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Abstract

The aim of this paper is to give a link between Leray mollified solutions of the 3D
Navier-Stokes equations and Kato mild solutions for initial data in the adherence

of test functions for the norm of bmo~1.

Key words: Navier-Stokes equations; bmo~! spaces; Lorentz spaces; Besov spaces

1 Introduction

The motion of a viscous incompressible fluid is modelled by the well-known
Navier-Stokes equations (/N.S) which, in non-dimensional form, can be written
as

u+ (u-V)u+ Vp=Au

V-ou=0
u(0, +) = ug.
Here u and p are non-dimensional quantities corresponding to the velocity of

the fluid and its pressure, ug is the initial data and for the sake of simplicity,
the fluid is supposed to fill the whole space R3.
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There is a huge literature on this subject. Many theories were developed to
tackle this problem and many results are already known. To summarize we
can say that two specific theories on the existence of solutions to the 3 dimen-
sional Navier-Stokes equations are known. The first one is due to Leray [1]
and is based on energy estimates in the functional space L> (]0,T[, L*(R?))N

L? <]O, T[, H' (R3)>. The second one was developed by Kato [2] who obtained

mild solutions of (NS) in the space C (|0, T[, L*(R?)). For a review of these
results the reader is referred to [3] and [4].

One of the aims of this paper is to see whether it is possible to establish a link
between these two different approaches. To do so, we will work with initial
data in the space bmo~!. This space was introduced the first time by Koch
and Tataru in [5]. The norm of this space is defined by a kind of local L?
estimates (see (5)), in the mind of weak solutions, but is also well suited for
the study of fixed point mild solutions as remarked by Koch and Tataru [5].

We will first prove the following property of Leray mollified solutions (see
Definition 2.2) and Kato mild ones (see Definition 2.1)

Theorem 1.1 Let the initial data ug € D (R?’)bmo ', There exists T > 0 such
that the sequence (uc).., of solution to the mollified Navier-Stokes equations
constructed via the theory of Leray converges when € tends to 0 to the mild
solution given by Kato, fort €]0,T].

We are also interested in the results of Cannone and Planchon [6] on existence
result “a la Kato” for an initial data belonging to a Besov space. Our result
can be stated as follows

Theorem 1.2 LetT > 0,2 <p < o0 and 3 < q < oo such that

we define the following spaces

ue Xp(p,q) & sup tY/P [u()]l, 00 < o0 and P |Ju(t)| 0,

q,00
t€]0, T ’ t—0

and u € Yr(p,q) <

V>0, [{t€)0,T] [[u(t)] . > A} < CONT < CAP, C(N) —— 0.

A—0

Then, if u is a solution of the Navier-Stokes equations for (t,z) €]0, T[xR?,
we have
u € Xr(p,q) & u € Yr(p,q).



In particular this theorem claims that every locally in time solutions to the
Navier-Stokes equations which has properties similar to these of Cannone and
Planchon belongs to this kind of Lorentz space (that we will call weak Lorentz
space in the following, see section 2.3). We will also see that a solution u of
(NS) which belongs to Y7(p,q) is originated by an initial data in bmo~! for
p > 2 and that a stronger condition will be made on u to get the result for

p=2.

The plan of the article is the following. In the first section, we will recall some

preliminaries notions. Then, we will deal with the link between mild solutions

and mollified ones for initial data in the adherence of test functions in bmo=!.

Finally, we will generalize the results of Cannone and Planchon.

2 Preliminaries
2.1 The mild and mollified Navier-Stokes equations

Using the Duhamel principle and the properties of the Leray projector P onto
the divergence free vector field, the system (IN.S) is equivalent, in our frame-
work, to the following fixed point problem

u = e uy — B(u,u), (1)

where the bilinear operator B is defined by
t
B(u,v) = / eIAPY - (u @ v)(T) dr. (2)
0

and et® denotes as usual the heat kernel.

Definition 2.1 A mild solution to the (NS) equations is a solution to (1)
obtained via a fixed point procedure.

The mollified solutions are constructed in a same way that mild solutions,
but with a slightly different model. Indeed, instead of the term u ® u involved
into the (N.S) equations, we will look to something smoother. Let w € D(R?)

with w > 0 and /3 w(z) dr = 1. Then, for € > 0, the mollified Navier-Stokes
R
equations, introduced by Leray, are given by the system (N.S)

u+ (u*xwe) - V)u+ Vp = Au

V-u=0



1
where w, = —w (m)

€3 €

As for the (N.S) system, (NS,) can be rewritten into the following fixed point
problem
Ue = etAuO - Be(uea UG), (3>

where the bilinear operator B, is defined by

Biwv)= [ L IAPY L (0 w) @ u) (7) dr (4)

Definition 2.2 The mollified solution to the (NS) equations is the sequence
(ue)eso of solutions to the system (3) for every e > 0.

2.2 The bmo™! space

The space bmo~! is defined as follows

Definition 2.3 bmo ' (R") is the space of tempered distributions f on R
such that

eSAf(x)‘2 dsdr < 0.

=l ]
Su su —
0<t£T xoeﬂlgn tn/Q 0 J|z—a0|<V1

The norm on bmo™" is defined by

1 N ) 1/2
mo-1 = | sup sup —= e*>f(x)| dsdx . 5
it = (50, s 3 [ s aste) . @

It was proved in [5] that the space bmo™' consists the derivatives of functions
in BM O, which is composed of locally integrable functions f such that

1
sup —- r)—m dr < oo,
sup o [ 1) = mif

with B being the collection of all balls B(xzg,7), 19 € R?, r > 0 and mpf =
1BI™" [ |f(2)] da.

For more details on the space bmo™!, the reader is referred to [3, chap. 16]
and [5]. We also need to introduce the space &



Definition 2.4 Let T €]0, +o0]. We will say that f is in the space Er if

sup V| (-, 1)[|z= < oo,
0<t<T

. 1/2
sup sup (t_“/2/ / |f(x)]? dsdx) :
zo€ER™ 0<t<T 0 J]z—x0|<VE

The norm on Er is given by

: 1/2
I fller = sup V|||l + sup sup <t”/2/ / |f(x)]? dsdm) .
0<t<T 0 J]z—z0|<VE

zoER™ 0<t<T

2.8 The weak Lorentz spaces

We will first recall, the definition of the Lorentz space LP*°(R"), for 1 < p <
00.

Definition 2.5 Let 1 < p < co. A function f € Lj,.(R") is in the Lorentz
space L7 (R™) if and only if

VA>0, [{xeR" |f(z)] >} < )C\/;

For p = 00, we have L**°(R"™) = L*(R").

Remark that we are not using the usual definition of the Lorentz spaces as in
[7], but the definition of the Marcinkiewicz spaces LP* which are equivalent
to the Lorentz spaces LP? with ¢ = oo and more adapted to solve our problem.

We will now define a new class of Lorentz spaces

Definition 2.6 Let 1 < p < oo, the weak Lorentz space LP>(]0,T) is the ad-
herence of functions in L*°(]0,T'[) for the norm in the Lorentz space L»>(]0,T7),
with the usual notations, we have

Lpoo

Lr>(10,T[) = L=(J0,TT)

We will give some equivalent definitions of these spaces in the particular case
we are looking. Indeed, in the following pages we will look, for a 7" > 0 and
particular p and ¢, to solutions to (N.S) in the space L™ (]0, T], Lq’oo(R3))

of functions f measurable on |0, T[xR? such that ||f(-)]|ge0 € LP™.



Proposition 2.7 Let T > 0, 1 < p < oo and 1 < q < oo. The following
properties are equivalent

(1) f €17 (J0,T[, L*=(R%)).
(2) for all A > 0, there exists a constant C(X), depending on X, such that

C(\) —— 0

and o)

7Ol > M < C0

(3) for all € > 0, there exists fi € L>(]0,T[, LY(R3)) and fy €
LP>° (10, T[, L¥>(R3)) such that

| f2ll oo o], Lamsy < € and f = fi+ fo.

Proof :

e 1) = 2): There exists a sequence ( f,),, oy of functions in L (]0, T'[, L**°(R?))
such that

[ fn = Fllzoeeqo.r), Laso@s)y —— 0.

n—oo

Let € > 0, there exists ng € N such that for all n > ny,

€ \1/p
| fr — f”L%OO(]O,T[, Lo (R3)) < (2p+1> '

So that, for every A > 0, we have

€
N CFao = F)Ollge > AM < 557
Then, we can write

A

it = 1O > 3|+ [{ 1Ol > 3|

HIF@®)llgeo > A < .

(/27 + Ci(N)

'Y
<2 v

For A" great enough, we have C;(\) = 0 for all A > \". So, we obtained
VAN, M F()]lge0 > A} < e

And so, we have
c(A)

I Ollaoe > A < 552,

with C'(A) tends to zero when A goes to inifinity.



e 2) = 3):Let e >0and A\ > 0 sufficiently large to ensure C(\') < ¢, for
/\/ > A. We denote f1 = f]I{Hqu,ooS)\} and fg = f]I{Hfllq,oo>>\}‘ So that,

f=fi+for fr € L2 (10,T LY(RY) and || fallpooeqor, roses) < €

e 3) = 1) : By 3), we have for each n € N\ {0} that there exists f]' €
L>(]0,T[, L***(R?)) and fy € L»>(]0,T[, L***(R?)) such that
n n n 1
f=f+ 1 and [[fllreqort, pocems) < —
We denote by (f™)nen (o} the sequence of functions in L (]0, T[, L*°(R?))
defined by
f" =13, ¥V neN\{0}.
So, we get

1

1f = f"lzreeqorr, Lace®3)) = 1f2 |rocqor), Lace®s)) < -

So that,
1f = [l Loo o7, Lacems)) ——— 0.

n—oo

O

In the following results, we will stress the importance of this space. The first
property of these spaces is that if we have two solutions of the Navier-Stokes
equations belonging to the space L»> (|0, T[, L**(R?)) (with a suitable scal-
ing on p and ¢), which are equal at a certain time 6 > 0, then the definition
of these spaces allow us to claim that the two solutions are equal on |6, 7.
This result is in fact not known for arbitrary functions in L? (]0,T[, L(R?))
or LP> (|0, T[, L2>°(R3)). The result states as follows

Proposition 2.8 Let T' > 0 and u and v be two solutions to the (NS) equa-
tions belonging to the space LP> (]0,T[, L¥*(R?)) with 2 < p < oo and

3 < g < oo such that

2
250
p q
Assume that there exists 0 €]0,T[ such that w(0) = v0. Then, u and v are

equal fort €)6,T].

Proof : Let tg~g and A > 0. We can decompose u and v as follows
u:uA%—u;\ andv:v,\—l—v;\,

where uy = U]I{t/\lu(t)llq,oo>z\} and vy, = U]I{t/llv(t)Hq,oo>>\}' By construction and
the definition of the weak Lorentz spaces we have

[ ]| 0,010, £y < A, [usllzocego.osof, Loy < C(N), (6)



and the same estimates hold true for v:\ and vy. Then, we compute

|u — v Lroo0.0410f, Loy < || B(u — v, u)||Lroo(g,04t0f, Lao)

+[|B(v, u — )| Lo 10.0+10], Lao)
< Collu = vl Lroeo,04t0f, Laoe) X | [unllLroco.64t0, Loy + Ul Lo (0,05 10], Loy

1 ! 1 ’
/Pl | e go.0-101, o) + to/ VANl Lo G004 01, Do) | -

Here we used Lemma 6.1 (we can note that the condition p > 2 is imposed
here). Then, using (6) we get

||U — UHLP»OO(}G,B—HO[, L4:0) < CO [20()\) + 2t(1)/p/\} .

We choose A > 0 great enough to guarantee that 2C,C'(\) < 1/4 and ¢ty > 0

small enough to that ensure C’ot(l)/ P < 1/4. Thus we get that there exists § < 1
such that

| — V|| Lroo0,04t0[, Loy < Ot — V|| Lrioo10,0-40], L)

So, u and v are equal for t €60, 6 + to[, with t, independent of 8. Thus, by
repeating the argument a finite number of time we conclude the proof (because
there exists n € N such that 7' < 6 4 nt).

O

Then, in the following lemma we will give a sufficient condition for a function
to belong to the space LP'™ (]O, Ty, Lq’OO(R?’)).

Lemma 2.9 Let T >0, 1 <p,q < co. If u satisfies

sup /7 [lu(t)]|, , < oo
t€]0,T'[

7 [u()l] oo —— 0

400 -0

then the function u belongs to the space L™ (]O,T[, Lq’OO(R3)).

Proof : For every t €]0,T7,

C
[66)], e < 7175



so that u € LP™ (]O,T[, Lq’oo(Rg)). Let € > 0. The convergence hypothesis

implies that there exists tg > 0 such that, for all £ < ¢,

€
4]0 < 7175

We define
uy = ully>y and ug = ullcy,y.

The function u; satisfies

C
[t (D)l 00 < A

Then,
up € L= (]O,T[, Lq,oo) and ||u2||Lwa(}07T[7 L4:50),
and Proposition 2.7 implies u € LP*® (]0, T], Lq’OO(R?’)).

O

Remark 2.10 In fact, as we will see in section 4, such a condition was al-
ready introduced by Cannone and Planchon in [4,6]. Moreover, the reverse
result of Lemma 2.9 will be proved in section 4 for the case p > 2 and in

section 5 for the limit case.

2.4 The weak Besov spaces

We introduce two new classes of spaces

Definition 2.11 Let a > 0, 1 < q¢ < co. We denote by Eq_a’oo the adherence

of functions in L7 for the norm of B;*> and by B, ™ the adherence of

functions in L9 for the norm of B, %™ = Brqx, that is to say

—, 00 —, 00
: By

Eq_o"oo — i and E;ggoo = Lo
Functions in such spaces have the following properties
Lemma 2.12 Leta >0 and 1 < g < oo. Ifu € E’;g‘o’oo, then

sup t*/? HemuH < 00
o<t<1 q,00

/2 HemuH — 0.
q,00 t—0

Remark 2.13 The reverse result is also true, but we don’t need this fact.

Thus, we will skip the proof.



Proof of Lemma 2.12 We obviously have u € B, 5™, so that

[e.e]

sup /2 HemuH < 0.
t>0 2,00

Asu € é; 2>, there exists a sequence (up), oy of functions in L% such that

[un — UHB;‘QQ"O o 0.

So, there exists N > 0 such that for every n > N,

sup /2 Hem(un — u)H‘LOO < %

Then, for all ¢ > 0 we have

2 (e ullgoo = e un1llge) <

N

So,

€ €
£l | g.00 < 3 + 12l un i flgo0 < 5T Ot ul| g oo

Let ty = €%/ (QC’Hqu,OO)_wa, for every ¢t < ¢y we have

o A € €
t /2H€t U”qpo < 5 + 5 = €.

Which concludes the proof.

O

Remark 2.14 Lemma 2.12 can also be proved in the case of u € B;a’oo, and
in that case we get

sup t*/? HemuH < 00
t>0 q

/2 Hemqu - 0.

3 Equivalence between mollified and mild solutions

In this section, we will prove that the solutions to the mollified Navier-Stokes
equations and the mild solution are related each others in a certain sense. In
the following, the constant C' > 0 will refer to the constant of continuity of
the bilinear term

B(u,v) = /Ot e IAPY - (u @ v)(s) ds.

10



The result of Koch and Tataru (see [3, Chap. 16] and [5]) gives that there
exists C' > 0 such that

Vu,ve&r, [[Bluv)lg, <Cllullg, vl -

We will first prove an existence theorem for mild solutions to the (N.S) equa-
tions initiated with an initial data in the closure of test functions for the norm
of bmo™1.

Theorem 3.1 Let uy € D(R?’)bmo such that V -uy = 0 and T > 0 small
enough to ensure

1
tA
|, < 7
Then, there exists a solution u € D(]0,T] x ]R3)5T of the Navier-Stokes equa-
tions.

Before giving the proof of the previous theorem, we first need to introduce
this technical lemma.

Lemma 3.2 Let v € D (]0,T] x R?) and R > 0 such that
supp v C|0,T] x B(0, R),
where supp denotes the supports of the function v and B(0, R) the closed ball

of radius R centered at 0. Then, for t €]0,T] and y € R® such that |y| > AR
for A > 1, we have for some constant C > 0,

C
|B(v,v)(t,y)| < W HU“i?([O,T]XRS) '

In particular, for ¢ € D(R3) with support in B(0, R+ 1) such that p(z) =1
for z € B(0,R) and ||¢||oc = 1, we have

1
(1 — ‘P)B(U:U)HET < Cﬁ@”“”%%[o,ﬂxﬂ@)-

Proof : Using the properties of the Oseen kernel (see [3, ch. 11]) we have

B0 <0 [ [ e ) dads

C

< WHUH%Q([O,T}XIR?’)a

11



here we used that |z| < R and |y| > AR. The second part of the lemma is a
direct consequence of the previous inequality and the definition of the norm
in &p. Thus, the proof is completed.

Proof of Theorem 3.1 : We define the sequence of functions (v, )nen by

Uy = Vg — B (Vp_1,0p-1), for n>1

vo = ePug

First, we want to prove that for all n € N, the functions v,, belong to the space

D (]0,T] x R?’)gT. To do that, we will use an induction reasoning on n.

bmo !

e Let us start to prove the result for n = 0. By assumption, uy € D(R3) ,
so that there exists a sequence ull' € D (R?) suth that

[uo = g llymo-1 —7== 0

Recalling that
¢ 5], < Nl

this result comes from the following estimate

e flm < 0L sup (002 [ ] S dsde)
e oo — Su e X sSaxr .
== t xoeﬂlz{)” 0 lx—z0|<+/t/2

The previous estimate is based on the following equality

/ (t— s)A sA dS
t .

For the details of the proof, the reader is referred to [3, Chap. 16]. So, we
obtain

So that, vy € D (]0, T] x RS)“T.
e Let us assume that v,y € D (]0,7T] x ]R3)5T. To conclude the induction, it

remains to prove that v, € D (]0,T] x R?))ST. First, recall that v,, is defined
by

vy = e®uy — B (Un_1, Vn_1) -

This is sufficient to prove that B (v,_1,v,_1) € D (]0,T] x ]R?’)gT

12



By the induction hypothesis, there exists a sequence v;' ; € D (]0, T] x Rg)
such that

m
ot =i, =0

7, om ) belongs
to C*(]0,T] x R?) and is with compact support in time. Let (¢m),,cn @
sequence of functions in D (R?) such that for each m € N |lonlleo = 1.
Assume also that ¢, is with support in B(0, \,, R, +1) and that o, (z) = 1
for x € B(0, A\, Ry,), where R,,, > 0 is such that supp v/ ; C]0,T]xB(0, R,,)
1/2
L2([0,T]xR3)

As v | is compactly supported in time and space, B(v)" ,,v]"

. For every m € N, we define

and A\, > m Hv;”_l
B™ (Up_1,Vn—1) = @m X B (vm v ) )

n—1» ¥n—1

By construction, the functions B™ (v,,_1, v,_1) are in the space D (]0, T] x R?).
Then, we compute

IB (Wamt, 1) = B™ (Wnet, a1y < ||B (amt, 1) = B (00,00 | .

|1 = ) B (s |, -

Using the continuity in the space Er of the bilinear form B (see [3, ch.
16] for the proof) and Lemma 3.2 we get

|B (Vn—1,Vn-1) — B"™ (vn_1, Un—l)HST
< Cllonns = o, [Ionmslley + o, | + OVE 5 o o e

1
mR2’

< C s =, [onalle, + il | + VT
Thus, passing to the limit when m tends to +o0, we get
|B (n-1,00-1) = B" (a1, 00-1) | g —— 0.

which concludes the induction.

We have just proven that

VneN, v,eD(0,T] x R3) ",

Then, we will prove by induction that for every n € N,

Jenller < 2[eua,,
T

13



This is obviously clear for vy. Let assume that this is true for a n € N. We
compute

[onsaller < llvoller + [[B(vn, va) e,

2

< [[etuol, +40 e,

< 2He UOH e

So, for every n € N, |lv,||g, is in the ball centered at 0, of radius 2 He uoH
T

We have the following estimate
||Un - Un—ngT S ||B (Un—la Un—l) - B (vn—27 Un—Q)”gT
< Cllvnt = vacallgy [lon-ille, + llon-2lle, ]

< 4C He uoH £r V-1 — Un—2||5T

Now, as 4C' He uOH < 1, the Picard contraction principle concludes the
T

proof.

O

We are now regarding the existence of mollified solutions to (N.S) for an initial
data in the same space that for the mild solution constructed in Theorem 3.1.

—————bmo~!
Theorem 3.3 Let uy € D(]R3)b such that V -uy = 0 and T > 0 small
enough to ensure
1
tA
et u||, < el
Then, for € > 0,there exists a solution u. € D(]0,T] x Ri”)gT of the mollified
Navier-Stokes equations.

Proof : The proof is similar to the previous one. We just need to estimate
the & norm of the term f % w.. We have

1 % el < ellorll Lo,

and

t t
t_3/2/ / s« w|? dsdr < Ct™3? su / / w3 ? dsdz.
0 J]z—xo|<vt f | o a:oeﬂlg3 0 Jlz—zo|<Vt lreellz: 17

14



So that
|f *weller < Cllflles-

O

Remark 3.4 By classical arguments, we can prove that the mollified solutions
can be extended globally in time.

Now that local existence results are stated and proved for mild and mollified
solutions to (/V.S) for initial data in the closure of test functions in the norm
of the space bmo~!, we are able to prove the following property relating these
solutions each others.

Theorem 3.5 Let uy € D(R?’)bmo S and T > 0 given by Theorem 3.1. Then
the solutions u. to the mollified Navier-Stokes equations, obtained by Theorem
3.3, converge strongly for (t,z) €]0, T[XR3 to the mild solution u obtained by
the Picard contraction principle, of Theorem 3.1 when € tends to 0.

Proof : We compute
u—u. = Blu,u —ue) + B ((u — u) *xwe,ue) + B (u— (u*we),u),
which gives

2C e,

_ <
||u U€HST — 1 — 40 ||etAu0||gT

= s,

To conclude the proof, it remains to prove that

[ = uswell g, ———0,

which is a consequence of the fact that u € D(]0,T| x R:”)ET.

4 Cannone and Planchon solutions

In this section, we want to give some properties of solutions of (NS) equa-
tions belonging to the weak Lorentz space in time. We will see that we have a
generalization of the results of Cannone and Planchon [4,6] and also that for
our class of solutions the initial data is embedded in bmo™!.

15



We first recall the result of Cannone and Planchon for initial data in the Besov
spaces.

Theorem 4.1 Let3 < g < oo,a=1—(3/q), uy € Bq_a’oo, such that V-ug =0

and

sup Zfa/2H€tA

0<t<T
then, there exists T' > 0 and a solution u of (NS) such that

uOHq < 5Q7

sup /2 [Ju(t)]|, < oo,
t€]0,T'|

t*|u(t)[ly ——— 0.

t—0
For the proof of the previous theorem, the reader is refered to [4,6]. Then, we
can easily prove that these solutions are embedded in our class of solution.

Theorem 4.2 Let 3 < g < 0o and u the solution given by Theorem 4.1, then
u e LP> (|0, T[, LY>(R3)), with

3
R
P q

Proof : We have

sup 17 Ju(t, )|, < oo, Tim 7 [u(t)], = 0.
t€]0, T

The proof comes from Lemma 2.9, using that L¢(R3) C L#*(R3).

O

We will now see under which condition on the initial data, we can obtain
solutions to the (NS) equations in our class.

Theorem 4.3 Let 3 < q < o0, 2 < p < 0o, such that
2 3
+
p q

and uy € B with a = 1 — (3/q), such that V - ug = 0. Then, there
exists T > 0 and a solution u of the Navier-Stokes equations in the space
L= (J0,T[, L9(R%)).

Proof :

16



We define the sequence of functions (v,)nen by

vy = vy — B (Vp_1,0p_1), for n>1

vo = ePug

First, we want to prove that for all n € N, the function v, belongs to the space
LP>(]0,T[, L2>(R?)). Then, we will use an induction argument on n.

e Let us start to prove the result for n = 0. By assumption, uy € B; <. By
Lemma 2.12 we have

sup t!/P [vo(t) |l 400 < sup t'/? HemuoH < 00
t€]0,7 ’ t>0 9,0

1/p HUO(t)Hq,oo — 4/ HemuOHq,oo R 0.

So, Lemma 2.9 implies vy € L (|0, T[, L&>(R?)).
e Let us assume that v,_; € L™ (]O,T[, Lq’OO(R3)).

To conclude the induction, it remains to prove that v, € LP*> (]O, T], Lq’oo(Rg)).
First, recall that v,, is defined by

vy, = ePug — B (Un—1,Vn_1) -
This is sufficient to prove that B (v,_1,v,_1) € LP™ (]O, Ty, Lq’OO(R3)> :

Let € > 0. As v,y € LP*>® (0, T[, L¥>®(R?)), there exist two functions
vl € L>(]0,T[, L**(R?)) and v2_, € LP>(]0,T[, L¥*(R?)) such

n—1

that
HUEL—luLP’O"(]O,T[, Lacors)) < € and v,_g = lez—l + Ui_y
We have
B(vp—1,0n-1) =U+V,
with
U=Bw. vt )+Bw: 02 )+B@ vl ) and V= B2 ,,v2_,).

n—1 “n—1 n—1 “n—1 n—1 “n—1

Then, by Lemma 6.1, we get
||U||L°°(]0,T[, La:oo(R3)) < OO

”VHLP@"(]O,T[, La:oo(R3)) < €.
So, B(vp_1,Vn_1) € LP>*(]0,T[, L%*(R?)), which concludes the induction.
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We have just proven by induction that

VneN, v, € LP(]0,T[, L*(R?)).

Then, we will prove by induction that for every n € N,

tA
[vnll Lo.oo go.rf, Lacoms)) < 2 He U0l oo 0.1, Lo (&3

This is obviously clear for vy. Let assume that this is true for a n € N. We
compute

V41| Lroe o], Lace@syy < Vol Lroeqosry, Lo (®3)) + || B(Vn, Un)HLp,oo(]o,T[, L350 (R3))

< [le*tuo

A |12
) + 40 "o Lo (0.1, Lo (B3))

Lp,oo(]O’TL Lq,oo(R3

<2 Hemuo

Looo(J0,T], Lo (B9))

So, for every n € N, ||v,|| oo (jo,17, Lo (r3)) is in the ball centered at 0, of radius

tA
2 He U

. We have the following estimate
Lr:e2(J0,T, L9 (R3))

||Un — Up—1 ||LP~°°(}0,T[, L4 (R3)) S ||B (Un—la Un—l) - B (Un—27 7'771—2)||Lp,oo(}[)7T[7 L1:>°(R3))

< Cllvn-1 = vn-allprooory, pocesy) [IVn-1ll o gory, oo ms))

Hlon-2llpooeqo,ry, o))

< 4C Hemuo

LP»OC(}O,T[’ Lq,OO(RB)) H/U’I’Lfl - /Un72H5T

Now, as 4C’Hemu0

concludes the proof.

< 1, the Picard contraction principle
Lp>2(]0,T[, L2°°(R3))

O

We next want to show the reverse result. That is to say that a solution to
the (V.S) equations which belongs to our class of solution satisfies the same
properties of the Cannone and Planchon solutions in the norm L% instead
of the L7 one.

18



Theorem 4.4 Let 3 < g < o0, 2 < p < 00, such that

2
2y
p g

and u € L»> (]0, T[, L+(R?)), a solution to (NS), then

sup /7 Ju(t)lg.00 < 00,
t€]0,T|

77 u(t)]]g.00 —

Before giving the proof, we need this preliminary lemma :

Lemma 4.5 Let 3 < g < 00, 2 < p < 00, such that

2
2y
p g

and u € LP> (0, T[, L¥>(R?)) a solution to (NS). Then, for every 0 < e < 1,
there exists 0 < to < T such that

€

v t 6]07t0]7 Hu<t>||q,oo S W’

where Cy denotes the constant of continuity of the bilinear term B for functions
in the space L™ (|0, T[, L¥*(R?)) (see Lemma 6.1).

Proof :

Let 0 < e <1and 0 <ty < 1. Denote
€

Ay = ———.
STeRTE

We choose t; small enough to ensure

ep

COw) < 5 mer

Let t < tg, we have A\, > )y, so that C'(\;) < C(\,). Then, by definition of
the weak Lorentz space, we have

cn) |t
NS o

{t €10, T [u(®) g0 > M} <

19



Thus, there exists 6 such that

€

t
b v <0<t and [u(d)],, < 4C,t1 /P ")

Let T = (400 lu(d)| qm)ip. Theorem 6.2 implies that there exists a solution
u e L>(]0,0 +T*], L2*(R3)) to the (NS) equations. The condition (7) on
[u(0)]], o and the assumption e < 1 imply that 7" > t. So that ]0,60 + T*[D
16,60 +t[D]0,1].

Then Proposition 2.8 implies that «w = @ on |0, t]. So, for every t < tg, there
exists 0 < 6 < ¢ such that u € L> (]0,t], L**(R?)) and

€

s €10, 8, uls)llgoe < 2MuO)lly00 < 55175

Now we are ready to prove our main result.

Proof of Theorem 4.4 :

The convergence
77 lu(t)

is a direct consequence of Lemma 4.5.
Once again, Lemma 4.5 implies that there exists ¢y, independent of u, such
that

Hq,oo ﬁ 07

1

AC,ty™

If we denote 4(s) = u(ty + s) for every s €]0,T — ty], we have that @ is a
solution to (NS) such that @ € L (]0,T — to[, L*>(R?)). Then applying
Lemma 4.5 to @ we obtain that

vt 0t ), <

1

V s €]0,to], ||u(s < .
] 0] H ( )Hq,oo 400{%/1;
So that for every t €]0, 2to], we have

1
< —F.
1 = 4Gy

[u(@)]

Hence, repeating this argument a finite number of time we get

1 TP 1
< < X —.
T AGty” T aCtyr B

V€0, 7], flu)ll, o
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Which concludes the proof of Theorem 4.4.

Remark 4.6 Here we recall the following embedding

3
> 1

V3<g<oo, Bq_lJr — bmo™".

For the proof, the reader is referred to [3, Proposition 20.3], where it was
proved that B;;l:g/q’oo C bmo~t. Thus, the obvious embedding LT C MY gives

the desired result, where MY denotes the Morrey-Campanato space. The same

3
+=,00

embedding holds true for the space Bq_,io g

The previous remark implies that for p > 2, the initial data in Theorem 4.3

belongs to the space bmo~!.

5 The critical case for Cannone and Planchon solutions

To obtain similar results in the limit case p = 2 and ¢ = oo, we need to
impose more regularity on the solutions of (NS). Indeed, to obtain Lemma
4.5 we need to obtain an uniqueness result. For that, we will make use of the
theory of Leray solutions (see [3, Chap. 13 & 14]).

Lemma 5.1 Let u a solution to the (NS) equations such that u is in the
space L= (10, T[, L*(R?)) N L*(]0,T[, L=(R?)) N L? (0, T[, H*(R?)). Then,
for every 0 < e < 1, there exists 0 < tq < T such that

€

2Co\/t’

where Cy denotes the constant of continuity of the bilinear term B for functions
in the space L™ (|0, T[, L=(R?)) (see Lemma 6.1).

v 1 €]0, o], [lu(®)llo <

Proof : The beginning of the proof is similar to the one of Lemma 4.5. To
be able to conclude the proof, we need to prove the equality of u and .
To do so, we will use the theory of the Leray solutions (see [3, Chap. 14]). As
we L2()0,T[, L>=(R*)NL?(]0,T], H'(R?)) according to chapter 14 of [3], we
can say that u is a Leray solution and satisfies the energy equality. Moreover,
as u(f) € L>°(R?) N L*(R?) and @ is the mild solution associated to u(6), we
can prove that @ is also a Leray solution. Thus, using the Serrin uniqueness
theorem (see [3, Chap. 14]), we have u = @ on ], ], which concludes the
proof.
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Theorem 5.2
Letw e L> (0, T[, L*(R?))n L (J0,T[, L>*(R%))NL*(J0,T[, H'(R?)), a so-
lution to (NS), then

sup VE[u(t)] < o0,
t€]0,T|

Vallu(®)lloe —— 0.

t—

Moreover, the initial data ug is in the space bmo™'(R?)

Proof : The proof of the first part of the theorem is similar to the one of
Theorem 4.4 and is a direct consequence of Lemma 5.1.

Asu € L*(]0,T[, L°°(R?®)) we can prove that u € Er. So, we also have that
B(u,u) € Er. Hence, as e"®ug = u + B(u,u), we get

A

euy € Er,

which concludes the proof.

6 Tools
6.1 Continuity of the bilinear term

In this section, we will give many results concerning the continuity of the
bilinear term B involved into the Navier-Stokes equations.

Lemma 6.1 LetT > 0 and

B(u,v)(t,x) = /Ot IAPY - (u @ v)(s, x) ds.

Let 2 <p < oo and3 < q< oo such that

2 3
-+-=1
p q

Then, we have

(1) for p # 2 (and so ¢ # o), we have B : L»*(]0,T[, L*">*(R?)) x
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L (]0,T[, L*(R?)) — LP> (]0,T[, L*®(R?)) with
1B (w, 0)| oo o1y, Lowe(msy) < Cllullreqory Lo @epllvllzreeqory, Lo ®s))-

(2) B th°° (10, T[, Lo°(R?))xLP> (]0, T[, L**(R?)) — L> (]0,T[, L+>(R?))
wit

1B (w, V)l oeory, pace(may < Cllullzroeqory, oe@ay vl zrcegory, Lo @s))-

(3) B :hL°° (j0,T[, Le=(R®))xL*> (]0,T[, L**(R?)) — L= (]0,T[, L*>*(R?))
wit

1
1B(w; 0) | o gory, pocerayy < CTP ullooqory, zooqay lvllLoeqory, Lo rs)).
0.T], Lo (%))

(4) B :hL"" (10, T[; L=(R®))x LP> (J0, T[, L¥(R®)) — LP= (]0,T[, L**(R?))
wat

1
1B(w, 0)|| ooz, paco@syy < CT7 ullproeqorry, poesy |Vllee oy, Lo @s))-

Proof :

(1) By the Holder inequality and the properties of the heat semigroup, we
have

1B 0Ol < [ =8 H 5 (e 003 s (9

Then, by the Young inequality with

11 1 1
I+-=-+-4+-
p p p T
and using that
1 1 1 3
—:1——:——'——7
r p 2 2q

we obtain

1B (u, U)||Lp,oo(]o,T[, Lo (R3)) < Cllull oo qosry, Lase ey vl Lrecgosry, Laoe@3))-
(2) Starting from (8) we get

| B(u, U)HLoo(]o,T[, Lo (R3)) = [ll oo o1y, Lo (m))

t
x sup [ (t— s)_%_% ||U(S)||qoo ds.
telo, 770 ’
Then, by the Young inequality we obtain

1B (u, 0)| oo o1y, zae@sy) < Cllullproeqoiry, poe@an vl qory, Lo s))-
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(3) Using (8) and taking the supremum on ¢, we have

1B (w; v)[| oo oy, e (ayy < Cllulleqory, zoewayllvll e gosry, Lo s

t 1_3
></ (t—s) 2 2 ds.
0

the following inequality holds true
1
1B (w, V)| oo oz, pae@sy < CT7lull ooz, Loy |Vl Lo qory, Laoe(ms))
(4) Estimate (8) and the Young inequality implies

1 B(w, 0)|| pooo o7, pacorsy) < Cllwllzesqory, poesy [Vl Lreegosr), poce@s))
t _1_3
x/(t—s) 2724 ds.
0

3 1 t 1 1 1
/ (t— 3)7572371 ds = / (t—s)"To ds=1tr <Tv.
0 0

Theorem 6.2 Let 3 < ¢ < oo and ug € L¥(R3). For T > 0, such that
1
4TpHu0Hq,oo <1,

there exists a solution u € L™ (]0,T[, L¥>*(R3)) of the (NS) equations, which
is unique in the ball centered at zero of radius 2||ugl|g,c0-

Proof : We construct (e,) by iteration

€nt1 = €0 — B(@n, en)

ep = ePuy.

Let us prove by induction that for all n € N
lenll oo qo,rr, Lae®3)) < 2|Uollg,00-

e For n = 0, by asumption we have Hemuo

2||/u0 q,00"
e Assume that the estimate holds true for a certain n € N.

< luollgee <

HLO@(}O,T[, L0 (R3))
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e Let us prove the estimate for n + 1.

1
lentllzoegort, Los@sy < lleollroeqory, Lose@s) + T7 llenllieqory, Looms)

1
< Nollgoo + AT #[fuo]lf 00 < 2llu0]lg,00-

q,0 —

Moreover,

1
llent1 — €n||Loo(]o,T[, Lao(R3)) < (47> HUOHq)Hen - en—1||L°°(]0,T[7 Lo (R3))-

Hence,
1 n
H6n+1 - enHLoo(]o,T[, L4 (R3)) < (4T” Huqu,oo) H€1 - eO”LOC(}QT[, L9°°(R3))-

Since 47’7 |uo]|g00 < 1, we have that the sequence (e,) tends to a limit e.

6.2 Young and the weak Lorentz spaces

We will prove a kind of Young inequality for the weak Lorentz spaces L.

First we start with the following characterization

Lemma 6.3 Let py < p <ps and 0 < v < 1 such that

1 1

— ==
D2 p

for 0 <~ < 1. Then,
P A [P = [P,
Proof :

o Let f e LPV>° N LP2>= there exists a sequence (f,,) in D(]0,T), such that :

1 = Fallpsoe <= 0 et I = Jallmoo = 0.

We denote
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Then a and b are such that

a+b=1
ap; +bpy =p
O<a b1

Let € > 0, there exists Ny > 0 and Ny > 0,

V>N, ad [{[f = fol > A} <

DO ™

and .
Vs N, b — ful > A} < 5
Moreover, the arithemtic and geometric comparison, (with a; = AP*, as =
NP2y = a, ag =b) gives :

AP < aAPt - bAP2.

Thus, for every n > max(Ny, Na) :

sup NP ([ fn — fI > A) < asup N (|fo — fI > A) +bsup NP2 u (| fr, — f]| > N)
A>0 A>0 A>0

Let f € LP>(]0,T]), there exists (fn)nen in L(]0,T[) such that :

If = fallpoo == 0

We denote g, = f,, * ppn, ot p, € D(]0,T)), ||pnllec = 1, Supp pn Clén, T —€,]
with €n m 0. We get

Hf - gn||p1,oo < Hf - fn||p17oo + ||fn — fn *pn||p1,oo

a1 L
< T r1 PHf — anppo + 1w ||fn - fn * anOO

—— 0.
n—00

We are now looking for the LP?*°-norm. We have
1f = Gnllpsco < NF = f % pllpace + 1(f = f2) * pallpa,co

< “f — [ pn”m,oo + ||pn||er - fn”p,oov

where 1/r=1/ps —1/p+1=1—17.
Thus, f € LPY°° N LP2e=.
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Now, we can generalize the Young inequality

Theorem 6.4 For 1 < p,r,s < oo such that
1 1 1
1+===+4-,

s p T

we have
L7 % [P C [5°°

Proof : Let p; < p < ps. We have

r,00 p1,00 51,00 r,00 p2,00 52,00
L7 x L C L) LD« L C L%,

with
1 1 1 1 1 1
—+1l=—4—, —4+1=-+—
S1 r o n 59 T P2
So,
S1 < 8 < 8g.
Then,

L7 5 (LP2° 1) [P2) C (L% 0 L) .

The previous Lemma concludes the proof.
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