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Abstract :

This paper is devoted to the study of strong or weak solutions of the Navier—-Stokes equations in the case of
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of Muckenhoupt weights.
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Introduction.

In this paper, we shall study the Cauchy problem for an incompressible 3D Navier—Stokes problem with no
boundary and no external force

Ot + @.Ni = At — Vp
(1) )= = o
V.i=0

where ii(t, z) is a time-dependent divergence-free vector field on IR? (¢ > 0, = € IR*) and where the initial value i
is homogeneous :

(2) for A >0, Aip(Az) = tp(x).

The homogeneity condition on uj fits the scaling property of the Navier-Stokes equations : if @ is a solution of the
Cauchy problem with initial value, then iy defined by (¢, z) = Mi(A\?t, A\x) (where A > 0) is a solution for the
Cauchy problem with initial value \iy(Ax).

Of course, we aim to exhibit self-similar solutions (A@(A\%t, \x) = (¢, x)), but up to now this can be done
only for small initial values. For such small values, the formalism of mild solutions [KAT 84] [CAN 95], based
on Banach’s contraction principle, provides solutions together with some uniqueness which grants self-similarity.
When we deal with large initial values, the formalism of mild solutions breaks down and we can only exhibit
weak solutions, through a compactness argument based on some energy estimates. For such solutions, we have no
uniqueness, so that we cannot conclude for self-similarity. Those energy estimates cannot be a direct consequence
of Leray’s theory [LER 34|, since, when iy # 0, homogeneity implies that |||l = +o0o. We thus have to replace
Leray’s energy inequality by Scheffer’s local energy inequality [SCH 77]. We shall describe some consequences of
this inequality, through the use of Caffarelli, Kohn and Nirenberg’s regularity criterion [CAF 82].

Weak solutions are usually obtained through mollification [LEM 02] or truncation [LEM 99] [BAS 06]. In
the last sections, we shall describe another approximation of the Navier—Stokes equation which provide suitable
solutions and preserves the scaling property of the equations. Those approximations are modifications of a model

studied by Vishik and Fursikov [VIS 77].

1. Suitable solutions.

In this section, we recall previous results from [LEM 99], [LEM 02] and [LEM 07] on weak solutions for the
Navier—Stokes equations.

In Leray’s theory [LER 34], a weak solution of equations (1) is a solution @ € L{°L2 N LZH! defined on
(0, +00) x IR* which satisfies the energy inequality

t
(3) It I3 +2/0 IV @dll; ds < |toll3
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where the initial value 4 is a square-integrable divergence-free vector field. In that case, the pressure p(t¢, z) belongs
to L%Li/ * and can be recovered from @ by the formula

3

(1) p=—30 3 00 (i)

i=1 j=1

In particular, a Leray solution @ belongs to Lf/ BLi. If we assume more regularity on the solution @ (@ € L{L2),
then the inequality (3) becomes an equality. Indeed, in that case p € L2L2 and thus 0y € L?H ! (rewriting @.Vi
as V.(4 ® 4)). Thus, we have

d . . 3}
(5) S, 3 = 2000t Mt ) g1 e = —2/ ¥ @ dr — 2/ 7.9 dr — Q/ﬁ.Vp do

where

(6) /ﬂ'ﬁp dx = — /pﬁﬁ dx =0

- - - 1 -
(7) / 0.(0. V)i de = —/ i.(4.V)i do — / |@)°V .4 dx = -5 / @)V .t dz =0

since # is divergence free. The integrations by part involved in (5), (6) and (7) may be enlighted by describing the
distribution 9;|u|? + 2|V ® | as a divergence :

3
(8) opli]? +2IV @ al|* =Y 0;(2u.0; — (|@|* + 2p)us) + R
1=1
where
(9) R=(|@]*+2p) V.i=0

When @ is a Leray solution but does not belong to L{L3, we cannot write 0;|ii|?> = 20;1.1i. Energy equality
is not fullfilled (or, at least, is not known to be fullfilled). An usual way to exhibit Leray solutions consists in
mollyfying the nonlinearity : we take a nonnegative w € D(IR?) such that [w dx = 1, we define, for ¢ > 0,

we(w) = e Bw(e 1z) and we change equations (1) into
Oyl + (we * Ue).Viie = Al — Vpe
(10) ﬁe|t:0 = 1

V., =0

and we find a solution @, € L{°L2 N L?H} such that 0,4, € L?H_'. We get that

3
(11) a1€|Ue|2 + 2|V & ﬁe|2 = Z 81(2666ZU€ - |ﬁe|2W6 * Ueq — 2peue,i) + R,
i=1
where
(12) Re = |i@|? we % (V.@c) + 2pe V.ide = 0

By a compactness argument based on Rellich’s theorem (for details, we refer to [LEM 02] chapters 13 and 14),
there is a sequence ¢ — 0 and a distribution @ € L{°L? N L7 H} such that @, converges to @ weakly in L?H! and
strongly in L? norm on every compact subset of (0, +00) x IR®. Thus, we have (in D’((0, +00) x IR?))

(13) lim 8yile, + (we, * e, ). Vile, — A, + Vpe, = Oyl + @.Vi — AT+ Vp =0

€k—>0



and

3
aalm@mm+zﬁ —2il, .Ogile, + |, |*We, * ey i + 2Pe ey 1) = Ol + > 0i(—210.01 + || u; + 2pu;)
=1 i

However, there is no reason that W ® i, |? should converge to \6 ® ii|?. The best we can get is

(15) lme®mJ2\ﬁ®ﬁF+u

er—0

where p is a non-negative distribution on (0, 400) x IR® (hence a locally finite non-negative measure). This gives
(16) Al + 2|V @ @)? = Alid]? = V.((|a)* + 2p)@) — p

This is Scheffer’s local energy inequality [SCH 77].

In contrast with Leray’s inequality (3), we don’t need that i be square-integrable in inequality (16). Solutions
of the Navier-Stokes equations which satisfy (16) will be called suitable (following [CAF 82]) :

Definition 1
A time-dependent divergence-free vector field U defined on (0,T) X R? will be a suitable solution of the Navier—
Stokes equations if
i) @ belongs locally (in time and space) to L°L? N L2H}
ii) there exists a distribution p € D'((0,T) x IR®) such that d,i + @.NVi — AT+ Vp =0
iii) locally in time and space, @ belongs to L3 L3 and p belongs to LB/2L3/2
) u satzsﬁes Scheffer’s mequalzty there exists a locally finite non-negative measure p on (0,T) X R® such that
Aulil? + 2V @ af? = Alal? — V.(([l? + 2p)) — .

The main interest of suitable solutions is the regularity criterion of Caffarelli, Kohn and Nirenberg [CAF 82] :
Theorem 1 :

There exists two constants eg > 0 and Cy > 0 such that if T > 0, if xg € ]RS, if0<r?2<ty<T,if0<e< e,
if i is a suitable solution of the Navier—Stokes equations on (0,T) x IR such that

(17) // (L, )| + |p(t,x)|3/2 de dt < er?
|lz—xo|<rto—r2<t<to

then

(18) sup |@(t, )] < Coe'/3r1

T—x0|<1r/2,t0—12/4<t<to

Inequality (16) is a key tool to develop a theory of weak solutions for initial values uy with infinite energy
(|ltdo||2 = +00). In [LEM 99] [LEM 02] a theory has been developed to exhibit suitable weak solutions associated to
an initial value iy which is uniformly locally square integrable (sup, cgs f|x rol<1 |io(z)|? dz < +00). The basic

idea of the proof is to consider the mollified equations (10) and to compute the L2, norm of i, as

uloc

(19) [dellzz, = sup |lpo(z — o)tc|2
xoG]RB

for some 0 € D(IR?) (with @o # 0). In contrast with the finite-energy case, p. cannot be computed as p. =
Z,L 1 Z] L 0i0;(we * U ; ue ;) since the kernel of the convolution operator +9;0; has slow decay at infinity,

wioe- But pe is well defined up to a constant additive term, so that ﬁpe is well defined :
the kernel of 9), x9;0; has enough decay at infinity to operate on L, .. Then formulas (11) and (12) remain true.
Carefully integrated against test functions p(x) = p3(z — x¢), they give a control independent of € : we start from

the identity

hence is not defined on L”

(20) /‘(ﬂm@xﬁdx+%//‘ D)V @ (s, )2 dr dt = /¢@W%@de+kw
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with

t ¢ t
(21) I(t) = // |t (s, 2)|?Ap(x) dx ds +/ /]66\2(% % @) * Ve do ds + 2// peitic. Ve dx ds
0 0 0

and defining
¢ —
(22) ae(t) = sup /gp%(m — 20)|@c(t,7)|* dz and B.(t) = sup / /(pg(az —20)|V @ (s, x)|* do dt
:U()GIR3 CKQERS 0

we find that

(23) I(t) < CO( /0 ac(s)ds + ( /0 al(s) ds) /4 (Be(t) + /0 ac(s) ds)3/*)

In [LEM 02], we show that inequalities (20) and (23) provide a control uniform in € on a time interval (0,7") with
T = O(min(1, ||ﬁ0||222 ). Then the same compactness argument as in the case of finite-energy initial values allows
uloc

us to show that :

Theorem 2
on Uy) such that deﬁmng To =

(IR*))3 be such that V.o = 0. Then, there exists a positive constant C (which does not depend
the equations (1) have a suitable solution @ on (0,Ty) x IR? such

1
Crsup(Llwl?, )’
uloc

that for all 0 < t < Ty we have

t \—1/4
(24) lat, Mz, < Vol@ollzz,, (1 - ) /
and
K = t\-1/2
(25) sup // ¥ @ (s, 2)? de ds < Collio|2.  (1— ) 2
x()GIRS 0 |:c ZB()‘<1 uloc TO

Moreover, the decay rate, when z goes to infinity, may be controlled [LEM 02] :

Theorem 3

Let g € (Liloc(]R?’))?’ be such that V.io = 0. For some positive T*, let @ be a suitable solution for the Navier—
Stokes problem on (0,T*) x R® with initial value @y (such that p is given by Vp = — Zle Z?Zl ﬁ%aiaj (uiuy)).
Let & € D(IR?) be equal to 1 on a neighbourhood of 0. For R > 0, let xg(x) = 1-0(%). Then, for everyT € (0,T™),
there exists a positive constant Cp such that, for all 0 <t <T and all R > 1, we have

. . 1+InR
(26) Icriitt, Mizz,,. < V/Cr (Ixatollz,, +1/ — )

and

1+InR

(27) sup / / |V®u(s z)|? dr ds < Or (||XRUOHL2 I )
|1} $0|<1

zo€R3
The constant Cr depends only on T', supg, o ||U(t, )|z, —and sup, cps fOTme_de IV @ (s, z))? dz ds.

Now, if we want to study the Navier—Stokes equations with an initial value #y which is homogeneous (as given
by (2)) and uniformly locally square-integrable, this initial value will belong to a Morrey—Campanato space :

Definition 2 :

For 1 < p < q < oo, the homogeneous Morrey—Campanato space Mp’q(lR?’) is defined as the space of locally
p-integrable functions f such that

(28) sup  sup R3(1/q_1/p)(/ |f ()P da)'/P < oo,
zo€R3 0<R<o0 lz—20|<R
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or equivalently

(29) sup RV f(Rz)| < +oo
R>0 utoe

A direct consequence of (29) is that, when 0, € M3 the Proof of Theorem 2 can be adapted to any scale,

hence will provide a solution on any time interval (0,7T), anf finally (through a diagonal extraction process) a global
solution [LEM 07] :

Theorem 4
Let iy € (M?3(IR*))? be such that V.iy = 0. Then, there exists a positive constant Cy (which does not depend

on 1) such that, defining To = &= g ﬁUOHQ 5, equations (1) have a suitable solution @ on (0,+00) x IR such
0 ) 2.3

that
1 - 2 S 12
(30) sup —_— it z)|* dz < Colltiol| 32,5
zo€R3, R>0, >0 R 4 /Ti0 |z—z0|<R
and

Ty, [* -
(31) sup ,/—0/ / ¥ @ (s, 2)? do ds < Colliio]2s.
zo€R3, t>0 t Jo |z—x0|< 4 /TL0

2. Small solutions.
When i is small, we have many further results on the solutions of equations (1) :
Theorem 5 :

Let iy € (M?*3(IR*))3 be such that V.iy = 0. Then, there exist constants Cq, Cy and ey (which don’t depend
on i) such that, if ||to]| 2.5 < €0, the following assertions are true :

(A) [Ezistence] equations (1) have a suitable solution @ on (0,400) X R3 (with pressure p given by 617 =
— Y 3 Y L0,0;(usuy)) such that

1
(32) sup

— |i@(s,x)|* do < Collto |,
zo€R3, t>0, t>s>0 \/7_f |lz—zo| <Vt ’ Mz

and

1/t =
(33) sup \/t/ / IV ®@i(s,z)|* doe ds < COHQIOH?WB.
zo€R?, t>0 V U Jo Jjz—uo|<vi

(B) [Uniqueness] If @ and U are two suitable solutions of (1) which satisfy (32) and (33) then @ = .
(C) [Regularity] The solution @ satisfies

(34) sup VE[[a(t, oo +sup [|E(t, )| ypza < Cull s
t>0 t>0

(D) [Convergence] If i, is the solution of the mollified equations (10), then i, converge to i in D'((0, +oo) x IR?)
as € goes to 0. If moreover iy € (E2)® where

(35) feEy,s fel?,, and lim 1f(x)? dz =0

uloc
To=90 J |z —zo|<1
then we have, for all T >0

(36) lim sup ||@(t,.) —de(t,.)||rz =0
e—0 o<t<T uloc



(E) [Self-similarity] If iy is homogeneous (Aig(Ax) = to(x) for X > 0) then @ is self-similar (A@(\*t,\x) =
u(t,x)).

Proof : Let @ € (M23(IR%)) be such that V.iy = 0. If |@o| yy2.s < 1, (30) and (31) in Theorem 4 give us (32)
and (33). (32) and (33) give us that for some constant Co

1 [t
(37) sup —/ / |ii(s,x)|® do ds < C’2||ﬁo||:;’\~4273.
zo€R3, t>0 t Jo |z—z0| <Vt

Moreover Lemma 32.2 in [LEM 02] shows us that, for given 2o € IR® and t > 0, we may modify p on B(zg, v) x (0, 1)
such that

1 t
(38) ! / / p(s, )P do ds < Calitol]% ..
t Jo |z—xo| <Vt

Thus, if iy is small enough, we are allowed to use Theorem 1 and to find that, for almost |z — zo| < v/¢/2 and
almost 3t/4 < s <t we have |U(s,x)| < C1| ]| yy2.3 \/L{ This gives that

(39) sup Vitl[a(t, )l < Culloll yy2.a
<t
Now, if we want to estimate f|w_m0|<R |@(t, 2)|? dz, we just use (32) if t < R? and (39) if t > R?. Thus, we get
(34).
We now consider the uniqueness. Let (@, p) and (¥, q) be two suitable solutions of (1) which satisfy estimates

described in (A). We get rid of the pressure terms by using the Leray projection operator IP on solenoidal vector
fields. We define a bilinear operator B as

t
(40) B(f.5) = / ISP (Fo §) ds

The following estimates are classical and easy to prove [LEM 02] for T' € (0, +00) (with a constant Cy which does
not depend on T')

(41) swp [IB(F, @)z + 1B Pllz < Co swp [IFt, )z sup vVEIGE
o<t<T o<t<T o<t<T

(42) sup || B(f, Dy + 1B@, Hllyzs < Co sup ||t ) ypzs sup VEIG(E, oo
0<t<T 0<t<T 0<t<T

and

(43)  sup VE|B(f, 9l < Col sup [f(t,)llyszs sup VEIF(E oo + sup Gt ygas sup VEIF(E)llo)
0<t<T 0<t<T 0<t<T 0<t<T 0<t<T

We go back to @ and . We define w = 4 — v. We have

(44) il = e'®iiy — B(i, ) and 7 = e'®iiy — B(7, )
hence
(45) @ = B(¥,7) — B(@, @) = —B(W, 0) — B(#, @)

Combining (41) and (39) we find that

(45) sup [[@(t, )|z, - < 2CoCh|Tol| yy2.s sup [[@(E, )| 2,
0<t uloe 0<t uloe

so that @ = 0 if 20001”1_[0“]\'42,3 < 1.
Uniqueness implies self-similarity when 4 is homogeneous : if i is homogeneous and @ a solution of (1) which

satisfies (32) and (33), then \#(\%t, \x) is still a solution of (1) which satisfies (32) and (33); by uniqueness, we
get @(t,x) = Mi(N\*t, \x).



We now prove point (D). The set (i, )c>o is a relatively compact subset of (D’(IR*))3. If i is the limit of some
sequence U, with ¢, — 0, then 4@ will be a solution of (1) and satisfy (32) and (33); but such a solution has been
seen being unique. Thus, any sequence ., with e, — 0 will converge to the same limit «. This limit @ belongs to
the space X3 where

(46) 1 lx = sup [ £ (£, )l yao +sup VELF (L)oo
0<t 0<t
From (42) and (43), we see that

(47) IB(f, #)llx < 2ColI fllx 17l x

so that, if ||et®dp|x < ﬁ there is a unique solution @ in the ball ||u]|x < ﬁ

il = '™ty — B(#, @). This solution will belong to (C((0,+00),L?,,.))* for a general & € (M?3)? (small enough to
ensure that ||e!® | x < ﬁ); when @y € (E3)?, then @ belongs to (C([0, +00), E»))®. Moreover, . is a solution of

A

of the fixed—point equation

the fixed—point problem @, = e?® iy — B(w, * e, i.). Since || f * we||x < ||f]lx, we see that if ||e!idg||x < < ﬁ
then ||u||x < 26 and || ||x < 26. We define W, = @, — @. Then we have

(48) @, = B(@, @) — B(@. * we, @) = —B(a. * we, W) — B(We % we, @) — B * we — @, )

We use (41) and get

(49) sup |||z, < 4Cod sup |lwellpz, +2Co0 sup |[i*we — 2
o<t<T uloc 0<t<T uloc 0<t<T uloc
If 4y € (E2)?, we have 4@ € (C([0,4+00), E2))? hence lime_,o Supge, o || * we — Uz, =0.
Thus, Theorem 5 is proved. o

Remark : we will see in the next section that if f € M?23 is homogeneous, then f € Es.
3. Large solutions.
When i is large, we know only a few things on the solutions of equations (1) :

Theorem 6 :

Let @iy € (M23(IR%))3 be such that V.iiy = 0. Then, there exists a constant Co (which doesn’t depend on i)
such that the following assertions are true :
(A) [Ezistence] equations (1) have a suitable solution @ on (0,400) x IR (with pressure p given by Vp =
i Z?Zl ﬁi&-aj(uiuj)) such that

1 N .
(50) . / @t 2)[2 di < Collitol?,as
zo€R3, R>0, t>0 R + /TiO |z—z0|<R
and
Ty [* -
(51) sup ,/—/ / ¥ @ (s, 2)? do ds < Colliio]2s.
zo€R3, t>0 4 0 J|z—z0|<4 /TLO
where Ty = L

ST NN LR
(B) [Local spatial boundedness] For every T > 0 and every compact subset K of R® we have i@ € L}L°((0,T) x K).
(C) [Boundedness] If moreover iy € (E2)® then for almost every positive t the function (t,.) belongs to L.

(D) [Homogeneous data | If iy is homogeneous, then iy € (E2)® and solutions @ descrtibed in point (A) satisfy

1/t
52 sup — U(S,.)||co ds < +00
52) sup—- [ (s,
and

1
(53) for some R >0, and for every (t,z) such that |z| > RVt, |i(t,z)| < 7i



(E) [Self-similarity] If @ is self-similar (A\G(N2t, \x) = @(t, x)), then the profile @(1,.) = U is a bounded function.

Proof : Point (A) is given by theorem 4. Point (B) is a consequence of point (A) : if w is a function in D(IR?)
which is equal to 1 on {z € IR® / d(x, K) < 1}, we may estimate @ on (0,7) x K by writing

(54) il = ety — B(wk, @) — B((1 — wi ), @)
where
(55) 0] < Cllito|| o0 —

NG
and

¢ 1
(56) w«l—waians0/ / (s, ) dy ds < C't sup (s, )2
0 J|z—y|>1 |z — | 0<s<t uloc

In order to control B(wg1, @), we write K7 for the support of wk; on (0,7") x K1, @ belongs to LfH; so that ¥ ®@u

belongs to L1 B3/*" and thus LIPV . (wy@ ® @) belongs to LB on (0,T) x IR?; this gives (see [LEM 02]) that

T T
(57) / | B(wrct, @)]| garan dt < CK/ / @ + |V @ @|? de dt
0 2 0o JK;

and we have proved (B), since 33/2’1 C L.
(C) is then a consequence of Theorems 3 and 1. (Same proof as inequality (34) in Theorem 4).
Let f € L?, : then f is homogeneous (of homogeneity exponent —1) if and only if f(z) = F(%

uloc?

F € L*(S?) (see [LEM 02]). Moreover, we have

1
(58) [ asc | Fo) do
|lz—x0|<1 |£C| |IL’| |07‘2—8||§C#

ETY

) ﬁ where

so that f € Fy. Thus, we may apply point (C) and find that for some R > 0 we have |u(t,z)] < 1for 1/2 <t <1
and |z| > R. The value of R depends only on i, and not on the specific solution #. Thus, since A\@(\%t, \z) is a
solution as well which satisfies (50) and (51), we find that |@(¢,z)] < A7! for t € (\2/2,A?) and |z| > RA. This
gives (53). Then, we use (B) to get that @ belongs to L} L on (0,1) x B(0, R) and (53) to get that # belongs to
LIL2 on (0,1) x (R* = B(0, R)). Thus, @ € L} L on (0,1) x IR? and moreover its norm is controlled by a constant
2

which depend only on 4y and not on the specific solution @. Thus, rescaling, we find that fo)\ |t(t,.)]|0o dt < CA.
Thus (D) is proved.

(E) is a direct consequence of (D) : if u(t,z) = \%[j(%), then [|U]oe = 2f01 |4(t,.)||co dt. Thus, Theorem 6
is proved. o
Remark : Gruji¢c [GRU 06] proved that the profile U of a self-similar suitable solution of equations (1) must be
bounded on any compact subset of IR®.

4. A scale-preserving approximation to the Navier-Stokes problem.

One of the main difficulty in the Navier—Stokes equations is the fact that p depends in a nonlocal way on .
In formula (4), p is expressed through the use of singular integral operators whose kernels are supported by the
whole space. In order to turn the equations in local equations, we will consider the following modification of the
Navier—Stokes equations, associated to a positive € :

Oy, + V.(U. ® @) = Al — Vp.
(59) U [t=0 — o
Pe = _%ﬁ-ﬁe

We will show that those equations are well fitted for small regular initial values and provide solutions which converge
to the solution of equations (1). An important feature is that equations (59) are invariant under the same rescaling
as equations (1). In particular, when u, is homogeneous (and small), we shall have self-similar solutions for (59).

8



We shall work with an initial value @y € (B397"°)3 for some ¢ € [1,3). Such Besov spaces have been studied

by Cannone [CAN 95] as a good frame to exhibit self-similar solutions. Let us remark that the function 1/|x|

> S/q_la
o0

belongs to B > for every q > 1.

Theorem 7 :

Let q € [1,3). Then there exists a constant Cy such that, for every iy € (B;j’/q‘l’o"(m?’))?’ such that, V.iy = 0
and ||to|| g3/a—1.00 < Cy, the following assertions are true :
q

(A) [Ezistence] equations (1) have a unique solution @ on (0,+00) x R® such that

(60) Sllp”?,_l:(t,.)HBwq—l,oo S 2||/L_l:0||33/q—1,oo
t>0 q q

(with pressure p given by Vp = — Z?zl 2?21 ﬁ%aiaj (uwiuj))
(B) [Ezistence for the modified equations | For every e > 0, equations (59) have a unique solution i, on (0, +00) xIR?
such that

(61) Sup”ﬁe(t, .)HBB/q—l,oo S 2||ﬁ0||B3/q—1,oo

t>0 q q
(C) [Convergence] When € goes to 0, the solutions (U, pe) converge (in the sense of distributions) to the solution
(u,p) of equations (1).

(D) [Self-similarity] If @y is homogeneous, then @ and i, are self-similar.

Proof : We define L as the operator
t
(62) Lf = / eB=IBAf(s,.) ds
0
and, for A > 0, 7, as the operator
(63) (M) (¢, 2) = f(AL, @)
Thus (@, p) is a solution of ith @ € LB/ 771 Lo B3/a72e0 i ly if
us (4, p) is a solution of (1) with @ € L{° By and p € L° By if and only i

i = ey — L(AV.(@® 7)) — L(LVp)
(64)

Similarly, taking the divergence of (59), we find that
1 1= = . R
(65) Oipe = (1+E)APE+EV®V.(u5®uE)

so that (since pe |.—o = 0) (e, pe) is a solution of (59) if and only if

@, = iy — L(LV. (7. @ @.)) — L(XVp,)
(66)

Pe = f(f e(H—%)(t—s)A%ﬁ ® ﬁ(ﬁe ® U.) ds = 1}r671+%L(%6 ® 6.7’1;1;11’(8) 7'1;1111’))

It is now easy to conclude by using classical estimates [LEM 02] for 1 < ¢ < 3 :

(67) 1£9ll g2ra=2.00 < Coll Il gara=r.< llgll g2ra—r.oe
1
(68) 15 0if Nl g3ra=r0e < Coll Fll g3ra—2.o0
1
(68) 1509 fll gara—2.0 < Call Fll gara—z.oc
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(69) ”L(f)”LtooBg/q—Loo S CquHLfOBS/q_l’oo

(70) ||L(f)||Lt°°Bg/q_2’°° < C(IHfHLfOBS/q—Z’O"
(71) 1A o gzvamrioe = 1 Fll o ggra=ro0
(72) sl o = Wl e non

Thus, we find that the bilinear operators

(73) A@,7) = L(

D> =

and

1 1
L(
1+e€

. 1~ =
V(i Lz VeV de @)

- le o
(74) A (U, V) = L(—-V.Ud®7) + A o 114U

A

are an equicontinuous family of bounded bilinear operators on (Lt‘X’BZ’/ q_l’oo)3. Thus, if p is small enough, we

may find a solution to @ = ey — A(#, @) or to . = ey — Ac(ie, ). Thus, (A) and (B) (and (D)) are proved.

Since 1, remain bounded in L;’OBS’/ 7=1% and pe remain bounded in LfoBg/ q72’°°, they belong to a relatively
compact subset of D’((0,+00) x IR?). hence in order to prove convergence it is enough to check that if (7,q) is
a limit of some sequence (e, ,pe,) with €, — 0, then ¥ = @ and ¢ = p. It is even enough to show that (7, q)

is a solution of (1). Since p. is bounded in LtOOBS’/q_2’°°, we have that V.7 = —lim¢, 0 €xpe, = 0. Moreover,

OU = lime, 0 O, = AT — ﬁq —lim, o ﬁ.(ﬁek ® v, ). But v, is bounded in LgOBS/q*LO" and 0,7, is bounded in
L;’OB;’/Q_S’OO, hence there exists 0 < 0 < 7 such that, on any compact subset K of (0, +00) X R3, 7, is bounded in
L}H] and 9,0, is bounded in L7H?, so that [LEM 02] ¥ is bounded in Hf ,(K) for some positive p; by Rellich’s
theorem, we get that U, is strongly convergent in L7 ,(K) for every compact K, hence lime, o V(0 ®Te,) =
V.(T® ¥). Hence, 7 is solution of 8,7 = AT — V.(G®7) — Vg and V.7 = 0 and is small in L;’OBS’/CFI’OO; but, then,
¥ is smooth for ¢ > 0 and thus V.(7 ® 7) = (#.V)#. Theorem 7 is proved. o

5. Another scale-preserving approximation to the Navier-Stokes problem.

Equations (59) are not good when dealing with large data (and thus looking for weak solutions). Indeed, when
we write the energy balance (8) the remainder R given by formula (9) is no longer equal to 0, since # is no longer

divergence-free. The term ]ﬁ|2§ﬁ provides the worst contribution to the energy since it cannot be controlled by
the (local) L°L2 and L? H! norms. We have to add a damping term to ensure that |i]? belongs (locally) to LZL2.
Vishik and Fursikov proposed the following approximation [VIS 77]

— — =\ — _ — — 4 — —
atue,a + (ue,owv)ue,a - Aue,a - a|ue,a| ue,a - Vpe,a

1

(75) ﬁe,a [t=0 — U0

o |
<
Sy
n
Q

Pe,a = —

where € > 0 and o > 0.
This model,which provides unique solutions for a large class of initial values, is not well fitted to homogeneous
initial values,since the equations are not invariant through the rescaling. Thus, we shall study a modified model :

atﬁe,oz + (a‘e,a-ﬁ)ﬁe,a - Aﬁe,a - O“ﬁe,a|2ﬁe,a - ﬁpe,oz

!

(76) Ue,o [t=0 = U0
1w ~
Pe,a = _Ev-ue,a
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under some additional restriction on « and e (namely, € < 4a). We shall loose uniqueness, but keep scaling
invariance (as for (1)) and get energy equality (in contrast to (1)). Moreover, we shall prove convergence to
suitable solutions of (1) when € goes to 0 (and when @ € (M?3)3).

Equations (76) have been studied by F. Lelievre [LEL 10] in the case of finite-energy (i € (L?)3) and in the
case of uniformly square-integrable initial value (@y € (L2, .)%). He proved the existence of global weak solutions in
the first case and of local weak solutions in the second case (with existence time depending on «). Those solutions

are locally L{L} and we can write the energy balance

3
(77) Otlic.ol? +2IV @ el =Y 0:(2e 0.01c.0 — (|Te,al + 2Pea)Uc,ai) + R
i=1
where
S 4 e 128~ 2. 9 oo, b 20 o ou e o
(78) R = —20a|tc ol + |Ueo| V. Ueq — glv.ue,a\ < —atie,qo]” + (E — )|Vl o|* < —alticol” — E|V.u€7a| <0.

This is the key tool to exhibit weak solutions. Let us recall the main results of [LEL 10] :

Theorem 8 : .

Let 0 < € < 4a. Let iy € (L*(IR?))? be such that V.iy = 0. Then the following assertions are true :
(A) [Ezistence] Equations (76) have a solution iic o on (0,+00)xR? such that i, o € (L L2)3N(LZHL)3N(LELA)3.
(B) [Energy inequality] For every t > 0, we have

t t t
— — — — 1 = —
(79) et E+2 [ 19 @il dsta [ ioalt ds+ 2 [ 190005 ds < ol

(C) [Convergence] There exists a sequence (ag,€x) going to (0,0) such that (Ue, oy, Pey,a,) cOnverges (in the sense
of distributions) to a suitable solution of (1).

Theorem 9 :

Let 0 < e < 4a. Let iy € (L2,,.(IR*))3 be such that V.iy = 0. Then, the following assertions are true :
(A) [Ezistence] Equations (76) have a solution i, o on (0,T.)xIR? such that te o € (L L2)uioe)*N((LEH ) uioe)*N
((LfLi)ulOC)S'
(B) [Uniqueness] If o > 6 and € < /6, then if i and ¥ are two solutions of (76) on (0,T) x R® which belong to
((L§LZ )utoc)® N ((LgH;)MOC)S N (L{L3)utoc)?, then @ = .
(C) [Self-similarity] If & > 6 and € < a/6 and if Uy is homogeneous, then i, o is self-similar.

The problem in Theorem 9 is that we have no control when (a,€) goes to (0,0), neither on the existence
time T, nor on the size of the solution. Indeed, we have to control the pressure p. . ; in the case of finite energy
solutions, this can be done through a result on maximal regularity of the heat kernel; this results breaks down in
the case of uniformly locally square-integrable solutions. But we can recover it in the case of an initial value in the
Morrey—Campanato space :

Theorem 10 :

Let 0 < e < dav. Let iy € (MZ3(IR®))3 be such that V.iy = 0. Then, the following assertions are true :
(A) [Ezistence] Equations (76) have a solution i on (0,+00) x R? such that for every T > 0 we have i o €
(L5 L2 )atoe)® 1 (LRH ) atoe)® 0 (LALE)toe)® om (0,T) x TR2.
(B) [Convergence] There exists a sequence (o, €r) going to (0,0) such that (Ue, oy, Per,ar) cONvVErges (in the sense
of distributions) to a suitable solution of (1).

Proof :

From Theorem 9, we may derive by rescaling, compactness and extraction that the equations (76) with initial
data in M?? have a global solution . , whose size depends on € and a as well as on ||@|| y;2,5- As this diagonal
extraction must be done very carefully (since it interacts with multiple rescalings), we describe it in the next
section. Let us take this existence for granted. We shall try to get rid of the dependence on € and «.

The problem is to find a space X such that M??® C X and such that the solution 7, of equations (76) will
be well controlled through the estimates on X norms on some strip (0,7") X IR? for some time T independent from
e and o (with a (local in t and ) control in L{°L? N L?H} independent from € and a ).
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The space X we shall consider is the space X = L?(w(z) dz), where w(z) = (1 + |z|?)™*»? with X € (1,2).
Since A > 1, it is easy to check that [ |d]? w(z) dz < CHﬁOH?\‘/[z,s-
We shall use another weight : w(z) = (1 + |z|?)™*/% with p € (33,2 +32) C (3/2,3).

We start from the identity

— — — — — = — 2 — = = -
(80) 8t(|u67a|2w) = 2Wle o Alle o — 2Wle o (Ue 0. Vile,o) — 2oz|u67a|4w + w;ue’a.V(V.ue,Q)
with
3
(81) il - Adle,o = Awlie o|*) = |lie,a|*Aw = 2|V @ G0 *w — 2 0;(|lie, 0 *Ow)
i=1
3
(82) QWile - (e a-Viie) = V(wlie o *lea) = wlieal® Viiea = [A* D teaid; w
=1
and
3
2. e 2. 2. ., 2=
(83) wz ea-VVile o =V (wzv.ue o) ue’a) — = |Vl o|*w — =V.Uc o Zueywﬁiw

We then introduce

(84) Ut) = / e oty 2)Peo(z) da

(85) V(t) = /0 /|6 ® Ue o (s, 7)]Pw(z) ds dx

(87) X(t) :/0 /%|6.ﬁ€7a(s,x)|2 w(x) ds dx

t
1 -
(88) Y (t) = / / 3—/2|v.a€,a<s,x>|3/2w(x) ds dx
0 €

Integrating (80) in t and z (and writing |Zeo|?|V. e | < alleal* + £ |V leal? < al@eal* + LV T of?), we
get

(89) U(t) + 2V (t) + W(t) + X (t) < U(0) + Z(t)

with

t t 3 t 3
2.
(90) Z= // ]ﬁ€,a|2Aw ds dzx + // |t o Zuiai w ds dx — // —V.le o Zue,avﬁiw ds do =7, + Zy + Zs
0 0 i=1 0/ € i=1

We have [Aw(z)| < Cw(z), so that :

(91) 71 < C’/t U(s) ds.
12



Since A < 2, we have |Vw(z)| < A(1 4+ |2|2) " 2w(z) < Aw(z)?/?so that :

¢
(92) Zy < C/ /Weya(s,:IJ“)]‘F"’wB/2 ds dx
0
hence
t 1t ¢
(93) Zs < 0'/0 U(s)*/ 4| ot o |12 ds < ?1/0 IN=N S ds+C’”/0 U(s)? ds
and finally
1 ¢ t
(94) Zy < ZV(t) +C’/ U(s) ds + C’/ U3(s) ds.
0 0

Since 21/3 < 1+ A\/2, we have |Vw(z)| < A1 + |z|2) 12w (z) < Aw'/2w2/3 so that

t 1 . 1 t t
(95) Zy < c/ IV&icallsll =V dcalls/z ds < 7V (#) +o/ Ul(s) ds + 0/ U3(s) ds + CY(¢)
0 0 0

The main problem we have to deal with is to control the size of Y (t) indepedently of ¢ and a. We define
Pew = —1V.4, o (s0 that Y (t) = f(ff Pe.o(5,2) >/ 2w (x) ds dz) and we write

Y L 1. .V -
(96) Pe,a = — / e(l—l—;)(t—s)A(l + _)A_'(ﬁe,a-VUe,a + a‘ﬁe,a|2ﬁe,o¢) ds
1 + € 0 € A

Since 0 < p < 3, the weight @ belongs to the Muckenhoupt class A3/, [STE 93]; thus, we have maximal regularity
for the heat kernel on L? 12r3/ *(w(z) dz) : the operator T' defined by

(97) f=1T(f) :/ e(t_s)AAf(s, .) ds

0

is a Calderén-Zygmund operator on the homogeneous-type space IR x IR? (endowed with the Lebesgue measure
dt dz and the pseudo-distance 5((t,z), (¢, 2)) = (|t — ¢'|* + |z — 2/[*)}/*) [LEM 02]; since w(z) is a Muckenhoupt
weight on IR x IR?, the operator T' is bounded on L3/2(dt dz)[STE 93] [PRA 07]. We thus get

t p S t oS
(98) Y(t) < C’// ‘%-(176751,6@6’&)‘3/2 w(z) ds dx + C// ’%.(a|ﬁ€’a|2ﬁe’a)‘3/2 w(x) ds dx
0 0

We write f; = \6 R Ue.al, fo = Val|ieq|* and g = |G o| and thus we have

t t
1 3/2 // 1 3/2
99 Y(t)<C — ds dz + C —_— ds d
(99) m<c [ [lthol"* =@ dsar+ovi [ [| ()" w(a) ds o
We define E; = B(0,27), F; = B(0,3 2/) and G; = R® — F;. We write
(100) 2L (1 <03 s L ()
w —\Ji ~ ; 7
— (fig 2 g, | =< (fig
with
—2uj 1 —2pg 1 —2pg 1
(101) 273 1Ej‘ﬁ(fig)|<2 1Ej|ﬁ(1ijig)\+2 : 1Ej!ﬁ(1ajfi9)|=Aj+Bj
In order to estimate A;, we write
o ow 1
(102) Aj < 02‘70\ 23)13(0’23') m(wfzg)



Since y/wg belongs to L?N LY we find that, for ¢ € (2,6), v/wg € L? so that wf;g € L™ with 1/r = 1/q+1/2, which
gives ﬁ(wﬁg) € LP with 1/p =1/qg + 1/6 and finally

i(AN—2k43_3
(103) 14511 Los2@y < C2TA25H2D | Vw filallViog -

2
LetHZ?’*—)\—

N

+3 As A< 2%, we may choose ¢ close enough to 2 to ensure that § > 0. We then have

Q

t +o0 400 t
(104 | I A asar < e [IVeRIY Vel ds
07 j=0 =0 0

If 2 < ¢ < 18/7, we may find an exponent R > 1 such that, for all k > 0,

3/2
(105) IVafilly 2 1Vewglly? < klVwfilld + sl Vwgllf + Cr.qllVegll3®

In order to estimate Bj, we write that

. +oo
(106) B; <C275 lp(a) Z/ 27 U220t (w fig) dy
k0 V3 29Tk <|y|<3 20k +1
and, since A < 2, we get that

(107) B; < (275

+oo
w i . oy o 2p
Lp(o.20) V@ fill2lVeglla > 27 UTR220HRA < 0rIA=27501 o5 |V fillal| Vg2
k=0

Since || B 13/2(az) < C2%||Bjlloc and X < 2u/3,, we get that

t +o0 +0o0 t
(108) / / 1N "B ds de < O3 270 %)/ / IVafills | Vewglly® ds
07 j=0 =0 0
where, for all Kk > 0,

3/2 3/2 _ 3 1
(109) Vel *IVegls” < JrlVefilld + 15 l1viegls

Finally, we get

(110) Z(t) <V(t)+ %W(t) + C/t U(s) + U3(s) + UR(s) ds
0
so that
(111) U(t)+V(t)+ %W(t) + X(t) <U(0)+ C/t U(s)+U3(s) + U%(s) ds
0

and we may conclude.

Thus far, we have got size estimates of the solution i, ,, independent from € and « for (¢, x) in a strip (0, Tp) xIR?
where Ty depends on the size of ||@|| ;;2.s. But we may rescale @y in g (x) = Yo~ (yz) with ||To~ || yr2s = |G|l yr2.5;
this gives estimates on the strip 0 < t < y~2Ty. Let us notice that the weights w and w(z/v) give way to the same
Lebesgue spaces so that we have controls in L?(wdz) norm on (0,7~ 2Tp) for every v > 0.

Thus, there exists a sequence (o, €x) going to (0,0) such that (i, o, ) converges (in the sense of distributions)
to some function @ while (pe, o, ) converges weakly to some function p. Since moreover al/ 44, o is bounded in
every L*((0,T), L*(w dx)) and € /2V.@, o is bounded in every L2((0,T), L?(w dz)), we find that all terms but
one in equation (76) have a limit in D’ (and thus the last one as well) and we get the equation

Oyl + lim (Tey o, -V)ilep.ap = Al — Vp

l

(112) Uji=0

V.i=0
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Of course, we want to show that
(113) Hm (e, .V )le, 0 = (@.V)i.

Thus, we need to prove that ., o, converges to u strongly locally in Lf’m. We split e, o, in P, o, +({d—1P)tc, q,
where IP is the Leray projection operator. The operator IP is bounded on L?(w dz), since w belongs to the
Muckenhoupt class Az. On every compact subset of [0, +00) x IR®, we control (uniformly in € and a)) the size of
Pi, , in L?H]} and the size of §;Pi. , in L?H_ 2. A classical Rellich compactness argument [LEM 02] then ensures
that IP(te, q, ) converges strongly locally in L7 , norm. We now consider the remaining part ¥, ., = (Id—1P)ie, q,-
We have

B> <

=
V., -

(114) U€k704k -

We want to show that, for every zo € IR® and every T > 0, #,, o, converges to 0 in L?((0,T) x B(xg,1)). We
consider a function # € D(IR?) such that #(z) = 1 on B(0,1) and A(z) = 0 for |z| > 2. We write 6 (z) = 0(* %)
for some Ry > 10 which will be fixed later. We define wo(z) = (1 + |z|?)~*/2 with A € (A, 2). We then write
Uﬁk’ak = Ay + By + C), with

(115) Ay = Z(eﬁ.ﬁek,ak), By = Z(ﬁek,ak-wk)? Cr = Zﬁ-((l — 0) ey, )
We then write

(116) 1Akl L2 ((0,1)x B(wo,1)) < ClAkllz218 0.7y x w2y < C'IOKY ey o | L2 (0,7 x )
which gives

(117) A < C(Ry, + 20266V ey o 20,7y, 220 do)) < Or (R + |wo])* 2/
where Cr depends only on 7" and on |[tp]| y;2,5. We write in a similar way

(118) 1Bl L2((0.1)x B(z0.1)) < CllBill2Ls (0,1)xr?) < C|| ey -V Oi |l 22 (0,7 x5
which gives

(119) By, < C(Ri + |zo)* Ry, Mliey | 20,7, 12 (w0 doy) < Cr(Ri + |ao] )M 2R

Finally, we use the fact that wg belongs to the Muckenhoupt class A, and we write
(120)
1Ck 1| 2 (0.1 x Bzo1y) < CL+ [20)** 2N Crll L2 (0.1),12(wo da) < C'(1+ 120X/ (1 = 1)ty o | L2(0,7), 22 (o d)

which gives
(121) Ok < C(1+ |zol) /> (Ry, + [wo[) X2 [y |2 ((0,1),12 (0 day) < Cr(1+ o)/ (R + | ) A7)/

We take Ry = 621/2 and we find that

2-) Ao—A

(122) Ve o | 22((0,7) x B(zo,1)) = Ole,* ) +O(e, * )

so that we have limg . oo ||Ue;,,ar | 22((0,7)x B(z0,1)) = 0

It remains to show that the solution @ we have obtained is a suitable one. Starting from the equation
(123) Oy (|Ge.a|?) = A|Tcal?) = 2|V ® el = 2Ue o-(lie.q-Viie,o) — 20| Te o)t — 2te.0.- Ve o
rewritten as
(124) 0(|Te.al?) = A(|Te.al?) = 2IV @ teal? = V. ((JTe.al? 4 20e.0)le.a) + |Tea|* V. lie.a — 20|Te o|* + 2pe.a V. ea
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and noticing that
(125) |Geal?V e — 20]Teal* + 2peaV.Ten < —€/2 (|Teal* +4P24 + 2Dea|Tea]?) <0

we find (for some subsequence (ex; ay)) that 9;(|@e «|*) converges to 9|i|?, that A(|d. o|?) converges to Ali|?, that
|§®ﬁ€,a|2 converges to |V ®|2+4; where f11 is a non-negative local measure, that ﬁ.((|ﬁ€7a|2+2peia)ﬁ€’a) converges
to V.((|@|2+2p)i) [since @ is locally strongly convergent in L} ,] so that finally |t o 2V e — 20 Te.o|* 42D,V Tl 0
is bound to converge in D’ to some distribution —ps where s is a non-negative local measure. This proves that
the solution # of (1) is suitable. o

Remark : A different equation has been considered by Plecha¢ and Sverdk [PLE 03] in case of a radially
symmetrical compactly supported initial data. They modify equation (59) into

Oyt + V(U @ @) — (V.0 )T = Ad, — Vp,
(126) T, 1= = To
Pe = —%ﬁ.ﬁe

When we write the energy balance (8) the remainder R, given by formula (9) is no longer equal to 0, since . is
no longer divergence-free, but the bad term |i|?V .14, has been removed. R, is just given by

(127) R. = 2p.V.iie = —2ep? < 0.

However, we prefered to study the modified Vishik and Fursikov equations (76), since the damping ensures us that
the solution 7, , is locally L} L so that we may use more easily the energy estimates.

6. Scaling and extractions.

The solutions to equations (76) in Theorems 8, 9 and 10 are constructed through a constant reiteration of the
following Rellich compactness criterion [LEM 02] :

Lemma 1 :

If T € (0,+00) and if (ve)gso is a family of distributions on (0,T) x R* such that, for some positive s and
o, for every p € D'((0,T) x IR?) the family (©ug)e=o is bounded in L?((0,T), H?) and the family (9;(0ve))e=o is
bounded in L*((0,T), H;°), then there erists a sequence (0,)nen such that lim, ..o 0, = 0 and such that v,
converges to a distribution v € D'((0,T) x ]R3) and vy, converges strongly to v in L7L2 norm on every compact

subset of (0,T) x IR®.

Let us explain the way solutions to (76) are constructed when the initial data belongs to M?3. Theorem 8 will
give us a solution on (0, 7¢) X IR3, where T. is controlled by below in a way that depends only on € and on the norm
of @y in M?3. We first try and construct a solution @, which we may control on (0, ?T.) x IR? by considering
equation (76) with initial data ., = v~ 'i(y'2); Theorem 8 gives a solution #, on (0,T;) x IR* associated to
iy ~, then by rescaling a solution @, = o, (y?t,yx) associated to @y and defined on (0,7~ 2T;) x R3. If we want
to use Lemma 1 to extract a global solution, we need to provide for every R > 1 a uniform control of . on every
compact subset of (0, RT.) x R® for v < R~2.

In oder to control ., we need to understand how %/, is produced. We truncate iy, by multiplication with
a function #(z/R) where 6 € D'(IR?) is equal to 1 on a neighbourhood of 0 then we project the truncated initial
value on the solenoidal vector fields through Leray’s projection operator and get iy o, r = IP(6(z/R)ty ). This is
not a good way to process an initial value in L?, . [BAS 06] since the Leray projection operator is not bounded
on L2, , but this is a good way for an initial value in M?3 : we have ||t 4. gl 2.5 < C|lto]| 2.5 for a constant C
which doesn’t depend on @, v nor R, and we have the *-weak convergence of @y ~,r to @.. Theorem 8 gives a
solution v g on (0,T¢) x R? associated to Uo,~,r and we have indeed a uniform control of ¥y g on every compact
subset of (0,7.) x IR?, this control depending only on [|do,y, gl ys2s (and thus on [[do| y2.s). If we look directly at
the consequences of Theorem 8 however, this control does not appear precise enough to control ., uniformly with
respect to 7y : roughly speaking, we get a control of the L{° L2 N L7 H] norm of ¥, only on domains (0,7;) x B(x, 1)
(with &}n estimate O(1)), hence of the LZL2 N L? H} norm of i@, on domains (0,7 27.) x B(z,7~ ') with estimates
O(y~1/2).
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In order to get a better control on %, we need to explain more precisely how v, r is produced. Following
[LEL 10], we consider a mollified equation

( 0Ly, ryy + Wy * ((U%R,moo-ﬁ)ﬁ%Rm,OJ = AUy gy — awy * (|U’Y,R»77700|2U’Y,R777700) - ﬁp%Rm
Uy,R |t=0 = U0,y,R

(128,)

Uy,R,n,00 = Wn * Uy Rp

— 1 7
\ p%RJ? - Ewn * V'U’Y:RJLOO

where w € D(IR?) satisfies [w(z) dr = 1 and where w,(x) = n~3w(n~'x). We get (through energy estimates) a
control of the solution @, z., in L{°L2 N L?H} norm uniformly with respect to n > 0 on (0, +00) x R?®. Lemma 1
then gives Theorem 8. Note that for equations (128,,) we have uniqueness of the solution.

We shall call S, g the set of solutions ¢ to (76) which are obtained from the initial value iy, r as a weak
limit lim,,, o ¥y,R,y,. Now, the precise mechanism of the proof is the following one : for p > 0, let us condider
piy, ron (12t pa); equations (128,)) are no longer invariant through the rescaling, because of the convolutions with
wy; we have to rescale wy into w,,; thus uty g, (u?t, ) is solution to equations (128,,,) with initial value
Wiio ~, r(px) = o/, r/u(®). Thus, we find that

(129) /“7%1%,77(:“2@ pr) = 177/M7R/M777/M(t’ z)

Using another process of extractions, we find that for each v € S, r and every p > 0 there exists W € Sy, r/u
such that

(130) pi(p?t, px) = b(t, x)
We note Qr.4,,, = (0,T) x B(xg, p). We get through the proof of Theorem 9 [LEL 10] that

(131) sup  sup  Sup (|0 L2(Qr, wp.) T IV @l 202(0r, 1y < CLE ol y72.5)-
v>0,R>09€S, g zoeR3

Using (130) and (131) we get

9] o= 2 (@ ) + ||6 ® V12120
L e Teron G, Y < C(e, ||To| yr2.)-

(132) sup sup  sup
v>0,R>0,u>07T€S, g xo€R3 \/ﬁ

Thus, we have for any v > 0 and R > 0 a solution ¢, g of (76) (with initial value @ 5, r) on the strip (0, T¢) x R?
with a uniform control given by (131) and (132) :

(133) sup - sup 10yl 2o 12 (@ o) T IV @ Uy Rl 2222, 1y 1) < C6 U0l 72.2)-
Yy ’ .'L‘OE
and
|05, rll Lo L2 (0 )+ IV @ 8yrll220
(134) sup sup Y t P2\ 2T 2, il t z( ,LI«2T5,1107[J«) S 0(67 ||’12‘0||M273),

v>0,R>0,0<u<l zoeR3 \/ﬁ

Letting 1/R go to 0, we apply Lemma 1 and extract a weak limit #, on (0,7;) x IR® with strong local
convergence in L?L2 norm. #, is a solution of (76) (with initial value i) on the strip (0,7;) x IR* and, from
(133) and (134), we get

(135) SUp Sup 105 1L 12 (Qr, wg) T IV @ sl 1212 (g 1) < CLE o]l pr2)-
Y xo €
and
1051 Lee L2 (q )+ IV @yl 2220
(136) sup sup ) < e, ol pas)
7>0,0<p<1 zoeR3 Vb
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Now, we rescale 0, into @, by writing @ (¢, z) = vyt (v*t,vx). U, is a solution of (76) (with initial value )
on the strip (0,7727T,) x IR* and, from (136), we get

Nl Leor2(Q,o. - oH IV g, - 1)
(137) Sup | sup et < C(e [T gee).
7¥>0,0<u<l zoeR3 wy

Now, we let v go to 0. We have uniform control for larger and larger domains as v goes to 0; then, Lemma 1 and
a diagonal extraction process allow us to extract a weak limit « on (0, +00) x IR?® with strong local convergence in
L?L2 norm. 1 is a solution of (76) (with initial value o) on the strip (0, +00) x IR® and, from (133) and (137), we
get

(138) s sup ||ﬁ||L§°Lg(QR2T€,w07R) + Ve Uv||L§Lg(QR2T€

)
20 < Ce, ||| pa.a)-
R>0 z0cR3 VR < C(e, [[to| yr2.5)

Conclusion.

In the search of self-similar solutions # for equations (1), in the case of large initial data, a strategy could
be to investigate the existence of self-similar solutions ., for equations (76). If we were able to prove that (76)
has self-similar solutions for every € > 0 and a > 0 (with € < 4«), then Theorem 10 would give us a self-similar
solution to (1). The small benefits we may find in studying (76) instead of (1) are the energy equality and the
simple expression of the pressure. But the problem of finding large self-similar solutions of (76) is very similar to
the problem of finding large self-similar solutions to (1) : the self-similarity precludes any contractivity argument
(in contrast to the case of small initial data) thus any easy uniqueness argument to prove self-similarity.

References

[BAS 06] BASSON, A., Homogeneous Statistical Solutions and Local Energy Inequality for 3D Navier-Stokes
Equations, Comm. Math. Phys. 266 (2006), pp 17-35.

[CAF 82] CAFFARELLI, L., KOHN, R., NIRENBERG, L., Partial regularity of suitable weak solutions of the
Navier-Stokes equations, Comm. Pure Appl. Math. 35 (1982), pp. 771-831.

[CAN 95] CANNONE, M., Ondelettes, paraproduits et Navier—Stokes , Diderot Editeur, Paris, 1995.

[GRU 06] GRUJIC, Z., Regularity of forward-in-time self-similar solutions to the 3D Navier—Stokes equations,
Discrete Cont. Dyn. Systems 14 (2006), pp. 837-843.

[KAT 84] KATO, T., Strong LP solutions of the Navier—Stokes equations in IR™ with applications to weak solutions,
Math. Zeit. 187 (1984), pp. 471-480.

[LEL 10] LELIEVRE, F., A scaling and energy equality preserving approximation for the 3D Navier—Stokes equa-
tions in the finite energy case, Preprint, Univ. Evry, 2010.

[LEM 99] LEMARIE-RIEUSSET, P.G., Solutions faibles d’énergie infinie pour les équations de Navier—Stokes dans
R®, C. R. Acad. Sc. Paris 328, série I (1999), pp. 1133-1138.

[LEM 02] LEMARIE-RIEUSSET, P.G., Recent developments in the Navier—Stokes problem, Chapman & Hall/CRC,
2002.

[LEM 07] LEMARIE-RIEUSSET, P.G., The Navier-Stokes equations in the critical Morrey-Campanato space,
Revista Mat. Iberoamer. 23 (2007), pp. 897-930.

[LER 34] LERAY, J., Essai sur le mouvement d’un fluide visqueux emplissant I'espace, Acta Math. 63 (1934), pp.
193—-248.

[PLE 03] PLECHAC, P., SVERAK, V., Singular and regular solutions of a nonlinear parabolic system, Nonlinearity
16 (2003), pp. 2093-2097.

[PRA 07] PRADOLINI, G., SALINAS, O., Commutators of singular integrals on spaces of homogeneous type,
Czech. Math. J. 57 (2007), pp. 75-93.

[SCH 77] SCHEFFER, V., Hausdorff measures and the Navier—Stokes equations, Comm. Math. Phys. 55 (1977),
pp. 97-112.

[STE 93] STEIN, E.M., Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals.
Princeton University Press. Princeton, New Jersey, 1993..

[VIS 77] VISHIK, M. I., FURSIKOV, A. V., Solutions statistiques homogenes des systeémes différentiels paraboliques
et du systeme de Navier—Stokes, Ann. Scuola Norm. Sup. Pisa, série IV, IV (1977), pp. 531-576.

18



