaa)- (1.2)
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Proof. We divide [0, 1] x [0, 1] into four triangles defined by: for 0 < n
3, T = {(w,y) € 0,1]x[0,1]/(=1)"(z—y) > 0 and (~1)"2) (z+y—1) >
We triangulate R? such that

U U Tjrfkl k2

0<n<3 (k1,k2)€Z?

<
0}.

where | |
TJ?Zkl,kz ={(z,9)/ (2 — k1,27y — ko) € T"}.

This triangulation is adapted to our triangle A = {(x,y) € [-1,1] x
[0,1],y <1 — |z|} because we have

A= U Tj??kl,kz'

]
Tj!klkaCA

We put ¢, ko (2, y) = 20(2z — k1)o(2y — ko) and @, ky = P01 ko
Let us write

f fA ’ Z(kl,kQ)GZQ akl,k2¢j k17k2’2dl‘dy
=2, cal Jm

2 .
i k‘hk'g)GZQ ak17k2¢j»k1,k2| dzdy;

then,

f fT]ﬁll Iy | Z(kl,k:Q)EZ? akl,k2¢k1,k2|2d£€dy
= fan ’Z(kl,kQ)GZQ ak17k2¢k1*l1,k2712‘dedy-

Let C" be the set of indexes (ki,k2) such that the support of ¢, k,
has an intersection of non vanishing measure with 77, C’;{kth the set of
indexes (l1,l2) such that the support of ¢;;, ;, has an intersection of non
vanishing measure with 77/ k1 .k, and Cj the set of indexes (k1, k2) such that
the support of ¢; , k. has an intersection of non vanishing measure with A.
We have C;j = UTnk 1, CA C’j ky e L0 family (g, gy \70) (k) ko)ecm s linearly

independent. Then, there exists a positive constant v such that we have
// Z Braky O dxdy =y > By |
T" 2)EZ2 (k1,k2)€C

hence,

J S

2
iy | 22 (ke o) €72 Ok o o oo | ddy >
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72(161,162)60" ‘ak1+l1,k2+l2’2 =
72(1@1&2)60}7’11@ |04k1,k:2|2
and then

T a2y h)ez2 ks ks @i o [ dedy > ’YZTlelhcA Z(kl,kg)eCZZLZQ |0tk s |

> 72(k1,k2)€0j ’ak17k2’2' u

We will make crucial use of the projection operators on the scaling spaces.
In fact, combining Lemma 4.1 with Lemma 4.2 yields the following result
which is very important for regularity criterion.

Theorem 4.1 Let A = {(z,y) € [-1,1] x [0,1], y < 1 —|z|} and jo € N
such that 270 > 4N —4. Let (V;(R?)) ez be a regular multiresolution analysis
of L*(R?). We assume that there exists a projection operator A; onto V;(IR?)
such that

Z) Aj+10Aj = AjOAj = Aj

Z'Z') ”F||12qs(R2) ~ ||A0f||%2(R2) + ijo 22j5||A]-+1F - AJ'FH%?(R?)'

If P; is a projection operator from L*(A) onto V;(A) such that, for a
constant 3 and j > jo, P; satisfies:

1P £ 1B2ay < Bl I (4.3)
then, we have

Vi€ HY(A), (7 ay = 1P fllizay+ Y 2711 f — Pifllia(a)-
j>Jo

(4.4)
Proof. We write f = F)o and F = (F' — A;F) + A;F. We have

1P f = Piflfaay = (P = P)(E = AjF) a7z a)
BIF = AjF |72

A
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where [ is a positive constant independent of j. Then, we have

D 2P f = Piflaay < B 278F — AjF (T,

J=2Jjo J=2Jo
< B 2V F = AjF| ey
J=Jjo
< B Z 227°| Z (Ap — Ap—l)FH%Q(RQ)
J=Jo p=>j+1
< B Y 20T (A, — Ay 1) F|Ta e}
Jj2jo p=2j+1

It’s a convolution ¢'of? C ¢2, then we get the first inequality. To prove the
reverse inequality, we write f = Fyx and F' = Eo(Pof)+> 50 Ej+1(Pit1f—
P;f) where Ej is the extension operator described in Definition 4.1. Then,
we have:

117 a) < IF e ey 2 10 f T2y + Y 2% 1 Aj F = AGF || 2 ey
Jj=0

and

A F — AiF = (Ajpr — A) B (Piya f — Bif).
1>]

Then, we get for a constant M:

PPN Aja F = AjFTagey < D 2°(Aj1 = A B (P f = B3
>

N Mal[Pirf — Pif[3aa)2520705.
>3

IN

It’s a convolution ¢?0f' C ¢?. The same remarks as above give the result.
Thus, Theorem 4.1 is proved. m

Lemma 4.2 and Theorem 4.1 are the bases for our strategy: in order
to get tool for regularity analysis of functions defined on the triangle, we
shall try to define nice equicontinuous families of projection operators on
the spaces Vj(A).

5 The spaces w;(A) and W;(A)

We have dimv;j(A) = 2% — (6N —5)27 + 9N? — 15N + 6. Then, we get that
dimw;(A) =3 x 227 — (6N — 5)27. We denote by
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Kj={(ki,ke) €Z* —204+2N—-1<k; < —Nand 0 < kg < k1 +2/ —2N +1
or —N+1<k; <20 —4N +2and 0 < kg < —ky +2/ —4N + 2} (5.1)

and

Ljv1 = {(2k1,2k2), (k1,k2) € K;} U{(2k1 + 2N — 1,2k2), (k1, k2) € K;}
{(2/{1,2]@‘2 + 2N — 1), (k‘l, kg) c Kj}
U{(2k1 + 2N — 1, 2ky + 2N — 1), (k1, ko) € K. (5.2)

Observe that we can expect a simple description of the space v;(A) which
will be expressed by vj(A) = vect{;kr, @ Qjr,, (k1,k2) € K;}. Let z;(A)
be a supplement of v;(A) into v;j41(A), then x;(A) has the following basis:
Pk @ Vjky With (k1, k2) € K5 1hjr, @ @ik, With (k1 ka) € K5 thjr, @ Pjk
with (k‘l,]{ig) € Kj and Pit1,kr @ Pjt+1 ks with (k‘l,k‘g) S Kj+1 \ Lj+1. We
have exactly 3 x 22/ — (6N — 5)2/ functions which are linearly independent.
To prove this result, it is enough to take their restrictions to every square
in A and apply Proposition 2.1. We split the family into the following sets:

i) intgrior wavelets: @, @ Vi, Vik @ ©jk, 'and Vik @ Vi, with
242N —-1<k<-—-Nand0<ky<ki+22—-2N+lor—-N+1<
k1 <20 —4N +2and 0 < kg < —k; +27/ —4N +2

ii) interior corner wavelets: ;i1 1 ® @j11.k, With (K1, k2) € K11\ Ljt1.

Orthonormalization of the interior corner wavelets gives an orthonormal
basis @;j i, g, for wj(A) where (ki,k2) € Kj11 \ K;. Thus, We define the
orthogonal projection operator Q? onto wj(A) as

0
Qjf = > < STk > @ik o (5.3)
(k1,k2) €K1\ K
We can now establish the first main result of this section.

Theorem 5.1 Let 270 > 4N — 4. Then:
a) for f € L*(A), we have ||fHL2(A) | P; fH%z(A) + J —io ||Q0fH

b) for f € H(A), we have ||£]%.(n) ~ [P FI22a) + 025 4”|!Q°f||

Proof. a) is a classical result in wavelet theory.
b) follows from Lemma 4.2 and Theorem 4.1. =
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We study now the space W;(A). The construction of wavelets here is
more complicated due to boundary conditions and the specific geometry of
the triangle. We have dimV;(A) = 2% 4 (6N —5)27 + (2N —2)%. Then we get
that dimW;(A) = 3 x 2% + (6N —5)27. Let X;(A) be a supplement of V;(A)
into Vj11(A), then X;(A) contains the following functions: ¢; 5 ® ¥j,
with (kl,kQ) S Kj; 1/)]'7]€1 & ©j ko with (kl,kz) € Kj and ¢j,k1 & ¢j,k2 with
(k1,k2) € K;. We have exactly 3(2% — (6N —5)2/ + 9N? — 15N +6) (interior
wavelets) functions which are linearly independent. We must add 4(6/N —
5)2/ — 3(9N? — 15N + 6) functions (edge wavelets). It is very important
to observe that the tensorization of Meyer’s Lemma (Lemma 2.2) gives a
basis for the supplement of V; into Vj,1 in the cases of a cube or a L-shaped
domain (see [10] and [14]). But, it gives in our case only a generating system
of Vj11(A) which is not linearly independent. In fact, let us consider the
following sets:

i) the family ;, ® 9; /A With k1 = 20 —2N+24+p, N-1<p<
27 —2and =N +1< kg <p— N +1; the family p;x, ® ;1 A With
ki=-2N+14+p, 0<p<2N —1land - N+1<ky <2 — N and
the family ¢;r, ® ¥;p,/a With bk =2—-N+p, N-1<p < 27 — 2
and —- N4+ 1<k <—-p+27 -2

i) the family ¢k, ® @jk,/a with kj = =29 —2N +24p, N —1 <
p <2 —2and —2N + 2 < ko < p; the family ¢;, ® ©j ks /A with
ki=-"2N+14+p,0<p<2N —-1land 2N 4+2 < ks <27 —1 and
the family ¥k, ® ©jr,/a Wi‘gh ki=-N+2+p, N-1<p<2 -2
and 2N +2<ky < —p+2/4+N -3

iii) the family ¢, ® ¥k, a with kj = =2/ =2N +2+p, N -1 <p <
27 —2and =N + 1< kg <p— N + 1; the family ¢; 5, ® ¥; 1, A With
ki =-2N4+14+p, 0<p<2N —-1land —-N+1<ky <2 —N and
the family 1) 5, ® 1 ,/a With ki = =N +24+p, N -1 <p <2/ —2
and —N 4+1<ky < —p+27—2.

Thus, we get (3.2% + (10N — 7)2/ — 3N? 4 3N) functions which are more
than dim W; (A) (some of these functions are in V; (A)). Then, by using
incomplete basis theorem, we get the following result.

Theorem 5.2 Let 270 > 4N — 4. Then:

a) there exist (3 x 227 4+ (6N — 5)27) functions W,k k, Such that the
functions ¢ i, ky/a for Vi(A) where (ki,ks) € Mj and Vj g, x, where
(k1,k2) € Mjq1 \ Mj, form an orthonormal basis for Vji1(A),
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b) for f € L*(A), we have HfH%Q(A) = || f”m(A _30 HQ]fH

¢) for f € H*(A), we have ||£]%.a) = [ Pjo fI22a) + 025 wHQJfHLQ(A

Proof. a) We consider interior wavelets ;g ® Vjk,, Vjk @ @)k and
Vjky @Vjp, with =27 +2N —1 <k < —Nand 0 < kg < k; +2/ —2N +1
or =N +1<k <20 —4AN+2and 0 < ky < —k; + 2/ —4N + 2, and we
complete this system from the collection described above (edge and corner
wavelets). Next, we apply Gram-Schmidt to edge and corner wavelets.

b) is a classical result in wavelet theory.

c) follows from Lemma 4.2 and Theorem 4.1. m

To illustrate Theorem 5.2, we study two particular cases (N = 1 and
N = 2). We consider the Haar basis (which corresponds to the case N =
1). Proposition 3.2 shows that V;(A) has the following basis: the family
ik @ Pjky/a With ki = 2 4+p,0<p<2—1and 0 < ky < p and the
family ¢; 1, ® Pj ka/A with k1 =p, 0<p<27—1and 0< ks <22 —-1-—0p
We can split these families into the following sets:

i) interior functions: ©jky @i ko /A with =20 4+1 < k; < —land 0 < ky <
k1427 =15 @ 3, @ gy /a with 0 < ki <27 —2and 0 < ky < —k;+27 -2

ii) edge functions: ¢;k, @@; i, /A With —241 <k < —2and ky = k1 +27;
ik @ Pjhyya With 1<k <20 —2and ky =2/ —1—k;

iii) exterior corner functions: Oik @ Pjka/A with k; = —9J and ko = 0
Pj,k1 & Pjka/A with k1 =27 — 1 and ky =0

iv) interior corner functions: ¢;, ® @j /A With =1 < k; <0 and kg =
27— 1.

Orthonormalization of the border functions (edge and corner functions) gives
an orthonormal basis for V;(A) where dim V;(A) = 2% + 27, We study now
the space W;(A). The construction of wavelets here is more simple due to
small support of the Haar basis. We have dimW;(A) = 3 x 2% + 2. Let
X;(A) be asupplement of V;(A) into Vj;1(A), then X;(A) has the following
Riesz basis:

i) the family ¢;z, ® I/Jj’kQ/A with ki = -2/ 4+p,0< ks <pand 0 <p <
2/ — 1 and the family Dk @ WV py/a With kp =p, 0 < kg < 2 —p—1
and 0 <p<2—1
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i) the family ;5 ® @ k,/a With k1 = =27 +p, 0 <ky <pand 0 < p <
2/ — 1 and the family Vjky © Q) ky/a With k1 =p, 0 < ky < 2 —1—p
and 0<p<2—1

iii) the family ¥jx, ® ¥k, a with kj = =27 +p, 0 < ky < p—1 and
the family ¥k, ® ¥ g,/a With k1 =p—1,0 < ko < 2/ —p—1 and
1<p<2—1.

We have exactly (3 x 2% + 27) functions which are linearly independent be-
cause the third collection has a support in the interior of A and the boundary
functions are in the sets i) and ii).

We study now the case N = 2. Proposition 3.2 shows that V;(A) has the
following basis : the family ¢; x, ®p; r,/a With ky = —24p, —2<p< V-4
and —2 < ko < p + 2, the family ¢, ® Djka/A with —3 < k1 < 0 and
—2< kg <2 — l.and the family ¢; 5, ® @jp,/a With ky =p, 1 <p <27 —1
and —2 < ko < 27 — 1 — p. Orthonormalization of the border functions gives
an orthonormal basis for V;(A) where dim Vj(A) = 2% 4+ 7 x 27 + 4. We
describe now a basis of the associated space Wj(A). The construction of
wavelets here is different from the case of the Haar basis (N = 1). We have
dimW;(A) = 3 x 227 + 7 x 27. Let X;(A) be a supplement of V;(A) into
Vj+1(A), then X;(A) has the following Riesz basis:

i) the family ¢;x, ® ¥jp,/a With k1 = —2 4+ p, —1<ky<p+1and
-1 <p <2 -4, the family ;g ® ¥jpa with =3 <k < 0
and —1 < kp < 2/ — 2 and the family ik @ Vjpy/a with kp = p,
1<k <2 —p—-2and1<p<2 -2

ii) the family 1, ® )i, /A With ky = —2 4+ p, =2 < ky < p+2and
-1 <p< 23.— 4, the family ;5 ® ©jka/A with —3 < k1 < 0 and
—2 < ky <2/ — 1 and the family ¢k, ® ¢;jr,/a With k1 =p, =2 <
ko <22 —1—pand 1 <p<2 -2

iii) the family v, ® ¥, A with k1 = —27 4+ p, 0 < ko <p-—1and
1 <p<2 —4, the family 5, ® ¥jp,/a with =3 < k1 < 0 and
0 < ko < 27 — 4, the family Yik @ ij,kg/A with k1 = p, 0 < ky <
22 —4—pand 1 <p<2)—4and the famﬂy Vjky ® Vjky/n Where
(ki,ka) € {(—=27 +1,-1),(-2,27 — 3),(—1,27 — 3),(2? —4,-1)}.

We have exactly (3 x 2% + 7 x 27) functions which are linearly independent
due to Proposition 2.1.
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Remark 5.1 The cases N =1 and N = 2 illustrate clearly Theorem 5.2.
The general idea consists to take near wavelets which satisfy Proposition 2.1
or Lemma 2.2.

Remark 5.2 Starting from the OMRA of I. Daubechies and using the method
of "integration and derivation” introduced by P.G. Lemarié in [16], we can
describe in the same way biorthogonal wavelet bases on the triangle.

6 Conclusion

We have constructed in this paper two elementary multiresolution analyses
on the triangle A. In the first one, we used a direct method based on Propo-
sition 2.1 to define an orthonormal multiresolution analysis on A which is
adapted to scales to provide orthogonal wavelet bases with compact support
in A. This analysis is adapted for the study of the Sobolev spaces H{(A)
(s € N). In the second one, we construct an orthonormal multiresolution
analysis on A satisfying boundary conditions. These bases are associated
to simple algorithms and are adapted for the study of regular spaces on A.
Lemma 4.2 and Theorem 4.1 permit to get the norm equivalences in the two
cases.
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