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Chapter 1
Pricing and Hedging

Assume that a family of underlying assets is given on a time horizon [0,7"]. We shall first focus on
the problem of pricing and hedging derivative products. A derivative security is a security whose
value depends on the value of the basic underlying variables. The ”price” of the derivative is the
amount of money that the buyer agrees to give to the seller of the derivative at time 0 to receive
the derivative at date 7' (the maturity time). When the derivative product is redundant in the
market, we shall see that it has a unique fair price, that of a portfolio of underlying assets which
gives the same cash flow. Otherwise any investor could achieve a return with no initial investment.
When it is not redundant, it may be given several prices. The ”"hedging strategy” is the portfolio
of underlying assets needed by the seller of the derivative to hedge himself against the delivery of
the product.

1.1 Discrete time

1.1.1 Binomial approach

The simplest example is the so-called two dates ”binomial model”. There are two trading dates,
0 and 1, and two assets : a bond, with price 1 at time 0 and (1 4+ r) at time 1 (r is the interest
rate for the period). The asset price equals S at time 0 and is a random variable S; at date 1,
equal to uS with probability p and to dS with probability 1 — p, with d < u. In this simple model,
a derivative product is any financial product with payoff C; at date 1 equal to h(Sy) for some
function h. Examples of derivative products are ”call options” and ”put options”. A call option
of strike K has payoff C; = (S; — K)*, i.e. h(z) = (x — K)T (while a put option of strike K has
payoff P, = (K — S1)T). Indeed one unit of a call option (bought at date 0) confers to the buyer
the right (but not the obligation) to buy the asset at price K at date 1. At date 1, if S > K, the
buyer of the call buys the asset at price K and sells it right away at price S making profit S; — K
while if S7 < K, the buyer doesn’t do anything and his profit is 0. The seller has to deliver the
asset at price K if S; > K, this is why he needs to hedge himself against this potential loss.

Let (a,0) be a portfolio of « shares of bond and € shares of asset. There are no constraints on «
and 0, these numbers can be negative. If 6 is negative, the investor is ”short” in the asset. The
portfolio hedges the derivative if it has same value at time 1, hence if a(1l 4+ r) + 651 = h(S)
equivalently if the following two equations are fulfilled

{h(uS) = a(l+r)+0uS
h(dS) = a(l+r)+0dS.
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In a general case, we get that the hedging portfolio is given by

_ 1 uSh(dS)—dSh(uS) , _ h(uS)—h(ds)
14 uS —dS T uS —ds

and the time-0 value of the hedging portfolio can be written as

(1.1) ho = a+0S = —— (xh(uS) + (1 — 7)h(dS))
147
where
1
(1.2) T o= u_d((l—}—r)—d).

For an European call, the hedging portfolio is given by

1 uC-dC GGy
S 14r wu—-d 7 wuS—-dS’

(0%

with Cy, = (uS—K)",Cy = (dS— K)* and the time-0 value of the hedging portfolio can be written
as

1
Note that 1 > 0 > 0.
The right member of (1.3) can be interpreted as an expectation if 7 belongs to |0, 1[, which is
verified if and only if d < 1 4+ r < w. The number 7 is then called the ”risk neutral probability”
since

(1.4) Szwu5’+(1—7r)b5

1+7r

)

in other words, the value of the asset is equal to the expectation of its discounted payoff. Equality
(1.3) proves that the value of any portfolio is equal to the expectation of its discounted payoff. If
the inequality d < 1+ r < u is not fulfilled, then there are ways to make money with no initial
investment. More precisely, an arbitrage opportunity is a portfolio («, #) such that the initial value
is non-positive, i.e., a + 0S5 < 0 and the date 1 value is non-negative

a(l+7r)+6uS>0,a(l+r)+6dS>0

and at least one of the two last inequalities is strict. For example, let us show that if (1 4+ r) < d,
then there is an arbitrage. Indeed, at date 0, an investor may borrow the amount of money S at
interest rate r and with the money, buy the asset. At date 1, he reimburses S(1 + r) and sells
the asset at price S; > dS making the non-negative net profit S; — S(1 + r) in both states and a
strictly positive profit in the up state. Hence the portfolio (—S,1) is an arbitrage. Symmetrically,
in the case u < (14 r), the portfolio (S, —1) is an arbitrage (the investor shorts the asset). Hence
if there is no-arbitrage, d < 1 + r < w and the price of the asset is its expected discounted payoff
under the risk neutral probability. Similarly the value of any portfolio is its discounted expected
payoff under the risk neutral probability.

It can be proved that if the price of the derivative was different from hg, as defined in (1.3),
then there would exist arbitrage opportunities.
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1.1.2 Two dates, several assets and several states of the world

We now consider a two dates financial market where uncertainty is represented by a finite set of
states {1,...,k}. There are d + 1 assets. At date 0, asset 7, 0 < i < d, has value S* and pays d'(j)
at date 1, in units of accounts, in state j. Let d’ € IR* be asset’s i payoff vector. Assume that asset

0 is riskless (in other words that d°(j) = 1, V j) and let interest rate r be defined by S° = 1—}” A

portfolio 6 = (6°,61,. .. ,Qd) where 0% € IR is the fraction of asset i hold by an investor has market
d d
value Z 'S at date 0 and payoff Z 6'd'(j) at date 1 in state j.

i=0 i=0
We shall say that V > 0 for a vector V' if any component is non-negative. Let S € IR*! be the
date 0 assets market values vector and D be the (k x (d + 1)) matrix of payoffs, i.e.

(1) d'(1) ... d41)
D— d°(2) d'(2) ... d%?2)
Ok) d'k) .. k)
d
We use the notation V' > 0 if any component of the vector V' is non-negative. Then Z 0'S' =50

i=0
d
and ZHidi(j) is the j-th component of the vector Df. There is no-arbitrage if D8 = 0 implies
=0
S-0=0and DO >0, DO #0 implies S -6 > 0. In other words, there is no-arbitrage if there is

no portfolio offering something for nothing. It follows from a convex analysis type argument that
there is no-arbitrage iff there exists a ”state price” vector 8 € ]Ri -+ such that

k
St = >"d(j)p; i€{0,...,d}
j=1

k

k
As SO = ﬁ = Zﬂj, define m; = (1 + r)B3;. Then ZT[']' = 1. We now have a vector of

j=1 j=1
probabilities (such a probability is called ”risk neutral”) and can write

1 k

St = d(j ] 0,....d
1+7r jz::lﬂj (]) ZE{: 5 }?7
or in a concise form
1 T
S = D' .
1+7r

Hence if there is no-arbitrage, the price of an asset is its expected discounted payoff under a well
chosen probability.

A contingent claim is a date 1 random payoff and is identified to an element z of IR*. Markets are
complete if span D = IR*. In other words, any contingent claim z € IR* may then be hedged (for
any z € IR*, there exists a porfolio 6 such that z = D). It follows from elementary algebra that,
in a complete market, 3 and (m,r) are uniquely defined. The date 0 value of a contingent claim z
is the initial value of any hedging portfolio § and is equal to

k k
1
f-S= ZT('J'ZJ' :Zﬁjzj'
T+ =

J=1
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its payoff value at state price § or to its expected payoff under the risk neutral probability. One
easily shows that this is the only fair price of the contingent claim: if the contingent claim was
given any other price, then there would exist an arbitrage.

One can think of 3; as the cost of obtaining one unit of account in state j.

1.1.3 Multiperiod discrete time model

Let us now study the case of N trading dates.

Let us first assume that there are only two assets, a riskless and a risky asset. The riskless
asset has price (14 r)™ at date n (we assume here that the interest rate is constant over time and
denote by R, = (1+7)™" = (S%)~! the time n discount factor) while the risky asset has price S,,.
Let us assume that the investor observes past prices and make decisions that depend only on those
observations. To model that assumption, we associate with the investor’s information a tree. We
shall consider that at time 1, there are two states v and d; state u in term is followed by states uu
and ud at date 2, the state uu is followed by uwuu and uud and so on. A state of nature at time n is a
sequence of length n of digits u and d; if e, is such a sequence, the following states of nature at time
n+ 1 are denoted by (en,u) and (e, d). Let Sy(e,) be the value of the asset at time n in state ey,.
A portfolio (an(en),0n(en)) held at time n in state e, has value oy, (e,)(1 4+ )" + 0, (en)Sn(en) in
that state and value ay,(en)(1+7)" " + 0, (en)Sna1(en, u) or apn(en)(1+7)" T + 0, (en)Snr1(en, d)
at date n + 1. At date n + 1, the investor may rebalance his portfolio under a ”self-financing”
constraint: (ou,+1,0,+1) has to fulfill at date n + 1 in state e,1,

an(en)(1+ T)n—H + On(en)Snr1(ent1) = anyi(ens1)(1+ "")n—H + Ony1(ent1)Sny1(enst) -

In other words, the value at date n + 1 of the portfolio bought at date n equals the value at date
n—+1 of the portfolio bought at date n+1. In that case, if we denote by V,, the value of the portfolio
at time n

Va1 — Vi = an (S 11 — S9) + 0,(Snt1 — Sn)

or, if AV, = Vi1 — Vi,
AV, = a,AS? +0,AS,, .

When the market is arbitrage free between succeeding states of nature, one may construct, as
in (1.2), node by node a probability on the tree, such that the discounted asset price process is a
martingale. More precisely, for any n and any e, we introduce two nonnegative numbers 7, (€,; u)
and 7, (ep; d) such that m,(en;u) + mp(en;d) = 1 and (cf. (1.4))

Sn(en)(1+17) = Tn(en; u) Sny1(en, u) + mp(en; d) Snyi(en, d).

In an explicit form
(L+7)S(en) — S(en,d)
S(en,u) — S(en,d)

represents the risk-neutral probability between time n and n + 1 for the branch of the tree starting
at the node e,. The discounted value of any self-financing portfolio is then also a martingale.
Furthermore, one may compute the time n value of a terminal payoff Cy and a hedging strategy
by a backward induction argument. Indeed, the N — 1 time value in state ey_; of payoff C is (cf.

(1.3))

Tn(en;u) =

Cn-1(en—1)Rn-1 = Rn Y _mn_1(en—1;5n) Cn(en—1,5N)
SN
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where sy = u or d. Similarly the N — 2 time value in state ey_o of payoff Cy_1is

Cn-2(en—2)Rn—2 = Rn-1 Y mn_a(en—2;sn—1) Cn—1(en—2,5N-1)
SN—1

=Ry Y, wn-alen—a;sn-1)Tn-1(en—2,58-1;58) Cn(en—2, SN—1,5N)
SN—1,SN

where sy_1 = u or d and my_1(en—_2,SN-1;SN) = Tn—1(en—1;sn) is the risk neutral probability
at node (eny_2,Sny—1) = ey—1 between time N — 1 and N. The time n-value of payoff Cy in the
state e,, = e is therefore obtained by induction

Cn(e)Rn =Ry Z 7Tn(e;SnJrl) '--7TN71(67 5n+17---,3N71;5N)CN(6a 3n+1a5n+27'--a3N)
Sn41;5n425-,SN

where s; = u or d. The discounted value of time n-value of payoff C is therefore the conditional
expectation of the discounted terminal value, given the information up to time n, i.e., knowing
which states of nature is realized.

Let us now assume that uncertainty is represented by a finite set of states {1,...,k} at each
date (for simplicity, we assume that the number of states is constant over time). A state of nature
at time n is a sequence of length n of states at dates £ < n; if e, is such a sequence, then
en+1 = (en,j), j € {1,...,k}. We assume that there are d + 1 assets. At date n, the i-th asset
has ex-dividend price S? and pays dividend d’, (the cum-dividend price is S% + d’). A portfolio
(cun, 0y) held at time n in state ey, has value ay,(e,,)(1+ 7)™ + 0, (e,) - Sp(en) in that state at time
n and value

o (€n)(1 + T)n—H + On(en) - (Snt1(ent1) + dnyi(enti))
d

= ap(en)(1+ T)n+1 + Z Gé(en) (ng+1(€n+l) + d%+1(€n+1))

=1

at date n + 1. We assume that strategies are ”self-financing”: the portfolio (ay+1,60n+1) at date
n + 1 in state e,4+1 has to be such that

an(en) (1 + T)n—H + Onlen) - [Snv1(ent1) + dnti(ent)]
= onp1(ent)(L+ )"+ 0np1(ensn) - Snri(enya)

When the market is arbitrage free between succeeding states of nature (in other words if there
doesn’t exist strategies such that for a pair (e,,en+1), the following inequalities are satisfied
an(en)(1+7)" 4+ 0p(en)Snen) < 0 while ay(en)(1 4+ 7)1 + 0, (e0)[Snri(ent1) + dni1(ens1)] >0
with a strict inequality for some state), one may construct node by node a probability @ on the

tree, such that defining . ]
. Si - di

St —__ " o =__ "

G O L € A L

n
the discounted price and dividend processes of the i-th asset and G = Z di + S¢ the discounted
/=1
gain, one has

Gy = Egl G, | Funl.

The discounted gain process is therefore a martingale.
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1.2 Continuous time model

1.2.1 The Bachelier model

In continuous time, the first model was Bachelier’s one (1900) [1]. Bachelier assumes that the prices
are given by S; = = + vt + cW; where W is a Gaussian process, with zero mean and covariance
equal to inf(¢, s). Recall that a Gaussian process X is a process such that, for any (a;,i < n), and

any 0 < t; < ..., < tp, the random variable ¥7'_;a;X;, is a Gaussian variable. A simple calculus
leads to
Nt
E(exp(AW; — 7)) =1.

In a differential form, the Bachelier model can be written dS; = vdt + odW;.
In his work, Bachelier gave the price of a European option. The only weakness of that model is
that prices can be negative. Samuelson (1963) proposes to model prices as

Sy = zexp(vt + oWy).
From It6é’s calculus, this can be written as

dSt = St(,udt + Uth) N
o2
where v = pu— CR Let us recall that a Brownian motion is a continuous process W with independent

stationary increments such that Wy, — Wy is a Gaussian variable, with mean 0 and variance t. It
is therefore, a martingale.

1.2.2 Martingales

Martingales are processes such that the expectation of X; given the past before time s, with s <t
is equal to X;. If W is a Brownian motion, writing

Wy = (W — W) + Wy

and using that W;—Wj is independent of the past before s, we obtain easily the martingale property.
In the same way,
N2t A2 (t—s) A2 s

exp( AW, — 7) =exp(A(W; — W) — ) exp(AW, — T) ,

leads easily to the martingale property : A Brownian motion is (the only) continuous process such
Mt
that for any A, the process (exp(AW; — T)’ t > 0) is a martingale with expectation equal to 1.

An interesting feature of martingales is that, as soon as the terminal value is known, it is possible
to construct all the process, by taking the expectation with respect to the past. If a target is given,
there exists a unique process, which is a martingale and reaches the target.

1.2.3 Black and Scholes model

In the model used by Black and Scholes model, there are two assets, a bond with price

SO = ¢ = 1/R(t)
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where r is the interest rate, supposed to be constant and a risky asset. The price of the risky asset
evolves according to the stochastic differential equation

dSt = St(,udt + O'th) s
which solution from the initial condition Sy = z is

ot
Sy = zexp(put) exp(oW — 7) .

Here (W, t > 0) is a Brownian motion and p and o are constants. Hence S; > 0 and

2
InS; =Inzx+ ut+ oWy — %t

2
is a Gaussian process with mean Inx + ut — 7+ and covariance o2 (t A's). This is why the process
S is also called log-normal. In particular, E(S;) = we#!. The coefficient y thus measures the global
behavior of S while the coefficient o, called the volatility of the price, measures the importance of
the noise (indeed Var[log(S;)] = o?t). The larger is o, the bigger is the influence of the Brownian
part. The sign of o is irrelevant since (—W) is also a Brownian motion.

1.2.4 PDE approach

A portfolio (e, #) is a pair of adapted processes (in other words, processes that at date ¢ only depend
on the past of the Brownian motion up to time ¢ or more precisely which are F; = o(Wy, s < t)
measurable) such that oy (resp. ;) is the number of shares of the bond (resp. of the asset) owned
by an investor. The time ¢ value of the portfolio is V; = ath + 6;S;. The portfolio defines an
hedging strategy for the contingent claim H if its terminal value is equal to H:

CYTS% +60rSt = H .

The contingent claim H is of the form H = h(St) = (Sp — K)* for a Call.
A portfolio is self-financing if its changes in value are due to changes of prices, not to rebalancing
of the portfolio, equivalently if one has

dVi = a;dSy + 0,dS; .

Black and Scholes methodology is to find an hedging strategy for the contingent claim. They
assume that the value of the hedging portfolio is a smooth function of time and underlying, say
C(t,St). They construct a self financing portfolio, made of m; shares of the underlying asset which
hedges the derivative. Then, setting for simplicity C (¢, S;) = V;

AV = rVidt + m(dS; — rSydt)
= [T‘/t + (,U - r)tht]d,t + ﬂtUStth
oC oC 10C?
oCc oC 10C?

ot "ot T 2 aar
Therefore, by identification, they obtain

SZo2dt
oC

51520'2]6125 + %astth

oc oC 10C?
o ot g Sie S e ms:
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and 50
%UStZWtO'St.
Hence
Lo
LT o
oC 19C* , , oC
ot Taatie = r¢o Sy

Therefore, the price of a European option is C(t, S;) where C is the solution of

ocC 1 5 5,0C? ocC B
E(t,x) + 3%°0 w(t, x) + rx%(t,x) =rC(t,x)

which satisfies the terminal condition
C(T,z) = (x — K)Jr

One can notice that the same procedure works for any contingent claim of the form h(St).
Using method from PDE, they solve explicitely this equation and obtain also the hedging
strategy.
C = SoN(d1(S0,T)) — Ke™" N (da(S0, T))

with
x oVT

dl(x7 T) = Ke_rT) + 2

, day(2,T) = dy(2,T) — oVT.

1
U\/Tln(

The price of the call at time ¢t is

C(t,x) = aN(di(x, T —t)) — Ke " T IN (dy (2, T — 1))

The hedging strategy is 6; = dy(z,T —t).

1.2.5 Martingale approach

—r
The process S is not a martingale. However, setting x = L, the process
o

1 1
Syexp(—rt — kW, — §/€2t) = Sie "Ly = xexp((oc — K)W; — 5(0’ — k)%t
1
is a martingale (where L; = exp(—sW; — =%t) ). The choice of H; = e "*L; as a multiplier is
such that as well the price of the risky asset and the price of the riskless asset multiplied by this
factor are martingaales. Moreover, it can be shown from It6’s calculus that, if V' is the value of

a self financing portfolio, the process V;e "*L; is a martingale. Another way to say that is to use
Girsanov’s theorem.

1.2.6 Discounted processes

Using some elementary algebra, if a portfolio is self-financing, then

(1.5) dV; = rVidt + 0,(dS; — rS,dt)
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or, using integration by parts formula
(1.6) d(e”"™V,) = e " dV, — re "V,dt = 0,d(e”"Sy) .

The reverse characterization holds : if x is a fixed number and if 6 is an adapted process, then
there exists a self financing portfolio («,#) with initial value z. Indeed, form (1.6), we obtain the
value of the associated portfolio as

¢
Vie ™ = 2 4+ / 0,d(e~"*S)
0
and the value of « is
A = e_rt(‘/} + HtSt)
Hence the time t value of a self-financing portfolio only depends on its initial value and on the
amount invested in the risky asset :

~ t ~ t
(1.7) V= Vie ™ = 1V + / 0,43, = Vo + / 0, R (dS, — rSsds)
0 0

where Sy = e~ "S, is the discounted price. In this general setting, a contingent claim H is hedgeable,
if there exists  and 6 such that

T t ~
He T =V +/ 0sRs(dSs — rSsds) = x +/ 05dSs
0 0

t ~
The quantity / 0sdS; is interpreted as the gain of the strategy.
0
If (e, 0) is a strategy, the quantity

- t - t -
Cy(a,0) =V — / 0,45, = o+ e 0,8, — / 0. R.dS,
0 0

represents its cost. If the discounted cost is a constant, then the strategy is self financing, and the
constant is the initial value.

It may be shown, in the Black and Sholes framework, using deep results of stochastic calculus
(mainly the representation theorem) that there exists a unique hedging portfolio for any H. By
definition, the price of the contingent claim is the initial value Vj of the hedging portfolio.

1.2.7 Girsanov’s theorem

It turns out that the discounted price of the risky asset is a martingale after a change of probability.
A change of probability changes the law of the variable or of the process. Setting W; = W; + kt,

—r
where k = 2" the dynamics of S may therefore be written as
o

dSt == St(rdt + O'th*)
or, in an equivalent form the dynamics of the discounted price S; = S;e~" are
(1.8) dS; = oS, dW;

which solution is
~ o2t
Sy = Spexp(c W, — 7) .
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Hence, the discounted price (§t,t > 0) is a martingale under the risk neutral probability @ as

soon as W* is a Brownian motion under the probability ). Now Girsanov’s theorem states that

there exists a probability measure @, equivalent to P, such that, under @, the process (W}, t > 0)

is a Brownian motion. The probability measure @ is defined by its Radon-Nykodym density :
1

dQ = L;dP on the o-algebra F; with L; = exp(—ckW; — §I€2t). Furthermore the discounted value

of any self-financing portfolio is a martingale, since
3 ~
(1.9) VieT"t =V, +/0 005 Ss dW .

Indeed, the right hand side is a stochastic integral with respect to a Brownian motion, hence a
martingale. It follows that

(1.10) Vie " = Eq(Vre | ) = Eq(He " |Fy)

and Vo = Eg(He™"T). Hence the time ¢ discounted value of a derivative is the conditional ex-
pectation of its discounted terminal value under the risk neutral probability with respect to the
information at time t. The hedging portfolio is obtained from the fact that a martingale with re-
spect to a Brownian filtration may be written as a stochastic integral with respect to the Brownian
motion, therefore

¢
Eq(He ™| F) = Vo + / PsdW,
0
and, by identification with (1.9) #s0Ss = 1. In general, no explicit form may be given for ¢, hence
for the hedging portfolio, except in a Markovian setting. Indeed, if S is a markovian diffusion, there

exists a function ¢ such that Eg(h(Sr)e "1 |F) = ¢(t, S;). Hence, Ito’s formula links the hedging
portfolio with the derivative of ¢ with respect to the underlying.

1.2.8 European options

Let us apply the preceeding method to obtain the Black and Scholes’ formula which gives the price
C of a call option. As the pay-off of a call option is h(S) with h(z) = (z — K)*, we get

C = Eq(e™ (St — K)*) = Eq(e™" Srlls;>k) — Ke " Eg(ls;>x) -
As Spe™T = Sy exp(cWi — UQQT)
C = SoN(dy(So,T)) — Ke "T N (da(Sp, T))

, some computations on Gaussian variables lead to the formula

with
1 T
In( ii =)+ VT
g\/T Ke r 2

The price of the call at time ¢ equals C(t, S;) = Eq(e™ "1 (Sp — K)T| ) with

di(z,T) = L do(z,T) = dy(z,T) — oVT.

C(t,x) = aN(di(z, T —t)) — Ke " T IN (dy (2, T — 1)).

These formulas have been obtained by Bachelier at the beginning of the century. Black and
Scholes’ main contribution was to provide the hedging strategy. The spirit of their method is as
follows. As (S, t > 0) is a Markov process, the time ¢ value of the hedging portfolio may be written
in the form H(t,S;). Assuming that H is smooth enough, one may apply It6’s formula to get
OH OH 0’°H

o 1 509 _ rt_q OH x
5 + 7S o + 50 S; 52 rH)(t,Sy)dt + e oS, o (t,Sp)dWy .
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As e " H(t,S;) = V, is a martingale, the drift term is equal to 0, i.e.,

—H—TH:O,VtEO,V$>O.

Hence the price of a call option is the solution of a partial differential equation with terminal
condition H(T,z) = h(z). A surprising fact is that u does not appear in the P.D.E.. Furthermore

~ OH
d‘/t = C_TtO'St%(t, St)th*

or in an integrated form

OH

~ t t OH
W:%—l—/ae_rss x(sS)dW* VO+/ sS)dS
0

OH
Hence, (see (1.7)) the hedging portfolio consists of §; = a—(s, Ss) shares of the risky asset and is
x

therefore obtained by solving a partial differential equation. The non risky part may be computed
from the relation H(t,S;) = atS,? + 6;S;. In the case of a call, the hedging portfolio is called the

Delta” and equals
oC

Gt:%

(t,St) = N(dy).

1.2.9 Derivative products

Pay-offs of derivative products may depend on the asset in a fairly complicated way. The simplest
derivatives have pay-offs which are function of the terminal value of the asset, S, hence of the
form h(St), for some function h. Derivatives’ pay-offs can be path-dependent and depend on all

1 T
the history of (S, ¢t > 0). For example, Asian options have a payoff equal to (T / Sudu — K)*
0

and thus depend on the average of S over the time interval [0, 7]. Lookback options have a payoff
equal to (maxo<i<7 St — K )* and depend on the maximum of S over the time interval.

Exotic options

Besides call options, many products are traded over the counter, especially options on exchange
rates. We already mentionned Asians and lookback options. Barrier options are options which
disappear when the underlying asset hits a prespecified barrier. Boost options are options which
payoff depends on the time that the underlying asset spends under a barrier. In any complete
market, one may use the martingale approach to price those options as the expectation under the
risk neutral probability measure of their discounted payoff. The computation of the expectation
may be done using specific algorithms, as Monte-Carlo methods. Unfortunately, the martingale
method only gives the price of the option and not the hedging strategy, contrary to the PDE ap-
proach, which gives in a Markovian setting the hedging portfolio as the ”delta” of the current price.
The reader may find more details on the PDE approach to exotic products in Willmott et al. (1995).

The PDE approach may not be used for path-dependent payoffs (since the Markov property
does not hold anymore). In particular, exotic options are difficult to price and to hedge even in
a Black and Scholes model. Asian options prices, for example, fulfill a two dimensional PDE but
they are difficult to compute.
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It is worthwhile to emphasize that, in a complete market, prices can be computed, at least
using a Monte-Carlo method to approximate the expectation of the discounted payoff, or a finite
difference method to solve the PDE (which requires some Markov property). The hedging strategy
is much more difficult to obtain.

In an incomplete market, neither prices nor hedging strategies exist.

More general models

Black and Scholes model has been generalised to stochastic volatility models, multidimensional
processes, processes with jumps. Furthermore, portfolio constraints, transactions costs, may be
introduced. The reader is refered to Bingham and Kiesel (1998) or Bjork (1998) for more informa-
tion. More advanced models can be found in Karatzas and Shreve (1998), or Shyriaev (1999).

The general idea is as follows: the fundamental theorem of asset pricing states that the market is
arbitrage free if there exists at least an e.m.m. (a probability equivalent to the original probability
such that discounted prices are martingales), When this probability is unique, markets are complete
and the price of a derivative is the expectation of its discounted payoff under the e.m.m..

When the interest rate is stochastic, a zero-coupon is needed to complete the market.
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Chapter 2

Single jump and Default processes

The aim of this chapter is to provide a relatively concise overview of mathematical notions and
results which underpin the valuation of defaultable claims.

Our goal is to furnish results which cover the intensity-based methodology. We provide a detailed
analysis of the relatively simple case when the flow of informations available to an agent reduces to
the observations of the random time which models the default event. The focus is on the evaluation
of conditional expectations with respect to the filtration generated by a default time with the use
of the intensity function. Then, we study the case when an additional information flow - formally
represented by some filtration F - is present.

At the intuitive level, F is generated by prices of some assets, or by other economic factors
(e.g., interest rates). Though in typical examples F is chosen to be the Brownian filtration, most
theoretical results do not rely on such a specification of the filtration F. Special attention is paid
here to the hypothesis (H), which postulates the invariance of the martingale property with respect
to the enlargement of F by the observations of a default time. This hypothesis prevails in the
literature, and means that all the contingent claims (with or without default, in particular the
F-measurable ones) are hedgeable. We establish a representation theorem, in order to understand
the meaning of complete market in a defaultable world. The main part of this chapter can be found
in the surveys of Jeanblanc and Rutkowski [14, 15]. For a complete study of credit risk, see the
forthcoming book of Bielecki and Rutkowski [3].

2.1 A toy model

Let us begin with an easy example. A riskless asset, with deterministic interest rate (r(s);s > 0) is
the only asset available on the default-free market. We denote as usual by R(t) = exp — [f 7(s)ds

the discount factor. The price of a zero-coupon with maturity 7" is P(0,7) = R(T), whereas the

t-time price P(t,T) of a zero-coupon with maturity 7" is P(¢,T) = R.. def exp — ftT r(s)ds.

The default appears at time 7 (where 7 is a non-negative random variable with density f). We
denote by F' the right-continuous cumulative function of 7 defined as F(t) = P(7 < t) and we
assume that F'(t) <1 for any ¢t < T, where T is the maturity date.

We emphasize that we do not use the term “risk-neutral” probability nor “e.m.m.” in what
follows because the risk is not hedgeable for the moment.

17
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2.1.1 Payment at Maturity

A defaultable zero-coupon with maturity 7', and rebate paid at maturity, consists of

e the payment of one monetary unit at time T if the default has not appeared before time
T7

e A payment of §, done at maturity, if 7 < T', where 0 < §. The case § > 1 can be viewed
as a life insurance with a payment at 7, the death time.

Value of the defaultable zero-coupon

The value of the defaultable zero-coupon is

Py(0,T) = E(R(T)[Lrer + 61,<1)
— B(R(T)[1— (1 - 8)L,<1])
= P(0,T)— (1— &) R(T)F(T).

The t-time value depends whether or not the default is appeared before this time. If the default has
appeared before time ¢, the payment of § will be done, and the value of the defaultable zero coupon
is 6RL.. If the default has not yet appeared, nobody knows when it will appear. The value of the
defaultable zero-coupon is the expectation of the discounted payoff RY [17<, + é1.<7] knowing
that t < 7, i.e.

Pyt,T) = E(Ry[lre, +6l,<r]|t <7T)
= RE(1-(1-8)P(r<T|t<T))
= RL(1-(1- 5)P(;(<t lf)T))
F(T) - F(t)

= P(t.T) = Rp(1-08)—— F(?)

Let us remark that the value of the defaultable zero-coupon is discontinuous at time 7, except if
F(T) = 1. In this case, the default appears with probability one before maturity.

The payment can be a function of the default time, i.e. d(7). In that case, the value of this
defaultable zero-coupon is

Pa(0,T) = E(R(T)Lr<r + R(T)0(7)lr<1)
= PT <7)R(T)+ R(T / d(s
The t-time value Py(t,T) satisfies, if the default has not occured before ¢

R(t)Py(t,T) = E(R(T)Lr<r+ R(T)o(m)L <7|(t <T))

— WR(T)+JD(}:(Z)7_)/tT5(S)f(s)d5

Pt<T)

Particular case

ft)

In the case where F' is differentiable, let us introduce the function 7 defined as (t) = )

where f(t) = F'(t), i.e., t
1—F(t) =exp (—/0 'y(s)ds> .
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Then, .,
Pyt,T) = P(t,T) — (1 — 6) R (1 - exp(—/t 7(s)ds)> .

Therefore the default appears as a spread on interest rate.
In particular, if the law of 7 is an exponential law with parameter A, i.e., 1 — F(t) = e ™, we
get v = X\ and
Py(t,T) = P(t,T) — (1 — §)Rp(1 — e MT71)

2.1.2 Payment at hit

A defaultable zero-coupon with maturity 7" consists of
e The payment of one monetary unit at time 7" if the default has not yet appeared,
e A payment of 6(7), where § is a deterministic function, done at time 7 if 7 < 7.

Value of the defaultable zero-coupon

The value of this defaultable zero-coupon is
Pd(O, T) = E(R(T) ]1T<7' + R(T)5<T)]17§T)
T
_ P(T < 7)R(T) + / R(s)5(s)dF (s) .
0
The t-time value Py(t,T) satisfies, if the default has not occured before ¢

R(t)Pa(t,T) = E(R(T)Lr<r + R(7)0(7)1 T<T|(t<7))

B P(T<7' ()
= Pi< +/ Bl F(0)

Hence,
R(t)G(t)Py(t,T) = G(T)R(T) — /tT R(s)d(s)dG(s)

with G =1— F. If 7 < t, the payment of 0(7) was done, and if this payment is not re-invested in
the market, the value of Py is 0.
Let us introduce the function I'(t) = — In(1 — F'(t)). Then,

T

(2.1) Py(0,T) = e "D R(T) + / R(s)e )5 (s)dT (s).
0

The t-time value Py(t,T) satisfies

R(t)e "W Py t,T) = e "D R(T) + / ' R(s)e ") §(s)dD(s)

Particular case

if F is differentiable, the function v = I" satisfies f(t) = v(t)e~"®). Then,

(2.2) Py(0,7) = e "M R(T) + /T R(s)y(s)e " ®)5(s)ds
0
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and .
Ra(t)Py(t, T) = Ry(T) + / Ra(s)7(5)0(s)ds

with Ry(t) = exp — [¢[r(s) +7(s)]ds.

Note that in the case where 7 is the first jump of a Poisson process with deterministic intensity
s

)= Pr € dt) =2 exp (- [ 2(s)ds ) =070

and P(t <t)=F(t)=1—¢ T,

2.1.3 Risk neutral probability measure, martingales

It is usual to translate the absence of arbitrage opportunities as the existence of a risk-neutral
probability, i.e., a probability such that the discounted assets are martingales. Here, so far, we do
not have any martingale, since we do not have a reference filtration. The only source of noise is the
default time. As we have noticed, the t-time value of the defaultable zero-coupon takes different
form whether or not the default has appeared before time ¢. If the default has not appeared, the
value of the zero-coupon is deterministic, if the default has appeared, the value depends on this
time.

In a more mathematical language, we shall model the information by the filtration (D, ¢t > 0)
generated by the process D; = 1.<¢. Any random variable D;-measurable is equal to a deterministic
constant on the set {¢ < 7} and to a function of 7 on the set {t > 7}.

The set of equivalent martingale measure is the set of probability, equivalent to the historical one,
such that the discounted price of the tradeable assets are martingales.

Now, the problem is to define the tradeable assets. If the primary market consists only of the
risk-free asset, there exists infinitely many e.m.m. : if the support of the density of 7 is IR, any
probability such that 7 admits a density with support IR" is a change of law. In particular, the
range of prices of a defaultable zero-coupon bond is trivial and equals |0, Rp[ (obtained as limit
cases : the default appears at time 0", or never.)

If there exist tradeable defaultable zero-coupons (DZC in short) , their prices are given by the
market, and the equivalent martingale measure () is such that, on the set ¢ < 7,

Py(t,T) = RpEq ([Lr<r + 0llicr<r] |(t < 7)) = RpEq ([Lr<r + 01,<7] Dy) -

Therefore, we can characterize the cumulative function of 7 under () from the market prices of the
DZC as follows.
Fixed Payment at maturity

If the prices of defaultable zero-coupon with different maturities are known, then

P(0,1) — Py(0,1)
R(t)(1—9)

= F(t)

and F(t) = Q(7 < t), so that the law of 7 is known under the e.m.m. However, as noticed in Hull
and White, eztracting default probabilities from bond prices [is] in practice, usually more complcated.
First, the recovery rate is usually non-zero. Second, most corporate bonds are not zero-coupon bonds
[12].
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Payment at hit

In this case the cumulative function can be obtained using the derivative of the defaultable zero-
coupon price with respect to the maturity. Indeed, we get

D Pi(0,1) = gOR((1 — 3(1)) — ROG(D)r(1), 1

therefore, solving this equation leads to

1-Q(r<t)= /Ot OrPy(0, s) exp (— /Os 1i(g()u)du> ds.

Martingales

Processes of the form F(X|D,) are obviously martingales. A question is now to find a generating
martingale, such that any martingale can be written as a stochastic integral with respect to the

generating one. The process
Dt — A(t A ’7')

where A(t) = —In(1 — F(t—)) is this generating martingale. We shall check that this process is
indeed a martingale in the following section.

Example 2.1.1 Let us study the case where 7 is the first time where a Poisson process N jumps.
¢

Let A(s) be the deterministic intensity and D; = Nya-. It is well known that N; — / A(s)ds is a
0
tAT
martingale. Therefore, the process stopped at time 7 is also a martingale, i.e., D; — A(s)ds is

0
a martingale. Furthermore, we have seen that we can reduce our attention to that case.

2.2 Successive default times

The previous results can easily be generalized to the case of successive default times. We assume
here that r = 0.

2.2.1 Two times

Let us start with the case with two random times 71,75. We denote by 77 = inf(m,72) and
Ty, = sup(7y,72), and we assume, for simplicity that P(m; = 72) = 0. We denote by (Di,t > 0) the
default process associated with (73,7 = 1,2), and by D; = D} 4+ D? the process associated with
two defaults. As usual D is the filtration generated by the process D. The o-algebra D; is equal
too(Th ANt)Vao(Ta At).

A D;-measurable random variable is equal to a constant on the set ¢ < T3, equal to a o(711)-
measurable random variable on the set 77 < ¢t < Ty, and to a o(73)-measurable random variable
on the set Th < t.

Payment at maturity

Suppose that a payment of 1 monetary unit is done at maturity if no default has appeared, 47 if one
and only one default has appeared and J2 in the remaining case, where 0 < do < §; < 1. Therefore,
to obtain the value of this claim we have to compute

E(Lrer, + 6107 <7<, + 62llpy<7|Dy)
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It is then straightforward to prove, for ¢t < T

P(T <T)
P(T'<T1|Dy) = —
( 1’ t) t<Ty P(t < T]_)
Pit<h <T<T, P(T < T,|T
P(Tl < T < TQ’Dt) = llt<T1 ( P(t < T]_) ) + ﬂT1§t<T2 P((t < T2||CZ-,1))
Pt<Ti<Ty<T) Pt <Ty <T|Th)
P, <TDy) = 1 1 1
( 2 > ’ t) t<Ty P(t<T]_) T <t<T>» P(t<T2’T]_) To<t

In the very particular case where 7 and 7 are independent with density f and g, the law of
the pair 77, 7T5 is easy to compute

P(Ty € du, Ty € dv) = Ly<p[f(u)g(v) + g(u)f(v)]dudv

and the conditional law of Ts with respect to T3 follows

Py € dolTs — ) — 1, <><>+g< @
| aelwge) + g )
Payment at hit

Suppose that a payment of 1 monetary unit is done at maturity if no default has appeared, 01(77)
if the first default arrives before T' (and the second after T') and d3(7%) in the remaining case, where
0 < §9 < 61 < 1. Therefore, we have to compute

E(Mper, + 01(Th) Uy <rem, + 02(To)Mpy<7|Dy)

It is then straightforward to prove

E(61(Ty) W<y <7<1) P(T <T|T)

E(6(T7)1 D = 1 1= 2 1 oT]) —————

(61(T1) Ly <r<1, D) t<Ty Pl <T) + Iy <r<1,0(Th) Pt <ToTh)

E(62(To) Vi<t <1p<T) E(62(T2)Nyey i)

E(d(T)1 D =1 =—1>-2 1 2 !
(02(To) g, <7 |Dy) t<Ty Plt<Ty) + 7 <ty Plt < To|m)

+ ]].T2 <t(52 (Tg)

In order to compute the different terms, we need the joint law as well as the conditional joint law.

2.2.2 Copulas
A recent approach [5] for modeling dependent credit risks is the use of copulas.

Definition 2.2.1 A copula C' is a joint cumulative distribution of n random variables uniformly
distributed on [0, 1]

Let F' be an n-dimensional cumulative distribution with continuous margin F;. Then there exists
a copula C such that
H(l‘) = C(Fl(w1)7 T Fn(l'n))

In the case where n companies are studied, and if F; is the cumulative distribution for the
default of the ith company, the probability of all companies defaulting is

P(r; <T\Vi) =C(F(T),--,Fp,(T))
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2.2.3 More than two times

Suppose that the default times are modeled via a Poisson process with intensity h. The terminal
payoff is []7,<p(1 —6(73)). The value of this payoff is E([], <7 (1 —0(7;))). In the case of constant
d(s) =9, we get
T
(] (1= 6(T) = B((1 = 9)) = exp(@ [ h(s)ds).
0

T,<T

In the general case,

T
(T (=o(1)) = exp( | o()h(s)ds).

T,<T

2.3 Elementary martingale

We now present the result of the previous section in a different form. Let us start with some well
known facts. Suppose that 7 is an E:—Valued random variable on some probability space (2,3, P).
Let us denote by D, the right-continuous increasing process Dy = 1;>, and by (D;) the natural
filtration generated by the process D. The filtration D is the smallest filtration (satisfying the usual
hypotheses) on € such that 7 is an D = (Dy,t > 0)-stopping time. The o-algebra D; is generated
by the sets 7 < s for s <t and the atom 7 > t.

Any integrable r.v. H, D, measurable, is of the form h(7 At) = h(7)1,;<¢ + h(t)1;<, where h
is a Boreal function.

Lemma 2.3.1 If X is any integrable, G-measurable r.v. E(X|Dy)lier = Ly E(XWyer)/P(t < 7).

PRrROOF: The r.v. E(X|D;) is Di-measurable, therefore it can be written on the form E(X|D;) =
Yily>r + Ally, where A is constant. By multiplying both members by 1,.,, and taking the
expectation, we obtain

B[l E(X|Dy)] = E[E(L1<, X|D,)] = E[Ly<, X] = AP(t < 7)

a
Let F(t) = P(r < t) the right-continuous cumulative function of 7. We will denote by F(t—)
the left limit of F'(s) when s goes to t .

Proposition 2.3.1 The process

_p_ [MAEG) [ pydE()
My = Dy /0 —F(s) 2 /0(1 T

is a D-martingale.

PROOF: From the previous lemma E(D; — Dg|D;) = E(lscr<t|Ds) = Lger A+ Lg>,B. We have
P(s<t<t) F(t)—F(s)

P(s<7t)  1-F(s)
the previous equality by 1s>,, we obtain that the r.v. B is equal to 0. On the other hand,

B[ s P = 1o

proved that the constant A is A = . Multiplying the two members of
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where

g(s) = 1_1F(S>E {nm / :A %}

1 - F(t) [t DFL(u) 1 t v DFL(u)
1-F(s) Js 1—- Flu—) 1—F(s)/5 DELO) | =Ry
)

Fubini’s theorem proves the equality g(s) =

Successive default times

We reproduce now the result of [4], in order to obtain the martingales in the filtration G, in case
of two default time.

Let us denote by Fi(t) the distribution function of 77 and by Fy(t;u) the conditional distribution
function of 75 with respect to 171, i.e.,

FQ(t; u) = P(TQ < t’Tl = u)
The process M, def D; — Aypr is a D-martingale, where

Ay = M) Lery + [A(Th) + Aa(t, T1)] Uy <ocry + [A1(T) + Ao (T, T1)] gy <o

with A1) = [ A = [

is a stochastic integral with respect to M. This result admits an immediate extension to the case
of n successive defaults.

. It is proved in [4] that any D-martingale

2.3.1 Intensity process

dF(s)
1—F(s—)
decomposition of the submartingale D; as M; + A(t A 7). The process Ay = Ayar is called the
compensator of D.
In particular, if F' is differentiable, 7 admits a density f = F”, and the process

t
The function A; = / is continuous and increasing. Therefore, we have obtained the
0

TAE

Mt = Dt — / )\(S)dS
0

dF
is a martingale, where \(s) = 1 }(75() ] =1 f(;)( ] is a deterministic positive function, called the
— F(s — F(s

intensity.

Proposition 2.3.2
T
E(1;57|Dy) = 1r5t exp (/t A(s)ds)

PROOF: Let T" > t. From the lemma E(I,-p|D;) = 1;.;A where A is a constant equal to
P(T <) F(T)

1_
Pli<r)  1-FQ) -
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This result gives the value of a defaultable zero-coupon bond E(1,~7|D;) when the agent knows
only the information D; and when the spot rate is equal to 0.
If a zero-coupon is tradeable at a price p;, then, under any risk-neutral probability p,R(t) =

T
E(R(T)lr<r|t <T) = l4crexp (—/ A(s)ds | therefore, the value of/ s)ds is known as soon
t

as there are zero-coupon for each maturity, and the risk-neutral intensity can be obtained from the
market data.

t
Proposition 2.3.3 The process L; def 1,-;exp </ A(s)ds) is a D-martingale.
0
PROOF: This result is obvious from the previous proposition. Since the function A is deterministic,
t s
E(Lt|Ds) = (exp/o A(u)du> E(ﬂt<T|HS) =15 eXp/O A(u)du

¢
Another way is to apply 1t6’s formula to the process Ly = (1 — Ny) exp/ A(s)ds
0

dL; = —dD; exp /0 " M(s)ds + At)[exp /O "A(s)ds](1 — Ny)dt = —[exp /0 " \s)ds] dM .

A sophisticated way is to note that L is the exponential martingale solution of the SDE dL; =
— Lyd M. O

2.3.2 Representation theorem

Proposition 2.3.4 Let h be a function. Then
tAT
E(h(7)|Dy) = = + / AT (Hy_ — h(s))(dDy — dA(s)).
0

PRrOOF: Let H; = E(h(7)|D;). From the measurability argument

E(h(m)1¢<r) '

Hy = h(m)lr< + Myer Pli<1)

An integration by parts yields to
LOBM(P)ey) = O / h(w)dF (u)
t

= z— / t " (s)dF (s) + / tE(h(T]lS<T)eF(s)dI‘(s)
0

t
- 1:—/ " h(s)DF L(s /HdF /Hl
) ~

E(h(r)|Dy) = o + /OMT(HS - h(s))f}% .

Hence
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2.3.3 Partial information
Duffie and Lando’s result

Duffie and Lando [8] assume that 7 = inf{¢ : V4 < m} where V satisfies
dVy = p(t, Vi)dt + o (t, Vi)dW,

Here the process W is a Brownian motion. If the information is the Brownian filtration, the time
T is a stopping time w.r.t. a Brownian filtration, therefore is predictable and admits no intensity.
We will discuss this point latter on. If the agents do not know the behavior of V| but only the
minimal information Dy, i.e. he knows when the default appears, the price of a zero-coupon is, in

T
the case where the default is not yet appeared, exp — / A(s)ds where \(s) = é((s)) and G(s) =
t s

P(r > s),f = —G’', as soon as the cumulative function of 7 is differentiable. Duffie and Lando

1 0
have obtained that the intensity is A(t) = 502(75, 0)&—£(t, 0) where f(t,x) is the conditional density

PV, <z,Ty) >t)
P (T() > t)
the case where V' is an homogenous diffusion, i.e. dV; = u(V;)dt + o(V;)dWy, the equality between
Duffie-Lando and our result is obvious. In fact, Duffie and Lando proved that A is the limit, when

h goes to 0 of

of V; when Ty > t, i.e. the differential w.r.t. x of , where Ty = inf{t; V; = 0}. In

1 oo
—_— PV edx, Ty > t)Py(Tp < h

This last quantity can be written as

1 (o]

W/O P(V; € da, Ty > t)(1 — Py(Tp > h))
1 o0

_ W{pm) > 1) —/0 P(V, € dz, Ty > t + 1))

— hP(Tt>t)<P(T° >t) = P(Ty >t +h))

Extensions

The previous problem admits an obvious extension to the case where the observation is F; =
o(Vs,s < [t]) where [t] is the greatest integer smaller than ¢, which corresponds to observation at
discrete times.

2.4 Cox Processes and Extensions

2.4.1 Construction of Cox Processes with a given stochastic intensity

Let (2,G, P) be a probability space, and (X¢,t > 0) a continuous diffusion process on this space.
We denote by F its canonical filtration, satisfying the usual conditions. A nonnegative F-adapted
process A is given. We assume that there exists a random variable ©, independent of X, with an
exponential law: P(© > t) = e~!. We define the random time 7 as the first time when the process
Ay = fg As ds is above the random level O, i.e.,

T=inf{t >0 : Ay > O}.

We assume that A; < 00, Aoe = 0.
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The mutual independence of ® and X will avoid us to enter in the enlargement of filtration’s
world. This will be done in a next section, in the general case, that is, when the independence
hypothesis is relaxed.

Another example is to choose 7 = inf {t > 0 : N, = 1}, where A; = fg Asds and N is a
Poisson process with intensity 1, independent of the filtration F. The second method is in fact
equivalent to the first. Cox processes are used in a great number of studies (see, e.g., [18]). Obvi-
ously, this model extends to the case where the intensity is given as a F-adapted increasing process.

Remark 2.4.1 In Wong [22], the time of default is given as
T =inf{t : Ay > X}

where ¥ a non-negative r.v. independent of F,. This model reduces to the previous one: if ¢ is
the cumulative function of ¥, the r.v. ®(X) has a uniform distribution and

7 =inf{t : ®(Ay) > ®(X)} = inf{t : TD(A)] > T}
where V¥ is the cumulative function of the exponential law, and
Ft = P(T é t|ft) == P(At Z E|ft) == (I)(ozt) .

See also [2] for an extension of this model.

2.4.2 Conditional Expectations

Lemma 2.4.1 The conditional distribution function of T given the o-field F; is fort > s
P(1 > s|F) = exp ( - AS).

PRrOOF: The proof follows from the equality {7 > s} = {As > O}. From the independence
assumption and the Fi-measurability of Ag for s < ¢, we obtain

P(r > s|FR) = P(AS > @’.7-}) = exp ( - AS).

In particular, we have

(2.3) P(r < i|Ft) = P(T <t Fx),

and, for t > s, P(T > s|F;) = P(1 > s|Fs). Let us notice that the process F; = P(1 < t|F;) is here
an increasing process. O The particular case where 7 is independent of Fo, is interesting. In that
case, A is a deterministic increasing function.

Remark 2.4.2 If the process A is not non-negative, we get, for s <t

P(t > s|F;) = exp(—supAy) .
u<s

We write Dy = ll;<y and Dy = (D5 : s < t). We introduce the filtration G = F; V Dy, that
is, the enlarged filtration generated by the underlying filtration F and the process D. (We denote
by F the original Filtration and by G the enlarGed one.) We shall frequently write G = F vV D.

It is easy to describe the events which belong to the o-field G; on the set {7 > t}. Indeed, if
Gy € Gy, then Gy {1 >t} = By N {1 > t} for some event B; € F;.

Therefore any Gi-measurable random variable Y; satisfies 1, Y: = Ly~ yr, where y; is an
Fi-measurable random variable.
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Proposition 2.4.1 LetY be an integrable r.v. Then,

(Yﬂ{7>t}‘ft)
Lo B(Y|G)) = 1oy o dr=tH T
>0 B0 = Loy BN~y |F)

PROOF: From the remarks on the G;-measurability, if Y; = E(Y'|G;), then there exists y;, which
is Fi-measurable such that

= Uy €™ E(Y Lpagy | F2).

Loy E(YG) = Loy
EY i~y F)

E(lgsplFe)
We shall now compute the expectation of a predictable process at time 7 and we shall give the

and multiplying both members by the indicator function, we deduce y; = O

intensity of 7.

Lemma 2.4.2 (i) If h is a F-predictable process then
E(h.) = E(/ hudu exp (= Ay) du)
0

E(h.|F) = E(/OOO hua exp ( —Au)du(ft)

(2.4) E(hy|Gy) = / P exp (A — M) du| F) Ly + by,
(ii) The process (Dy — [3\™ Asds,t > 0) is a G-martingale.
Definition 2.4.1 The process X is called the intensity of T.
PROOF: Let hy = 1y, 4, (t) By where B, € F,. Then,
E(he|F) = E(B(lyyu(r)BulFu) | Fi) = B(By(e™ = e7v)|7)
- B(B, /v Nue ™M du | 7)) = B( /0 hudueMedu | F,)

and the result follows from the monotone class theorem.
The martingale property (ii) follows from integration by parts formula. Let ¢ < s. Then, on
the one hand

P(t <7< S|ft)
P(t < T|ft)
= ]l{t<T}E(]‘ - exp(AS — At)’ft)

E(Ds — Di|Ge) = P(t <7 <5[G) = Lery

On the other hand, from part (i)

E(/ts/\r Nodu ‘ gt) = E(Aspr — Aipr|Gr) = ﬂ{t<T}E(/too hu/\ue—(Au_At)du ‘ ft)

AT

where hy, = A(s Au) — A(t A u). Consequently,
/ hadge~ P2 qy = / (A — Ag)Age™ a2 gy 1 (A, — / Age~ a2 gy
t t

S
= —(As —At)e*(Aszt) +/ )\(u)ef(Aqut)du_i_(AS_At)ef(Aszt)
t

= ]_ — ef(Aszt)‘
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This ends the proof. O If 7 is independent of Fo
E(hG) = 1,5, / M E (hy| Fo)er M du + 1< hr
t

Remark 2.4.3 We emphasize that the enlarged filtration G = F Vv D is here the filtration which
should be taken into account; the filtration generated by F; and o(©) is too large. In the latter
filtration, in the case where F is a Brownian filtration, 7 would be a predictable stopping time.

2.4.3 Conditional Expectation of F_,-Measurable Random Variables

Lemma 2.4.3 Let X be an Fs-measurable r.v.. Then

(2.5) E(X|G:) = E(X|R),
(2.6) BE(X1omylG) = Lese™E(Xe 2| F)

PRrROOF: Let X be an F,-measurable r.v. Then,
E(X1onFr) = E(E(X Loy |Foo)|Ft) = P(1 > 1| F) E(X|F).

Formula (2.6) follows from prop. 2.4.1. Indeed, E(X1{,~71|G¢) is equal to 0 on the Gi-measurable
set 7 < t, whereas

E(Xomy|Fi) = E(XUrsry | FrlF) = E(Xe | F).
To prove that E(X|G;) = E(X|F), it suffices to check that
E(Bih(t Nt)X) = E(Bih(T AN)E(X|F))
for any By € F; and any h = 1jg ). For ¢ < a, the equality is obvious. For ¢ > a, we have

EBl ;< E(X|F)) = E(BEX|F)E(l{r<qy|Foo)) = E(E(BX|F)E(L 7<) Ft))
= BE(XBE(L<)|F)) = E(BiX1{;<q))

as expected. O

Remark 2.4.4 Let us remark that (2.5) implies that every F-square integrable martingale is a
G-martingale. However, equality (2.5) does not apply to any G-measurable random variable; in
particular P(1 < t|Gy) = ;<4 is not equal to Fy = P(1 < t|F).
2.4.4 Defaultable Zero-Coupon Bond
Therefore, for t < T
T
E(lren|G:) = H{T>t}E(eXp( —/t As ds) ‘ft)-

Suppose that the price at time ¢ of a default-free bond paying 1 at maturity ¢ is

B(t,T):E(exp(—/tTrsds)‘}'t).

The value of a defaultable zero-coupon bond is

E(II{T<T} exp (— /tT rsds) ‘ gt) = ]1{T>t}E(eXp( - /tT[rs + As] ds) ‘.7-}).
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The t-time value of a corporate bond, which pays ¢ at time T in case of default and 1 otherwise, is
given by

T
E(e_ft " (T ey + Lrary) ‘]—}).
The last quantity is equal to

OB(t,T) + Ny (1 — 5)E(exp( - /tT[rs + ] ds) ‘Ft).

It can be easily proved that, if 4 is some F-predictable process,

T
E(hT]l{TST}|Qt) = hTﬂ{TSt} + H{T>t}E(/t hueAt_A“Audu|ft).

The credit risk model of this kind was studied extensively by Lando [18].

2.4.5 Stochastic boundary

We have seen in the previous subsection that, under the equality (2.3), we have an invariance
property of the martingales. This invariance property, i.e. the F martingales are G martingales, is
called (H) hypothesis.

In this section (taken from [10]) we show that under ((2.3)), the default time can be viewed as
an hitting time of a stochastic barrier. Therefore, it is a generalization of the constant boundary
model, also called structural approach.

Suppose that

P(r < t|Fo) =e M

where M is an arbitrary continuous strictly increasing F-adapted process. Our goal is to show that
there exists a random variable O, independent of F.,, with exponential law of parameter 1, such

that 7 "2 inf {t>0: M, > 0O}. Let us set © = M. Then
{t<O}={t< M} ={C <7}
where C' is the right inverse of M, so that M¢, = t. Therefore
P(O > u|Fy) = e Mou = g7,
We have thus established the required properties, namely, the probability law of © and its inde-
pendence of the o-field Fu. Furthermore, 7 = inf{t : M; > M.} = inf{t : M; > ©}.
2.4.6 Representation theorem

Kusuoka [16] establishes the following representation theorem.

Theorem 2.4.1 Under (H), any G-square integrable martingale admits a representation as a sum
of a stochastic integral with respect to the Brownian motion and a stochastic integral with respect
to the discontinuous martingale M.

We assume for simplicity that F is continuous and F; < 1,Vt € IRT. Since (H) hypothesis
holds, F' is an increasing process. Then,

dFt = eiFt dFt

dFy

(2.7) d(e't) = eltdly = el 5
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Proposition 2.4.2 Suppose that hypothesis (H) holds under P and that any F-martingale is con-
tinuous. Then, the martingale H = Ep(h;|Gi), where h is a F-predictable process, admits a
decomposition in a continuous martingale and a discontinuous martingale as follows

tAT
(2.8) Hy = ml + / elrdmh + (hu — Ju_) dM,,
0 10,tAT]

where m is the continuous F-martingale

mi = Ep( [~ hadFu| 7).

t
Jp = el (m? - /0 hydFy,) and M is the discontinuous G-martingale My = Dy — Ay where dA,, =
dF,

1-F,

PROOF: From (2.4) we know that
oo
(2.9)  Hy = B(he| 1) = Ljreiyhr + Lpsppe B( /t hudFy | F) = Wrenphe + sy Ji
From integration by part formula, using that I' is an increasing process and m” a continuous
martingale, we deduce that
dJ; = eltdmP + J_e Tt d(elt) — hy(etdFy) .

Therefore, from (2.7)
dF;

1—F;

dJ; = etdml + (J— — hy)
or, in an integrated form,
t t
J; = my +/ eludm! +/ (Ju — hy)dAy,.
0 0
Note that J, = H,, for u < 7. Therefore, on {t < 7}
tAT tAT
H, =m} +/ eludm! +/ (Ju — hy)dA,
0 0
From (2.9), the jump of H at time 7 is h; — J; = hy — J,— = hy — H,_. Then, (2.8) follows. O
Remark 2.4.5 Since hypothesis (H) holds, the processes (my,t > 0) and (f{"7 eTvdm,, t > 0) are
also G-martingales.
2.4.7 Hedging contingent claims

Let (m;¥ — ;¥ Sy, ;%) be the hedging portfolio for the default free contingent claim Xel.
Here

my = E(Xe '7|F)
t

my = m + [ pXdS,
0

If a defaultable zero-coupon is traded at price p; then under the eem.m. CHOSEN BY THE
MARKET

Pt = E(HT<T’gt) = Lymy
where m; = E(e™!'T|F).
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The hedging portfolio for the defaultable contingent claim X 7., is based on the riskless bond,

the asset and the defaultable zero-coupon. The characterization of this hedging portfolio is
X

m
(i) a long position of —— defaultable zero-coupon,
my

(ii) the number of asset’shares to be hold is et (uX — M ft)

(iii) an amount of

is invested in the riskless bond.

2.5 General Case

Suppose that in addition to 7, a Brownian motion B lives on the space (2,G, P). We denote by
Fi = 0(Bs, s < t) its canonical filtration and by G, = F; V D; the enlarged filtration generated by
the pair (B, D). In this general setting, the Brownian motion B is no longer a Brownian motion in
the G filtration and is not always a semi-martingale. However, B remains a semi-martingale if we
restrict our attention to the behavior of the processes before time 7.

Nevertheless, the conditional expectation with respect to G; is easy to compute from the expectation
w.r.t. ft.

In this section, we use results proven in Dellacherie [6].

2.5.1 Conditional expectation

It is well known that if (Z;) is any G predictable process, then there exists a unique F predictable
process (z;) such that Z 1y« = 2z 1;«r. The uniqueness of z follows from the assumption that
F; <1 (See Dellacherie et al. [7] for comments)

We recall some well known results (See Dellacherie, [6])

Lemma 2.5.1 Let X be an integrable Gr-measurable, r.v. Then

E(X1ir|F)

PROOF: This result is obvious, as soon as we work with the left continuous version of the conditional
expectation, from the remarks on the measurability of the restriction of a G-predictable process
to the set ¢t < 7. Indeed, on the set {¢ < 7}, the conditional expectation E(X|G;) equals a F-
measurable random variable z;. Therefore, taking conditional expectation with respect to F; of
both members of the equality

E(X|G)i<r = 2ll4<r
leads to
E(X1ier|Ft) = 2 E(Ny<r| F7)
O

E(X1 F
w. It is easy to check that E(X 17, |G;)

In particular, we obtain E(X17<,|G;) = 1
n particular, we obtain E(X 17, |G¢) t<r E(llyr | F)

is equal to 0 on the set {t > 7}. Indeed,

E(X17<7|Gi) > = BE(XN7<,1y>,|Gi) =0



November 4, 2003. MJ 33

This result gives an interesting interpretation of the intensity. From the definition, E(D;— Ds|Gs) =
tAT E(s <1 <t|Fs) P(s<1<t)
1 E M. d — — -~ - = 7
s<T (/S wdilGs) = =g ) P(s <7)

Definition 2.5.1 The hazard process is the process I'y = —In(1 — F;) where F; = P(1 < t|F)

and Agllser = limy

We assume that I' is continuous.

Lemma 2.5.2 The process

1-Dy

Ly =1, e = (1 — Dy)elt = TR

1s a G-martingale. Moreover, for any F-martingale m, the product L'm is a G-martingale.
PROOF: It is enough to check that for any ¢ < s
E(l{rsgye(Gy) = Npere'™.
This can be rewritten as follows
Licret B(Ls et F) = Licre.

To complete the proof of the first statement, it is enough to observe that

E(lLgrsge|F) = Bl E(Lrsg|Fo)|F) = 1.
For the second part of the lemma, notice that for ¢t < s in view of (2.6) we have
(2.10)  E(Lsms|Gy) = E(L5yLsms|Gr) = L spyet E(mg|F) = (1 — Dy)et'my = Limy
so that Lm is a G-martingale. O
Proposition 2.5.1 The martingale (L = (1 — D;) exp fg Aydu, t > 0) satisfies dLy = Ly—dM;.

PROOF: From It6’s lemma (see the following chapter)
t t
dL; = exp/ Aydul—dDy + (1 — Dy)\dt] = exp/ Ay du(—dMy)
0 0

Again, the process Z is the exponential martingale solution of dZ; = —Z;dM,.

2.5.2 Ordered Random Times

This section is taken from [14]. Consider two F-adapted increasing continuous processes, A! and
A?, which satisfy A3 = A} = 0 and A? < A} for every t € IR,. Let © be a random variable which is
exponentially distributed with mean 1 and is independent of the processes A’,i = 1,2. For i = 1,2
we set

(2.11) m=inf{tc R, : AL >O}.

so that obviously 7 < 79 with probability 1.

We shall write G' = D'V F, for i = 1,2, and H = D' v D? V F. An analysis of each random
time 7; with respect to its ‘natural’ enlarged filtration G’ can be done along the same lines as in the
previous section. cess. It is clear that for each i the process A’ represents the (F, G')-martingale
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hazard process of the random time 7;. We shall call the process I' defined as I'y = —In(1 — F})
where F; = P(1 < t|F;) the F-hazard process of 7. In particular, I’y is the F-hazard process of 1.

We shall focus on the study of hazard processes with respect to the enlarged filtration. We find
it convenient to introduce the following auxiliary notation:! F* = D’V F, so that H= D' v F? =
D2V FL

Let us start by an analysis of 7. We are looking for the F2-hazard processt‘1 of 11, as well as
for the (F?, H)-martingale hazard process A! of 71. We shall first check that I'* # I't. Indeed, by
virtue of the definition of a hazard process we have, for t € IR,

e T = P(r > t|lF) = e M.

and

e Tt = P(ry, > t|F2) = P(r, > t|F, vV D).

Equality ' = T'" would thus imply the following relationship, for every ¢ € R,
(2.12) P(Tl >7f|.7'—t\/'Dt2) :P(Tl >t‘ft).

The relationship above is manifestly not valid, however. In effect, the inequality 75 < t implies
71 < t, therefore on the set {7y < t}, which clearly belongs to the o-field D?, we have P(r; >
t|F; vV D?) = 0, and this contradicts (2.12). This shows also that the F2-hazard process I'! is well
defined only strictly before 7.

As one might easily guess, the properties of 7 with respect to the filtration F! are slightly
different. First, we have

eIt = P(ry > t|F}) = P(ry > t|F, V D}).
We claim that T'2 # I'2, that is, the equality
(2.13) P(1y > t|F; VD}) = Py > t|F)

is not valid, in general. Indeed, the inequality 73 > t implies 7o > t, and thus on set {m] > t},
which belongs to D}, we have P(my > t|F; VD)) = 1, in contradiction with (2.13). Notice that the
process I'2 is not well defined after time 7.

On the other hand, it can be checked that the process D} — A%/\Tl, which is of course stopped at
71, is not only a G!-martingale, but also a H-martingale. We conclude that A! coincides with the
(F2, H)-martingale hazard process of 71. Furthermore, the process D? — A%/\TQ is a G2-martingale;
it does not follow a H-martingale, however (otherwise, the equality 2 =TI'? = A? would hold up
to time 7o, but this is clearly not true). The exact evaluation of the (F!, H)-martingale hazard
process A2 of 75 seems to be rather difficult. Let us only mention that it is reasonable to expect
that A? it is discontinuous at 71. See the following section.

Let us finally notice that 7 is a totally inaccessible stopping time not only with respect to G1,
but also with respect to the filtration H. On the other hand, 7 is a totally inaccessible stopping
time with respect to G', but it is a predictable stopping time with respect to H. Indeed, we may
easily find an announcing sequence 73 of H-stopping times, for instance,

T;:inf{tZ’ﬁZA?Z@—%

Though in the present setup F* = G, this double notation will appear useful in what follows.
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Therefore the H-martingale hazard process A? of 75 coincides with the H-predictable process D? =
L(r,<4y. Let us set 7 = 71 A 72. In the present setup, it is evident that 7 = 71, and thus the
H-martingale hazard process A of 7 is equal to Al. It is also equal to the sum of H-martingale
hazard processes of 7;, i = 1,2, stopped at 7. Indeed, we have

A _ Al _ Al 2
Ainr = At/\T - At/\T + Dt/\T'

This property is universal (though not always very useful).

2.6 Infimum and supremum, general case

In this section we investigate an elementary example, which proves than the dependence of the
intensity with respect to the filtration is a delicate tool. We study the case where two random
times 7; are given on probability space (2,G, P), endowed with a reference filtration (F;,t > 0).
As usual, we denote by D? the process D} = 1,,<;. We denote by D} the o-algebra generated by
(Di,s <t), and F} = F; VD: The random time 7 is the infimum of the random times 7;, i.e.,
T = 71 A T2, D is the associated default process. We introduce the filtrations Dy = o(Ds, s < t)
G = FV Dy, Hy = Fy vV D} v D2 We shall also use, as before, the notation G' = F*. Obviously,
Fi C Fl C Hy, Ft € G C Hy. Now, our aim is to make precise the links between the different
intensities, i.e., the processes A%, \, 1, ; defined as below (in case of existence)

The first group consists of F-adapted intensities

(1) For any i = 1,2, the process A is the F — G'-intensity of 7;, i.e., a F-adapted process such that

. tAT; . ) ) t
Dy — /0 Aids is a F'-martingale, A} = /0 Agds.

tAT

(2) The process A is the F — G-intensity of 7, i.e., a F-adapted process such that D; — / Agds
0

¢
is a G-martingale, A; = / Asds.
0 )
The second group consists of F*-adapted intensities
(3) For any pair (7,7) Witt}/l\’i # j the process ¢' is the F* — H—intensi;cy of 75, i.e., a F'-adapted
. Tj . . .
process such that D] — / ’ p.ds is a H-martingale for j # i, ®} = / peds.
0 0
) ) ) IZA
(4) The process " is the F* — H-intensity of 7, i.e., a F'-adapted process such that D; — pids
0
. t .
is a H-martingale, ¥} = / Peds.
0

We know that the three first processes are easy to characterize with hazard processes.

Computation of A’

Let F} = P(r; < t|F;), and F' its compensator (i.e. the increasing process such that F — F is a
dF?

1
1—Fi "

] t
F-martingale). We assume for simplicity that F' is a continuous process. Then A} = /
0

the case where F" is increasing, Al = —In(1 — F}).
Computation of A

dF,
1-F,

t
In the same way, denoting F; = P(7 < t|F;), we have Ay = /
0
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In the case where D} and D? are independent conditionally with respect to F, then (1—F1)(1—
F?) =1 — F. Moreover, if F'" are increasing, A; = A} + A2

Computation of &°
t dH!
o 1—H}

Finally, if H} = P(r; < t|F}), then ®} = . The computation of H' leads to
P(Tl > 1,10 > t‘}—t)

1—H! =1, <«P(1ro > t|F: V 1
t 1<t (7—2 | t U(Tl))+ <71 P(Tl>t|ft)

In particular, on the set {t < 7}

[P(Tl > 1,79 > t|.7:t)]2
P(’Tl > t|ft)P(7'2 > t|.7:t) '

(1-H)(1 - H}) =

In the case where D} and D? are independent conditionally with respect to F;, then (1 — H})(1 —
Ht2) =(1- Ftl)(l - th)-

Computation of U’

The computation of ¥ can be done using other tools. On the set {¢ < 7}, using that martingales
are stable by additivity, we get

Ui =9f = oy + ¢}
It is important to notice that the knowledge of the processes 1" requires the computation of processes
o, therefore the knowledge of information after time 7. This is the approach used be Duffie [9].

2.7 Correlated default time
Let us study the case

' =inf{t : A} = /Ot Aids > '}
where the joint distribution function of ©!, 02 is

®(z,y) = G (2)G*(Y)[1 + a(l - Gl(x))(1 — G*(y))]

In that case, if 7 = 7 A 7o, the F-hazard process of 7 is

Fy = P(1 < t|F) = ®(A},A?).
In the case G1(7) = G%(z) =1 —e%, A\ = \2

F=(1- efAt)2 (1+ ae*ZAt) .
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Chapter 3

Optimal portfolio

This chapter deals on optimal choice of investment strategies and is mainly an introduction to the
portfolio insurance. The main part of this survey is taken from a survey Dana -Jeanblanc.

Optimal portfolio-consumption problems have been studied in finance for a long time. We shall
show that not only there is a strong relation between absence of arbitrage and existence of an
optimal solution but solving a portfolio-consumption problem provides a way to price any asset.
Indeed assume that there is a family of underlying assets and that an extra asset is introduced in
the market and that the investor’s demand for that asset is zero while his consumption and portfolio
demand for the other assets is as before, then we shall show the asset may be given a viable price.
Furthermore the study of investors demands is the first step to the analysis of how prices depend
on the fundamentals of an economy that we shall develop in next section. We consider a financial
market with two assets, a riskless one with interest rate r and a risky asset with price S at time 0
and Sy with

P(Sl :’LLS) :p,P(Sl :dS) =1 —pP.

A utility function U is given. Let us recall that a utility function is a non decreasing function, i.e.,
U'(xz) > 0) -preference for more than less- and concave, i.e. U”(z) < 0 -risk aversion. The aim
of the agent is to choose a portfolio, in order to maximize its expected utility of terminal wealth
under the budget constraint of his initial wealth z, i.e.,

max E[U(X5%)]

3.1 Discrete time

3.1.1 Two dates, 2 assets, complete case
First approach

The budget constraints writes
x=00+0,5.

The terminal wealth is

Oo(1+7r)+61uS = z(1+7r)+61S(u—1—r) Upper state

z,0 __ _
X% =0y(1+7)+ 015 = { Oo(L+7)+61dS = z(1+7r)+60,S(d—1—7r) Low state

Hence
EUX®N =pU(z(1+7)+0:S(u—1—7))+ (1 —p)Ulz(1+7)+6,Sd—1—7)]

39
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and the maximum is reached for #; such that the derivative with respect to 61 equals O :
pS(u—1—r)U[z(1+7)+6,S(u—1—7)]+(1—=p)Sd—1—r)U'[z(1+7)+6,5(d—1—71)].
This can be written as

pS1(u) U (zy) + (1 = p)S1(d) U'(zq) = S(A +7)[pU'(zy) + (1 — p) U'(x4)

qu S1(u) + g4 S1(d) = S(1+7)

with
q pU' (zy)
“ pU'(zu) + (1 = p) U'(za)
w = (1 —p)U'(zq)

pU'(zu) + (1 = p) U'(2q)
Let us remark that
Gu>qd € [0,1],qu + qa =1
so that
qu S1(u) + qa S1(d) = Ey4(Sh)
and. from
Ey(S1)=S1+r)
we deduce that ¢ is the risk neutral probability that we have defined in the first lecture

(31) du= (1 +7)—d).

Note that we can write
Eq4(51) = Ep(LSh)

where L is equal to p/q, in the up state and to (1 —p)/qq = (1 —p)/(1 — ¢,) in the low case.
Why we need utility functions? The problem

max E(X%Y)

is equivalent to
Mazx{x(1+7r)+61[E(S1) — (1+7r)]}

and has no solution, except if there are constraints on the portfolio.

Second approach

In a first step, one determines the optimal terminal wealth in each state of nature. This will give
us a target to reach, or a payoff to hedge, which will be possible due to the completeness of the
market. Let x,, and x4 the value of the terminal wealth. The problem is to maximize

pU(zu) + (1 = p)U(za)

under the budget constraint. We know (first chapter) that there is a strong relation between the
terminal value of a portfolio and the initial value

xr = m[ﬂ'l'u + (1 — W)l'd]



November 4, 2003. M.J 41

where 7 is the riskneutral probability. Hence our problem is to find a pair x,, x4 such that

1
max pU(z,) + (1 — p)U(zq) under the constraint = = T r [Ty, + (1 — )y

We obtain using Lagrange multiplier

1
U =
PU (@) 147
1
1—p)U’ = 1-—
=PV @) = vi—(-m)
or
1 =n
Tu = (1+7“E)
1 1—=x
d ( 1+r1—p)
where [ is the inverse of U ,i.e.
1
X =1(v L)
147r

m -
where L is a random variable equal to — in the up state and to in the lower state and v is

adjusted in order to satisfy the budget constraint

= + — T =
xT 1 , Ty, Tq 1 ,

In order to find the portfolio, we have to solve

x, = a(l+r)+0uS
g = o(l+r)+0dS.

Ty — T
h 0= ———.
ence, 9 —dS

3.1.2 Two dates Model, d + 1 assets

We consider a two dates financial market where uncertainty is represented by a finite set of states
{1,...,k}. There are d + 1 assets. The notations are those of the pricing and hedging chapter.
We assume here that assets pay in units of a consumption good. Let us consider an investor with
endowment e at date 0 and e;(j) at date 1 in state j. At date 0, the investor buys a portfolio 6
and consumes ¢y without running into debt and consumes c¢;(j) at date 1 in state j. The set of
feasible consumptions-portfolios for the investor is

ey > Co—|—zg:09i St
e1(j) > a(j) — S0 di(j) , je{l,....k}

Define the set of feasible consumptions by

B(S) = {ce RM™; 360 ¢ R, fulfilling (i) et (ii)} .
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Let us further assume that the investor has a probability u over states and that he is a von-Neumann
Morgenstern maximizer, with utility function over feasible consumptions

k
u(cg, €11, -- -, c16) = wvolco) + @ Z pjvi(ery) = volco) + ok, (vi(er))
i=1

with vg et vy strictly concave, strictly increasing, C? and o the discount factor. It may easily be
proven that there exists an optimal portfolio-consumption solution iff there is no-arbitrage in the
financial market. It follows from the first order conditions that

k *

St = ap () d'(j) -

j=1 7)6 (03)

In other words, the market value of an asset is its payoff value at state price 3 with §; =

v (et
5 UI/((;‘] ) . The j-th state price is therefore proportional to the probability of the state, to
the discount factor and is higher in states where the optimal consumption is scarcer. Equivalently,

one also has: D
1 _ aEﬂ(Ul(ﬁ))
1+4+r v (ch)
1 Eu(vi(ch)d)
L+7r Eu(vi(c))

The risk-neutral probability in state j is therefore proportional to the marginal utility of the optimal

S =

consumption in state j. If the investor was risk-neutral (v = cste ), he would pay 1'1 at date
r

py  wvi(ery)
L+7r Eu(vi(e))

0 to get one unit of good in state j. As he is risk averse, he is willing to pay,

3.1.3 Incomplete markets

Assume that a contingent claim with payoff z is introduced in the market. Assume that the
investor’s demand for that contingent claim is zero and that his consumption and portfolio demand
for the other assets is as before. It follows from the first order conditions that the price S(z) of the
contingent claim is

Zaﬂj Ul )) ()

v (ch
We may further write

z) = Eu(z) = cov, (vi(e}), 2
) = T U B ey e () )

Let R(z) = % be the contingent’s claim return and r be the riskless rate, we then have
z
By (R(2)) — (L4 7) = — covy (R(z), =)
g g " Eu(vi(e))

Contingent’s claim risk premium is therefore positive (resp. negative) if its payoff is negatively
correlated (resp. positively) with v'(c}).
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3.1.4 Complete case

For further use, let us lastly compute the optimal consumption-portfolio in the case of complete
markets. In that case, there exists a unique risk-neutral probability 7, the feasible set is simply

k k
1 1 .
B(S) :{CEIRI_?_I | CO“‘mE 7Tj¢1j§60+41_’_7, E :ﬂ'jel(])}
j=1 J=1

The investor’s problem is therefore a ”one constraint” demand problem

k
max  vg(cg) + « Z pjvi(c1;) under the constraint
] 1
co + 7275613 <eg+ 72@61

Let Iy : Ry — IRy (vesp. I : IRy — IR;) be the inverse of v{ (resp. v}). Then, using the
Lagrangian

ATy =1,k

e
J

where A is the unique solution of the equation

1 k AT}
Io(\ L | —— —
o )+1—|—7“Z 1 (ujoz(l—i-?“)) o+ ijm

=1

The optimal consumption is therefore a decreasing function of the risk-neutral density. The optimal
hedging portfolio §* is obtained by solving Df* = c] — e;.

3.1.5 Multiperiod Discrete time model

Let us now study the case of NV trading dates. Let us consider an investor with endowment e,, at
date n. At date n, the investor buys a portfolio (a,,#,) and consumes ¢, under the self-financing
constraints:

ent+an1(14+7r)"+0,-1-(Spn+dp) =an(1+7r)"+60,-Sp+cn, 0<n<N-1

ev +an_1(1+ T)N +0n_1-dy =cN

(We have assumed that Sy = 0). Let us further assume that the investor has a probability
u over states and that he is a von Neumann Morgenstern maximizer, with utility function over

feasible consumption processes u(co,...,cn) = E, [Z a™v(cy ] with v strictly concave, strictly

increasing, C? and « the discount factor. Eliminating consumptions, the investor maximizes the
indirect utility of a strategy

N-1
E, [Z av(en +an1(14+7)"+0p-1-(Sp+dn) —an(l+7r)"—0,-S,)
n=0

E, [OéN vieny +an_1(1+7r)N +0n_1- dN)}
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It may be proven that there exists an optimal portfolio-consumption solution (o, 0%, ¢ )N iff

there is no-arbitrage in the financial market. It follows from the first order conditions that

i aB[v'(c;)(Sy, + dy) | Fni] aBu' ()1 +r)" | Fol

= d 89, =
e v'(chq) o el v'(chq)
Let 5’}1 = %, Jil = % be the discounted price and dividend processes of the i-th asset and
n
éﬁl = Z J@ + S’fl be the discounted gain. Equivalently we have:
(=1
G BE)C | Fil
" Eu[v'(ch) | Fnl
The gain process is therefore a martingale. It easily follows that
E. Y o "ded'(c)) | Ful
S:Z _ N>l>n , 0<n<N

v'(c;)

3.1.6 Markovitz efficient portfolio

Markovitz assumes that investors are risk-adverse and that the measure of the risk is the variance
of returns. More precisely, assume that the underling assets are random variables S;(1),7 < d at
time 1. The return of the i-th asset is the r.v.

d d
A portfolio (§ = (6;,7 < d)) has value Z 6;5;(0) at time 0 and Z 6;5;(1) at time 1. The return of
i=0 =0
the portfolio is

6;5;(0)

x

where z is the initial wealth and m; =

d

asset.(Note that Zm = 1). Hence, denoting by p; the expected return of the i-th asset and
i=0

oi; = Cov(R;, R;) (these quantities are supposed to be known) the expectation of the return is

is the proportion of wealth invested in the i-th

d
E(R(r)) =Y mE(R;) =Y mip;
] i=0

while its variance is

VarR(m) = Z 0 -
1,J

In the Markovitz approach, the aim of the agent is to find the portfolio with the smallest variance
between portfolio with the same expected return, or the portfolio with the largest expected return
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between all portfolio with a given variance. It appears that there exists a relation between these
two quantities.

Plotting the curve (variance, expectation) leads to a hyperbolic curve when there are no riskless
asset and to a line when there are a riskless asset. Moreover, this line is tangent to the hyperbole

associated with the risky assets. It can be shown that this approach is linked with a utility function

of the form u(x) = z — az?.

3.2 Continuous time models. Maximization of terminal wealth in
a complete market.
3.2.1 A continuous time two assets model

As in Black and Scholes’ model, there are two assets, a bond with price S = e™ and a risky asset
with price
dS; = St(udt + O'Cth) , Sp=s.

Then, the market is complete. If an investor holds portfolio (a4, 8;) and consumes at rate ¢; at time
t, his wealth V', with V; = atS? + 0:S; evolves according to the stochastic differential equation

(32) d‘/t == atS?rdt + thSt - Ctdt == T‘/;gdt + Gt(dSt - ’I"Stdt) - Ctdt,

due to the self financing condition dV; = aydSY + 6,dS; — cydt.
Assume that his objective is to maximize

Ep (U(VT)+ /0 Tu(cs)ds> :

where u and U are strictly increasing, strictly concave and sufficiently differentiable functions. We
shall solve this problem by two methods. The first one, called the martingale method is very useful
to compute the optimal consumption and terminal bequest in a complete market, while the second
called the dynamic programming method gives the hedging portfolio.

3.2.2 Historical probability
Let L; = exp|—xWy — %ﬁt]. Using It6’s formula, the process
VL,
can be shown to be a martingale. Therefore, its expectation is constant. In particular,
(3.3) E(e7TLyVr) =2

This is the budget constraint.

Reciprocally, if a positive random variable (the terminal wealth that the agent would like to
obtain, or the payoff he would receive) V7 is given such that (3.3) holds, thanks to the martingale
property the current wealth is given by via

VtLte_Tt =F (e_rTLTVTU'—t)

and the portfolio which hedges this terminal wealth is given via a representation theorem. I other
words, the market being complete, it is possible to hedge he contingent claim H = V.
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Solving the problem
The Lagrangian of the constrained problem is
Ep [U(Vr) =X (Ve Ly - x)] .
The first order condition is (the derivative with respect to the terminal wealth equals 0)
U'(Vf) = Ae ™" Ly
where X is such that the budget constraint holds, i.e.,
E e Lo(U) " (A T Lyr)| = 2.

Hence V may more or less easily be computed from the above formula. The hedging portfolio
is much harder to be computed. It is obtained from a representation theorem.

Examples

If U(x) = In(z), then I(y) = y~!. The optimal terminal wealth is V7 = (Ae "7 Ly)~!, where the
parameter A is adjusted so that the budget constraint holds

Ee™TLrO0e™TLy) ) =2

or

A=1/x
The optimal wealth is obtained via
ViLie ™ = E (e Lo T Ly) Y F) = 1/A =@

i.e.
rtr—1
Vi=xe""L;

Hedging portfolio associated with the optimal utility for the log case. The optimal wealth is

1 1
Vi =ae" L = zexplrt + sW; + 55225] = zexp|rt + K2t] exp[kW; — §I€2t]

so that

dVi = [r+ &3Vidt + VikdW;
= rVidt + Vik[dW; + kdt] = rVidt + Vtg[oth + (n—r)dt]

= Vidt + Vi Sy[odWy + (u — r)dt] = rVidt + Vi—[dS; — rSydt]
oSy oSt

so that the hedging portfolio is 6 = V}%.It is interesting to remark that we obtain that e L; Lis
00t

the value of a portfolio. This is the so-called numeraire portfolio [12], [1].
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3.2.3 The Dynamic programming method

Let us now present the Dynamic programming method. The optimal portfolio is obtained in terms
of the value function that we shall next define. Assume that the investor’s wealth equals x at time
t and that he invests the proportion 7 of his wealth in the risky asset (this number is related with
the portfolio by 7X = 60S), then his wealth fulfills the stochastic differential equation

(3.4) dXP5T = p X0 ds + w1 XU [0dWs + (pu — r)ds], s >t
with initial condition X" = z. Let v the value function be defined by

v(t,z) = 8171rpE {U(X%x’w)}

where the supremum runs over the portfolio and where X%x’ﬂ is the terminal wealth of the investor.
The value function satisfies the dynamic programming equation

v(t, ) = supFE {’U(T, Xﬁ’x’”)}
for any time 7. When it is smooth enough, it fulfills the Hamilton Jacobi Bellman equation
1 v
% + Sgrp {(7’:1: + (u — 7)) % + 5027r2 8;v2} =0
(T, z) =U(z)

Therefore, the optimal portfolio 7* is the value of 7 for which the supremum is attained and is
the solution of a quadratic problem. Hence 7* is the function of wealth defined by the relation

— T ov 2'1) !
w(t,x) = —E 9 (1 0) (8(15,:6)) ..

o? Oz Ox?

In the particular case where U(x) = Inz, it may be proven that v(¢t,z) = p(t) Inz where p(t)
fulfills a differential equation, hence 7* is constant. The optimal portfolio is therefore to invest a
fixed multiple of wealth in the risky asset at all dates.

3.3 Consumption and terminal wealth

3.3.1 The martingale method

The aim of thia approach is to characterize the optimal terminal wealth and, in a second step to
reach this target. We have seen the power of the martingale approach to reach target.

Risk neutral probability

In the martingale method, one works under the risk neutral probability @ introduced before.
Denoting by V; = e "'V; the discounted wealth, the integration by part formula leads to dV; =

- t
0;Sie " o dWi+(pu—1)dt]—e "t eydt and V}—l—/ e "Pcgds is a Q-martingale. Indeed, as W} = Wy+kt
0

is a -martingale,

t t t
(3.5) e "V, + / e "Pegds = T + / Ose " PoldWs + kds] = x + / Ose” P odW;
0 0 0
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and the right member (hence the left member) is a @-martingale. Therefore, its expectation is
constant

T
(3.6) Eg (e_TTVT +/ e_’"scsds> =z
0
The left-hand side is Ep (HrVr + o Hocods) with Hy = RyL; where Ly is the Radon-Nikodym
density dQ/dP and Hy = e "'Ly = e "' Ep(Lr|F;). From Itd’s formula, we obtain
(37) dHt = —Ht(T’dt + :‘ith)

Reciprocally, if a positive terminal wealth Vp and a consumption process are given such that
(3.6) holds, thanks to the martingale property the current wealth is given by

T
Vie "t = Eq (erTVT +/ erscsds|.7:t>
t

and the portfolio which hedges this terminal wealth and consumption is given via (3.5). Let us
remark that this method allows us to avoid the positive wealth constraint : as soon as the terminal
wealth is positive, the value of a self-financing portfolio which finances some consumption is non-
negative. The investor thus faces a unique budget constraint on consumption and terminal wealth

(VT7 C)
T
x=Fp (HTVT +/ Hscsds> ,
0

Historical probability

1
One can avoid the risk neutral probability as follows : Let L; = exp 6W,; — 50215. Using It6’s formula,

the process

t
e_TtVtLth/ e " Lycyds
0

can be shown to be a martingale. Therefore, its expectation is constant
T

(3.8) Ele T LV + / e " Lscids | =x
0

This is the budget constraint. Reciprocally, if a positive terminal wealth Vr and a consumption
process are given such that (3.8) holds, thanks to the martingale property the current wealth is
given by via

T
ViLieT™ = F (e_TTLTVT +/ e_TSLscstU:t)
t

and the portfolio which hedges this terminal wealth and consumption is given via a representation
theorem.

Solving the problem

The Lagrangian of the constrained problem is

Ep [U(VT) + /OT u(cs)ds — A (VTHT + /OT H.cods — x)} )
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The first order conditions are

U'(VE) = AHp
u(ef) = MHy, Vi

where \ satisfies
T
E [HT(U/)l()\HT) +/ H,(u') Y (\Hy)ds| = =
0

Hence c; and V' may easily be computed from the above formulas. The hedging portfolio is much
harder to be computed. It is obtained from a representation theorem.

Examples

If u(z) = U(x) = 2°, then I(y) = y~ /9. The optimal terminal wealth is X% = (AH7p)~ /9, the
optimal consumption is ¢ = ()\Ht)*l/ 0 where the parameter X\ is adjusted so that the budget
constraint holds

T
E(Hp(\Hp)~Y/° +/ Hi(A\H)"Yodt) =
0
or

T
E(H; +/ H Y0ty = 2\
0

This condition reduces to the computation of E(H{*, with o =1 — (1/§). This can easily be done.
Indeed, from It6’s formula and (3.7)

1
dHY = oHX 'dH; + ol = 1) H? 2dH; - dH;
1
= —aH}(rdt+ rdWy) + safa - 1) H k2dt
1
= Hp[a(rdt + kdWy) + gala— 1)x2dt]

= Hta[ydt + ,Bth]

1
where v = a(r + 5(04 — 1)k?); therefore, H® is a geometric Brownian motion,

1
H = explvt + W, — 55225]
hence E(Hf') = et.

3.3.2 The Dynamic programming method

Let us now present the Dynamic programming method. The optimal portfolio is obtained in terms
of the value function that we shall next define. Assume that the investor’s wealth equals x at time
t and that he invest the proportion 7 of his wealth in the risky asset (this number is related with
the portfolio by 7X = 6S5) and that he consumes at rate ¢, then his wealth fulfills the stochastic
differential equation

(3.9) dXbome = p XETmCds + p XEOTC(0d W + (u — r)ds] — csds, s >t
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with initial condition X"*™° = z. Let the value function be defined by

c,m

r ¢
v(t,z) = supF {/t u(cs)ds + U(XT’QM’C)}

. : . ¢
where the supremum runs over the consumption-portfolio pairs and where X7"™¢

wealth of the investor. The value function satisfies the dynamic programming equation

is the terminal

U(t, .%') = supF {/ U(CS)dS + 'U(T, X;f_,z,ﬂ',C)}
t

c,m

for any time 7. When it is smooth enough, it fulfills the Hamilton Jacobi Bellman equation

2
%4—801717?{(7“95—0—#(/;—7")77)%—%;027722;2}—i—u(c)} =0
(T, z) =U(x)

Therefore, the optimal portfolio 7* is the value of 7 for which the supremum is attained and is
the solution of a quadratic problem. Hence 7* is the function of wealth defined by the relation

-1
. w—rov 0%v
T (t,z) = _T%(tvl‘) ((%g(t’ﬂﬁ)> ;

We emphasize that the optimal consumption is obtained via the optimal wealth.

In the particular case where U(z) = u(z) = 2°,0 < § < 1, it may be proven that v(t, z) = p(t)z
where p(t) fulfills a differential equation, hence 7* is constant. The optimal portfolio is therefore
to invest a fixed multiple of wealth in the risky asset at all dates. The optimal consumption is also
a fixed multiple of the wealth.

5

Generalization

Suppose that there are d risky assets in the market which prices fulfill the following stochastic

differential equation
d

dS; = Sj(bidt + > 0 ;dW}), 0<i<d
j=1
The methods mentioned above may still be used. The dynamic programming method leads to an
optimal portfolio defined in terms of the value function

v 2y -
T = —(O'O'T)_l(b — rl)%(t,x) (gﬂ“’ x))

where b (resp. 1) is the vector with coordinate b; (resp. 1), o is the matrix 0;; and 7 € IR? is
the vector of fraction of wealth invested in the risky assets. The optimal portfolio 7} is therefore
proportional to the vector (co)~1(b—r1). Hence we obtain a mutual fund result: if the investor
is a von-Neumann Morgenstern maximizer, then he will invest in only two assets, the bond and
the risky fund (o0?)71(b — 71). This result which doesn’t require mean variance utilities, was
originally obtained by Merton at the end of the sixties and was one of the first example of the use
of continuous time models in finance.
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3.3.3 Income

If the agent gets an income (e;,t > 0) in continuous time, its wealth evolves according to
dVy = rVidt + 6 [odW; + (p — 7)dt] — cpdt + epdt

hence
T
Vie "t = Eg <€_TTVT +/ e " (es — es)ds\}"t>
t

The constraint of positive wealth at any time is now binding.
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Chapter 4

Portfolio Insurance

This chapter is a detailled version of the paper “ Optimal portfolio management with American
capital guarantee” by Nicole El Karoui, Monique Jeanblanc, Vincent Lacoste.

The aim of the paper is to investigate finite horizon portfolio strategies which maximize a
utility criterion when a constraint is imposed to a terminal date (European guarantee) or for
every intermediary date (American Guarantee). Classical automatic strategies such as the Cushion
method - also known as Constant Proportional Portfolio Insurance - as well as the Option Based
Portfolio Insurance are studied. In the case of a European guarantee, we prove the optimality
of the OBPI method for CRRA utility functions. We then focus on the extension of the OBPI
method to the American case, and we prove the strategy based on American puts to be optimal for
the maximization of an expected CRRA utility function criterion with American constraint. The
solutions are fully described in a Black-Scholes environment as well as in the more general case of
complete markets. Finally, all the results are extended to general utility functions.

4.1 Introduction

A large choice of strategies are offered to fund managers. The most celebrated and the simplest
one is the Buy and Hold strategy, where in reference to an investment horizon, a well-diversified
portfolio (for example an Index portfolio) is tailored, without readjustment before the end. Using
dynamical strategies readjusted according to market evolution can improve the performance, but
in both cases, the portfolio might support large losses, as in October 1987, or 1998. In order to
avoid large losses the manager may decide to “insure” a specified-in-advance minimum value for
the portfolio, which implies to give up some potential gains. Legal constraints may also impose to
institutional investors that the liquidative value of specific funds never drops below a threshold at
any time up to the horizon. For these reasons and many others, such as the increasing number
of pension funds, practioners as well as academics have recently paid a particular attention to the
problem of portfolio protection.

Along these lines, it is noticeable that Leland and Rubinstein (1976) [10], by referring to the
option replicating strategies, introduced the OBPI (Option Based Portfolio Insurance) strategies,
using traded or synthetic options. Later on, Perold and Sharpe (1986) [15] and then Black and
Jones (1987) [3] developed automated strategies among which the Cushion method (also known as
the Constant Proportion Portfolio Insurance method) has become very popular among praction-
ers. Both methods guarantee that the portfolio current value dominates the discounted value of a
pre-specified final floor.

95
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More generally, practioners have well understood the separation principle which was introduced
by Markowitz (1959) [12] and extended by Merton (1970) [13] : the asset allocation is made opti-
mal through the use of two separate funds, the first one being a combination of basic securities, the
second one being the money market account. Merton assumed only that the terminal liquidative
value of the fund is non-negative. More recent papers (see for example Cox and Huang (1989) [4])
have extended this result to an often called three fund separation principle, when an extra insur-
ance is required by the investor. A third fund is added to Merton’s funds, which pays a derivative
written on the fund depending on the basic securities. The OBPI method is an application of such
a separation principle. More recently, various authors have proposed dynamic fund strategies in
the case of American protection (see Gerber and Pafumi (2000) [6] and Boyle and Imai (2000) [2]).
The main results of the present paper are firstly to extend the three fund separation principle to
an American constraint, secondly to fully describe the optimal dynamic portfolio in a most general
framework.

The paper is organized as follows: in the second section, we recall the classical CPPI and OBPI
portfolio insurance methods, which are intensively used by practionners and compare their respec-
tive terminal performances. The third section focuses on the maximization of an expected utility
criterion, over all self-financing strategies which value satisfies a European constraint. The Put
Based Strategy written on the optimal portfolio solving the unconstrained problem is proven to be
optimal for CRRA utility functions. In such a case, the three fund separation principle appears to
be strictly valid. The fourth section the extension of the OBPI method for the fund to satisfy an
American rather than European constraint : the strategy is based on American put options. In
order to remain self-financing, we introduce a path dependent gearing parameter. As a result the
amount invested in the risky assets increases when the value drops below a given exercize bound-
ary. The description is first done within a Black-Scholes environment. The fifth section extends
this result to the more general case of complete markets using the properties of American options
developed by El Karoui and Karatzas (1995) [5]. The optimality of the strategy is then proven for a
CRRA utility function criterion. In the sixth section, we extend our optimality results to a general
class of utility functions. It is shown that the non linearity of the unconstrained optimal portfolio
with respect to the initial wealth makes the OBPI still optimal, but the strategic allocation is
changed through the initial cost of the protection.

Importantly enough, all through the paper, we set the problem in the general framework of com-
plete, arbitrage free and frictionless markets.

4.2 Classical insurance strategies

4.2.1 Strategic allocation and general framework

The first step in the management of investment funds is to define a strategic allocation related to
a finite horizon. According to the investor’s risk aversion, the manager decides the proportion of
indexes, securities, coupon bonds, to be hold in a well-diversified portfolio with positive values. An
example would be the efficient portfolio in the Markovitz setting, or the portfolio constructed using
the mutual fund result (See Merton [13, 14]), or the optimal portfolio introduced in section 4.3 of
this paper.

We denote by S; the t-time value of one unit of the Strategic allocation. Without loss of gen-
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erality, we assume that Sy = 1. An initial amount A > 0 invested at date 0 in the strategic
allocation evolves in the future following (AS;)¢>o.

At this step, we do not need to specify the dynamics of (S¢)i>0. Only recall that we have as-
sumed the market to be complete, arbitrage free and frictionless. The following assumptions give
the restrictions we impose on the strategic allocation :

Assumptions

Al. (S;)i>0 follows a continuous diffusion process, IR"-valued.

A2. All dividends and coupons are assumed to be reinvested, in such a way that the strategic
allocation is self-financing.

A3. At any date t > 0 we can find in the market zero-coupon bonds for all maturities T > t¢.

We shall use the following general characterization for self-financing strategies :

(SF) (X;,t > 0) is the value process of a self-financing strategy if and only if the process RX is a
@-martingale, where R is the discounted factor, i.e., Ry = exp (— fg T(s)ds) and @ the risk-neutral
probability measure.

4.2.2 European versus American guarantee

We now focus on the second step for the manager which is to define the tactic allocation, that is
to manage dynamically the strategic allocation to fulfil the guarantee.

More precisely, we assume that the manager requires his portfolio to be protected against downfalls
of the strategic allocation, with horizon date T' > 0 and current floor value we denote by (K¢)o<t<7.
One example is to define a minimal final value for the fund, denoted by K1+ = K, being a percentage
of the initial fund value. In such a case, K defines the level of the capital guarantee proposed by
the manager (for e.g. K = 90% of the initial capital).

When the guarantee holds for the only terminal date T' (for e.g. T = 8 years for life insurance
contracts ; T = 5 years for French tax-free equity funds), the protection is said to be European.
Another type of contracts propose such a guarantee for any intermediary date between 0 and T
(this might be a legal requirement as for life insurance contracts). The guarantee is then said to
be American. In such a case the floor value is defined as a time dependent function (or process)

(Kt)o<t<T-

Remark 4.2.1 In practice, K; can either be pre-determined or related to a market benchmark.
When K; does not depend on a benchmark, the protection is said to be a capital guarantee. When
K, is marked on a benchmark, the fund proposes a performance guarantee : for e.g. Ky = a%,

where I; is the current value of an index, and « is a fixed proportion between 0 and 100%.

The present paper is more concerned with the first type of capital guaranteed funds.

Let us now consider the case where the current floor value K; equals the discounted value of a
final strike price K :
Ky = KBy,

where B; 1 denotes the t-time value of a zero-coupon bond paying $1 at time 7. A simple arbitrage
argument implies that the American guarantee then reduces to a European one. Let us remark the
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same situation holds for the performance guarantee if the index does not deliver dividends.

The following subsections present the two most classical insurance methods valid in such a Eu-
ropean case.

4.2.3 Stop loss strategy

This strategy is also said to be the “All or Nothing” strategy. It follows the following argument : The
investor takes a long position in the strategic allocation whose initial price Sy is, w.l.g., supposed
to be greater than K B(0,T).
At the first hitting time when S; < KB(t,T), he sells the totality of the strategic allocation to buy
K zero-coupon bonds. When the situation is reversed, the orders are inverted. Hence, at maturity,
Vr is greater than max(St, K).
The well known drawback of the method is that it cannot be used in practice when the price of the
risky asset fluctuates around the floor Gy = K B(t,T), because of transaction costs. Moreover, even
in the case of constant interest rate, the strategy is not a self-financing since e "¢ sup(S;, K B(t,T))
is not a martingale. Indeed, the value of this strategy is greater than K B(¢,T'). If such a strategy
is self financing, and if there exists 7 such that its value is equal to K B(7,T), then it would remain
equal to K B(t,T) after time 7, and this is obviously not the case. (See Lakner for details) In other
terms,

e "sup(Sy, KB(t,T)) = x + martingale + L,

where L is the local time of (S;e™"%,t > 0) at the level Ke 7.
Sometimes, practitioners introduce a corridor around the floor and inverse the strategy only when
the asset price is outside this corridor. More precisely, the tactic allocation is

Sillier, + (K — €)lp <icry, + Stllmy<icry + - ..
where

Ty = inf{t : ;<K —€}, To=inf{t : t >T1,5 > K + €},
T3 = inf{tit>T2,St§K—€}...

The terminal value of the portfolio when the length of the corridor tightens to 0 can be proved to
converge a.s. to : Vp = max(Sp, K) — L&, where L represents the local time of (S;,t € [0,7])
around K. We do not provide a proof of this standard result

4.2.4 CPPI strategy

The Constant Proportional Portfolio Insurance was introduced by Perold and Sharpe (1986)[15]
and Black and Jones (1987) [3]. The manager finances the protection by taking a long position on
K zero-coupon bonds, and dynamically manages the cushion C; = V; — KB, where V; denotes
the current liquidative value of the protected fund.

The cushion is managed in such a way that the proportion of the wealth currently invested in
the underlying strategic allocation (S;,t > 0) is a constant m proportion of the liquidative value.
The parameter m is usually called the leverage of the fund and it is often chosen in practise close
to 4.

More precisely, let us denote by (r4,t > 0) the short rate and by o, ¢t > 0) the volatility of the
strategic allocation (Obviously,  and o are suppossed to be adapted processes with reasonable
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T T
integrability properties, i.e. / rsds < oo,/ Ugds < 00, a.8.). A self-financing strategy with
0 0
leverage effect m evolves as
C
Cy = m—tSt + (1 - m>Ct

St
Cy .
and dCy = mgdSt + (1 — m)Cyrydt, or equivalently,
t
d
(41) dCy = Ct[Ttdt + m(% — T’tdt)].
t

From (4.1), the volatility of C' is mo?, therefore, using the positivity of C,

2.2 1
dln Ct = (Tt — m20t )dt +m (d In St + (50'152 — Tt)dt)
= —(m—l)(rt+%0§)dt+mdln&.

Hence, knowing that Sy =1,

Cr = Cy (STem1 Jo (”ﬂ"f)dt) , Co=1-KB(0,T).

4.2.5 OBPI Strategy

The Option Based Portfolio Insurance, pioneered by Leland and Rubinstein (1976) [10], similarly
with the CPPI method, has both actions : firstly to protect the portfolio value at maturity; and
secondly to take advantage of rises in the underlying strategic allocation.

The Put Based Strategy is to buy (or duplicate) a Put option to insure a long position on the
underlying strategic allocation (St)¢>o.

The initial capital invested in the fund, supposed to be normalized at 1 and strictly larger than
K B(0,T) is then split into two parts, say A and 1 — A\, where A lies between 0 and 1. With the first
part, the manager buys at date 0 a fraction A of the strategic allocation, and with the remaining
part, he insures his position with a put written on his long position which current value is (AS¢)¢>0.
The strike price of the put option is K, being the final floor value for the fund.

Note that we have to require that 1 > KByt in order to obtain the existence of a portfolio
satisfying the terminal contraint.

Let us denote by P¢(t, K,T) the t-time price of an European Put with maturity 7" and strike
K written on one unit of the strategic allocation, where the superscript e stands for European.
Suppose that such options may be traded in the market for every strike K. In our case, the
market is complete and this condition holds since any bounded derivative may be replicated with
self-financing portfolio.

Remark 4.2.2 The put option can also be written as a put on ASt with strike price K following :
(K — AS7)T = A(X — Sp)*. It is noticeable that the strategic allocation has to perform above
K /X (note that A depends on K) for the investor to get more than its guaranteed capital. For
simultaneously small values of A and high values of K, K/ might become large, and therefore the
final payoff might look poorly attractive (see figure 1 for more insight).
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Hence, at maturity, the manager obtains a protected value for the fund :
Vr(\) = AS7 + (K — ASt)" = sup(\Sr, K).

The parameter A is usually called the gearing of the fund.

The value of A has to be determined at date 0, and it is to be adjusted by the budget constraint :
Vo(A) = A+ AP0, T, K/\) = 1.
Therefore A highly depends on the volatility market, through the price of the put option.
Proposition 4.2.1 There exists a unique e constant X, with 0 < A\ < 1 such that
A+ AP0, T,K/\) =1.
The strategy defined by Vi(\) = ASy + AP<(t,T, K/\) is the protected fund with terminal value
Vr(A) = ASt + (K — AS7)™ = sup(\St, K)
satisfies the budget constraint.

PrROOF: The liquidative value of the fund at maturity 7' : Vp(A) = sup(ASr, K), is an non-
decreasing function with respect to A valued in [K, +oo[ and satisfies

for A > N, 0< Vp(A\) — Vp(X) < (A= X)Sr.

From the no-arbitrage assumption, knowing that S; > 0 for all ¢ > 0, the 0 time value of this
protected fund Vp(A) is a non-decreasing function of A valued in |K By, +o0o[, and lipschitzian
with respect to A with a Lipschitz contant equal to 1. Indeed, if V(\) = Vp(XN) for A > N, then
sup(ASt, K) = sup(N' Sy, K), which implies that A < K. In that case, the terminal value of the
protected fundis equal to the guarantee in all states of the world, and its O-time value is given ky
K B(0,T) which is impossible since this quantity is assumed to be strictly smaller than 1.

It is obvious to check that A € [0,1]. O

Remark 4.2.3 When the dynamics of the underlying (AS;):>0 are assumed to be Markovian, the
value of an European put on S, P§(t, T, K) turns out to be a deterministic function of time ¢ and
current value of the underlying S;, which for the sake of simplicity we shall denote by P¢(¢,S;, T, K).
The function P¢(-,T,-) then solves the classical valuation Partial Differential Equation. The func-
tion AP°(t, Sy, T, K/\) whick represents the price of a Put option written on A\S with strike K
differs in general of the function P¢(t, ASy, K, T), except in the Black and Scholes framework where
the dependence with respect to the initial condition is linear.

The OBPI strategy can also be written using calls : the Call Based Strategy is to buy a Call, and
K zero-coupon bonds. Due to the Put-Call parity, for both Put Based and Call Based Strategies
the terminal wealth is :

V=K + (/\ST — K)+ = sup()\ST,K).

The residual initial wealth invested in the call is as for the CPPI strategy 1 — KBy 7. By a long
position on a Call, the manager takes advantage of rises of the underlying. Using similar notations
as previously for the put, the parameter A is adjusted such that :

(4.2) C$4(0) =1 — KBor.
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4.2.6 Comparison of performances

For those two different strategies, we can compare the performances (Vr — V;)/Vy or, equivalently
their terminal values Vpr. We know from the no-arbitrage condition that there does not exist a
dominating strategy in all states of the world.

Figure 1 charts the respective payoffs with horizon date 5 years of the CPPI method with leverage
2 and the OBPI method calculated with a floor value of 90% of the initial capital. The strategic
allocation is supposed to follow a Black-Scholes dynamics, with interest rate r = 5%, and annual
volatility o = 20%. The gearing of the OBPI is calculated such that the budget constraint (4.2) is
verified. It equals 94.60%.

Insert Figure 1 here.

Figure 1 shows that the CPPI method outperforms the OBPI for small or negative performances of
the strategic allocation. The OBPI becomes most profitable for medium performances. The expo-
nential form of the cushion implies that CPPI outperforms OBPI for much larger upper changes.
Figure 2 gives two other examples with lower and larger strike values, and a higher leverage m = 4
for CPPI.

Insert Figure 2 here.

Figure 2 shows that for small floor values, the OBPI method tends to a Buy and Hold strategy,
whereas the exponential form of the CPPI method used with a high leverage makes the fund out-
perform for very high performances of the strategic allocation.

When the protection goes to 100% of the capital, the OBPI drives away from the Buy and Hold
strategy, and looses part of the performance.

Next Figure 3 charts the dependence of the gearing parameter with respect to the strike level.
It is a decreasing function which tends to 0 when the strike tends to ﬁj. In this latter case, the
fund in both methods reduces a zero coupon. The cushion is nul, and therefore no investment is
done in the risky assets.

Insert Figure 3 here.

The following sections study the optimal policy to follow which maximizes an expected utility
criterion, and proves the OBPI to be most generally optimal.

4.3 OBPI Optimality for a European Guarantee

In this section, we study the optimal portfolio policy in the case of a European Guarantee, for
which the constraint holds only at the terminal date T'.

We now consider the risk aversion of the investor by the mean of an expected utility criterion
to be maximized under the subjective probability P. Given a utility function u (concave, strictly
increasing, defined on IRT) we compare E[u(Vr)| for the different strategies where the manager
allocates his wealth in financial assets.

More precisely, we are looking for an optimal solution of the program :

(4.3) max E[u(Vr)]; under the constraints Vp > K,and V5 =1,
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over all self-financing portfolios.

We prove the optimality of the Put Based Strategy written on an appropriate strategic allocation
I—y
x

1—7

in the case of a constant relative risk aversion (CRRA) utility function u defined as u(z) = ,

for all z € IRT, with v €]0,1[. The general case is studied in subsection 4.6.1.

4.3.1 Choice of the strategic allocation and properties

We choose the strategic allocation S as the solution of the free problem :
(4.4) max Eu(X7)); under the budget constraint X3 = \,

where A denotes the initial wealth. It is well known (see for example Karatzas and Shreve (1998)
[9]) that the terminal value X2 of the optimal strategy with initial wealth X satisfies the first order
condition® :

(4.5) E(/(X7)(X7 — X7)) =0,

for any X%, terminal value of a self-financing portfolio with initial value A.

Moreover, in the CRRA case, the optimal terminal wealth X% is proportional to the initial wealth,
i.e., X% = AS7, where Sp = Xilp is the optimal unconstrained strategy with initial value 1.

Remark 4.3.1 The linear property of the solution with respect to the initial wealth for a CRRA
utility function criterion allows to describe the optimal solution as a proportion of one unit of the
optimal strategic allocation. This justifies the fact the initial fund value has been previously chosen
equal to 1.

Consequently, we have : u/(X2) = A™4/(St). Hence, the first order condition (4.5) can be re-
written :

(4.6) E(u'(Sr)(X3 — X)) = 0.

4.3.2 Choice of the tactic allocation

As in subsection 4.2.5, we assume that the initial wealth 1 invested in the fund is split into two parts,
say A and 1 — A\, where X\ is the amount the manager invests in the optimal unconstrained strategy
(St)t>0. With the remaining part, the manager buys a European put option on his long position
(AS})¢>0 with strike K and terminal date T2. Therefore the insured portfolio, whose current value
is denoted by V; and which combines the two positions, satisfies at date T :

(4.7) Vi = ASp + (K — ASp)t = max(\S7, K) > K.
The parameter X is to be adjusted by means of the budget constraint :
A+ Pig(0) =1,
where P§¢(0) is the price at date 0 of the European put on the underlying (AS;)¢>o0.

Remark 4.3.2 The value of 1 — X is the initial cost of the insurance. This cost depends on the
anticipation of the agent only via the choice of the strategic allocation. In a bullish market, the
final payoff is ASt, to be compared with St.

!Consider the portfolio with terminal value Vr(e) = eX2 + (1 — €)X and write that € = 1 is the maximum of
Blu(ve()] : (£Elu(Vr(©)]),_, =0.

2Due to the assumption of completeness of the market, it is possible to find or duplicate put options with any
strike.
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4.3.3 Optimality of the tactic allocation

Proposition 4.3.1 The Put Based Strategy written on the optimal portfolio with no constraint
solves the optimization problem with European constraint for CRRA wutility functions. More pre-
cisely, if Vr is the terminal value of a portfolio with initial value 1 such that Vr > K and Vi is the
terminal value of the Put Based Strategy defined in 4.7, then :

A

Elu(Vr)] = Elu(Vr)] .
PROOF: The concavity of u yields to :
u(Vp) = u(Vr) < ' (V) (Ve — V) .
From equality (4.7) and the CRRA property of u we get :

o (V) = ' (ASt) A (K) = [N (S7)] A (K.

Since u/ (VT) > u/(K) is equivalent to Vr = K due to the constraint Vo > K and the decreasing
property of v/, we obtain :

[N (Sp)] AW ()] (Ve = V) = A7/ (Sp) (Ve — Vi)
— A\ (S7) — ' (K)] T (Vr — K).

On one hand, from the first order condition (4.6) written for A = 1, we have :
B[/ (St)(Vr = V)] = B[ (S7) (Ve — X1)] + B[ (S7) (X1 — V)] = 0,
and on the other hand, from the terminal constraint on Vr, the following inequality holds :
—E (A 7/(Sr) — o' (K)] (Vi - K)) <0,

Hence, E(u(Vr)) > E(u(Vr)). O

4.4 American case in the Black and Scholes framework
We now adress the problem of an American guarantee.

We first exhibit how to build self-financing Put-based strategies when (S;);>0 is known to follow a
Black-Scholes dynamics. The proof of the optimality of our strategy, written on the unconstrained
optimal portfolio is given for CRRA utility function in subsection 5.3. The result is extended to a
general class of utility functions in subsection 4.6.2.

In this section, the dynamics of the strategic allocation (S¢)i>0 are given by :

(48) dS; = St(T dt + O'th) , So =1,

where (W;>¢ is a Brownian motion under the risk-neutral probability (). The interest rate r is
assumed to be constant, as well as the volatility o.
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4.4.1 American Put Based strategy

By analogy with the European case, we introduce an American put on the position (AS)¢>0, where
A is now to be adjusted such that :
(4.9) 1= X+ Pi5(0),

where P{(0) is the price at time 0 of the American put on the underlying (AS;;t > 0), with strike
K and maturity 7. Note that by definition of an American contract P{q(¢) > (K — AS;)™, hence,
defining X; as the ¢-time value of a portfolio consisting in both positions on the strategic allocation
and the American derivative :
X; © A8, + Piy(t) > K.

However, the part of the portfolio which consists in the American put is not self-financing. Some
cash is needed to hedge the anticipated exercize as soon as the stopping region is attained, that is
after time o(\) where :

o(A) =inf{t : Pig(t) = K — \S;}.

4.4.2 Properties of the American put price

We recall some well known properties of the American put price in the Black-Scholes framework.
The price P§(t) of an American option on the underlying S is a deterministic function of time ¢
and current value of the underlying S;. We denote by P%(t,x) such a function, hence the price of
a put on the underlying (AS;, t > 0) is P*(t, AS;). By definition :

Pa(ty l.) = Sup EQ(K _ X7t-7x)+€7r(‘r7t))

TETt,T

where 7; 7 is the set of stopping times taking values in the interval [t,T] and X%x denotes the
T-time value of the solution of the Black-Scholes equation (4.8) which equals x at time ¢. Let us
denote by C the continuity region defined as C = {(¢,z)|P%(t,x) > (K — x)*}. In the Black and
Scholes framework, this continuity region is also described via the increasing exercise boundary
(b(t),t > 0) where b is the deterministic function defined as :

b(t) = sup{x : P(t,z) = (K —x)"}.

Therefore :

C=A{(t,z) : x >0b(t)}.

The function P%(t,z) satisfies :

O P(t,x) + %0%28”]3“(@ x) + red, P (t,x) — rP*(t,x) =0, V(t,z)€C,
(4.10) Pita)=K —x, ¥(t,z) ¢C,
P(t,z) > K —x, V(t, ),

and (smoothfit principle) 9, P*(¢,b(t)) = —1.
We introduce
Alt,2) e v+ Pt z).
The function A(t, z) is C? with respect to = and the second derivative admits only one discontinuity.
Moreover,
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introducing the operator £ defined as :
L 59
L=0+ 50 @ Ore + 120,,

we have :
A(t, x) K, for (t,z) ¢ C,
(4.11) LA(t,z) = LP%t,x)+rxz=rA(tz)for (t,x) € C,
LA(t,x) 0, for (t,x) ¢ C.

and 0, A(t,b(t)) = 0.
Let us consider A(t, A\S¢), which is the value of a long position on (ASt)¢>p and an American Put
on the underlying AS with strike K :

A(t,ASy) = ASy + P(t, \Sy) .
This process follows :

dA(EAS)) = AA(LAS)(dS; — rSdt) + LA(E,\S,)dt
= AA(AS)(dS) — 7Sudt) + T A AS) (e asyyecydi
= )\A(t, ASt)(dSt - ’I“Stdt) + TA(t, )\St)]l{)\Sth(t)}dt
(4.12) = P A(t,AS))dE + AA(LAS) (S — rSidt) — KT ys,<peydt

where A is the derivative of A with respect to the underlying value, i.e., A(t,x) = 0, A(t, x).
Therefore, from the condition (SF), the process (A(t,\S;),t > 0) is the value of a self-financing
portfolio up to the hitting time of the boundary. If the exercize boundary is reached before
maturity, the portfolio generates a continuous dividend rate r/K, which has to be re-invested in
order to remain self-financing.

4.4.3 An adapted self-financing strategy

We are now looking for a continuous and adapted non-negative process (A, t > 0) such that the
portfolio we denote by (V;)>o :

Vi NS+ POt ASE) = A(t, AeS))

is self-financing. We have recalled that the self-financing property holds in the continuity region
C. Therefore, we choose (A, t > 0) such that A is constant as long as A\yS; € C and such that
AtS¢ > b(t) in order to remain within the continuity region or at the boundary. Hence, the choice
of an increasing process® for A leads to :

At = sup(Ao, b(u)) = Ao V sup (b(u)) ;
u<t Su u<t Su

where )\g is to be adjusted to satisfy the budget constraint.

Proposition 4.4.1 Let (St)¢>0 follow a Black-Scholes dynamics (4.8).
(i) The strategy
Vi = A\eSt + Pa(t, )\tSt)7

3The choice of X\ as an increasing process is justified while dealing with optimality.Intuitively, A is increasing
because outside the continuity region the dividend rate rK can be reinvested in buying more stocks.



66 Insurance

is self-financing and satisfies Vi > K,Vt, where :

b(u
)\t = Sup()\0> é))v
u<t u

and g s adjusted by the budget constraint
Vo=Xo+P*0, ) =1.

When the constraint is active (V; = K), we have a null position in the strategic allocation.
(i) The terminal value of this strategy is

b
(4.13) Vi = ArSt + (K — A\pSt)t = sup <K, sup (Ao, éu))ST> )

u<T u

The final payoff Vr therefore has a path dependent lookback feature.

PROOF: Since (A¢)>0 is a continuous bounded variation process It6’s formula implies that :
dV; = [dA(t, )\St)})\:)\t + St(?zA(t, AtSt>d>\t .

Now, using that A increases only at the boundary and that the smoothfit principle implies that
0, A(t,b(t)) = 0, we get, as in (4.12) :

d‘/t = T‘A(t, AtSt)dt + )\tA(t, )\tSt)(dSt — TStClt)] — TK]lAtStSb(t)dt
+StA(t, AtSt)]]-)\tStzb(t)d)‘t .

We have noticed that AA(t, A\¢S¢) = 0 on the set {\.S; = b(¢)}. Therefore :

dVy = ’I”A(t, /\tSt)dt + )\tA(t, )\tSt) [dSt — ’I“Stdt] — Kr]l{)\tstgb(t)}dt .

b(t
The set {(t,w) : AS¢ < b(t)} is equal to the set {(t,w) : S; = E\)} and has a zero dP ® dt

t
b(t

measure, since the process §\) has bounded variation. Hence, from (SF), the portfolio (V;,¢ > 0)
t

is self-financing. O

The Put Based strategy described in Proposition 4.4.1 which is now proven to be self-financing
appears to be a good candidate for optimality. This will be established in Proposition 4.5.3.

Remark 4.4.1 The function A(¢, \;z) is solution of a Neuman problem (with the smoothfit con-

dition at the boundary). The probabilistic representation of this solution is the reflected process

b

at the boundaryi.e., St sup,, < éu)
u

4.4.4 Description of the American Put Based Strategy

The particularity of the strategy defined in proposition 4.4.1 resides in the adapted bounded vari-
ation process (A\¢)i>0. In practice, the manager of a fund who follows such a policy should increase
the gearing of the fund any time the strategic allocation drops below a given exercize boundary.
This implies in particular, refering to the first remark in subsection 4.2.5, that he has to adapt
continuously the strike level of the American put he currently holds. Indeed, the strike value of
the put written on Sy is K/\;. The same type of management is already known by academics and
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practioners who deal with lookback options (see Gatto, Goldman and Sosin (1989) for full details),
for which the hedging portfolio based on straddles has to be rebalanced continuously in order to
track the minimum of the underlying process (see equation (4.13) for a description of the lookback
feature).

Another practical implication of our result is that, even though fund managers have a global
position which is nul on the strategic allocation when the boundary is reached, they should not get
off the market when the market drops drastically. Considering that they should track the mini-
mum value of their strategic portfolio, they should firstly keep buying more stocks, and secondly,
rebalance their position on the put market.

Following figure 4 plots a bearish simulated path of the strategic allocation, simultaneously with
the modified position of the fund, namely (A;S;);>0. The unmodified position is also plotted, with
an initial gearing of 91.69% supposed to be fixed for the whole life of the fund. 91.69% is calculated
so that the budget constraint (4.9) is verified, with the same market conditions as for Figures 1
to 4 (o = 20%, r = 5%, T = 5 years, K = 90%). We also plot the exercize boundary of the
American Put, in order to make visible the control made on the fund position by means of the
gearing parameter.

Insert Figure 4 here.

Because of the downfall of the strategic allocation below the exercize boundary, the final gearing
parameter is 135.88%, much greater than the initial 91.69%.

Figure 5 compares the liquidative values of three optimal strategies : the Buy and Hold strat-
egy, the European Put Based strategy (which gearing was calculated in the previous section equal
to 94.6%), and our American Put Based strategy. The path followed by the strategic allocation is
the same as in Figure 4.

Insert Figure 5 here.

In the present case of a bearish market, the American strategy outperforms the other ones as soon
as the market drops below the strike price. Noticeably enough, the fund terminates with a positive
final performance of +17.16%, when the European strategy gets a negative performance limited to
—10% due to the capital guarantee, and the Buy and Hold strategy gets a negative performance of
—13.77%.

It is important to note that the sample has been chosen to illustrate the efficiency of the American
protection. In most cases, and in particular when the market is performing well, the order of per-
formances is inverted, the Buy and Hold strategy being the first one above the European guarantee,
and lastly the American one. In such a case, the cost of the insurance in terms of performance is
well quantified by the initial gearing parameters of 94.6% for the European case and 91.69% for
the American case.

Remark 4.4.2 Our strategy is close to the one of Gerber and Pafumi (2000)[6]. In their seminal
paper, the authors propose a protected level given by :

K
A = sup (08, 5
0<u<t u
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They derive a closed formed formula for the price of this guarantee in the Black and Scholes frame-
work. The main difference with our approach is that we use the American boundary instead of the
strike level. We also prove our strategy to mazximize an expected utility criterion as soon as the
strategic allocation in chosen in an optimal way.

4.5 American case for general complete markets

In the first subsection, we describe Put-Based self-financing strategies in the general case of com-
plete markets. In the second subsection, we prove, for CRRA utility functions, the optimality of
the strategy when the strategic allocation solves the unconstrained maximization problem (4.4).
The general case follows using the same tools and will be solved in the last section of his paper.

In order to build Put-Based self-financing strategies in the general setting of complete markets,
we use the Gittins index methodology, and we follow the ideas of El Karoui and Karatzas (1995)][5].
The starting point is that, if a family of processes, indexed by a parameter are martingales, then
the family of the derivatives with respect to the parameter are also martingales. The remarkable
result is that we obtain the same representation for the strategy as in the Markovian case (compare
equations (4.13) and (4.19)).

4.5.1 Price of an American put

We now suppose that S is an arbitrary continuous, strictly positive process, which represents the
value of a self-financing strategy. We assume, without loss of generality that Sy = 1. We denote
by @ the risk-neutral probability measure.

We introduce P/ (M), the American Put price on the underlying (AS;,¢ > 0) and strike K, de-
fined as :
PN = esssupTe%TEQ(RtT(K —ASH)T R,

where RY = R;/R; and 7T;r is the set of stopping times taking values in (¢,7]. Let us remark

that P(\) is decreasing with respect to A, PA(0) = K, P&(\) = (K — ASp)*t and that P*(\) >
(K — \S;)™. We denote by o(\) the associated optimal stopping time :

o) Y inf{u>0: PO = (K — AS.)*}.

The map A — o(\) is non-decreasing and right-continuous. From the value of Pg()\), we observe
that o(A) < T. We define, for ¢ < T, the stochastic critical price b; by :

b
U A, PEO) = (K = A8,
t
b
and we note v def gt We set bEF = K (in this general setting, it may happen that lim;_,p b; # K.)
t
We define the so-called Gittins index as the right-continuous inverse of o, i.e. :

Gt = sup 7y, fort < T,
0<u<t

and we set :

(4.14) Gt = ( sup ’yu> v 5
o<u<T
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Let us remark that, for t < 7T :
{Gy < A} ={o(A) > t},
and

(4.15) {GF <A} C {{o(\) =T}Nn{K < ASr}} C {GF < AL

Proposition 4.5.1 The price of the American put is :
(4.16) PS(N) = Fg(RrSr(Gh — \)*).

PROOF: From the envelop theorem® the supremum and the differentiation can be inverted (see [5]
for details), hence :

o pe
(M) = ~EQ(Ro(So Lixc=rs,,}) -

From the Q-martingale property of RS, we prove that the right-hand side equals :

—EQ(RTST) + EQ(RU()\)SU(A)HK<>\SJ(A)) .

On the set {K < AS,)} N{T > o(\)}, we would get P2y (A) = 0, which is absurd, therefore a(A)
is equal to T on {K < AS,(\)} and :

EQ(Ry(\)So(\ Lik<rs, ) = EQ(RrSTLk<nsr Lony=1) -
From (4.15), we deduce :

oP*

(4.17) EQ(RTSTII{G}->>\}) < e

(A) < EQ(RrSrlligisyy),

and by integration with respect to A of this inequality, it follows that the price of the American
put can be written as (4.16). O

Remark 4.5.1 The value of the American Put at any time ¢ can be obtained with the same ideas,
with the help of

oA inf{u >t : PO = (K — ASu)*},

and the Gittins index

K
Giy = sup 7y, foru <T, G;‘T =| sup w|V—=—.
t<f<u ’ t<0<T St

With this notation,

(4.18) P} (N) = Eq(RpSr(Gir — N|F) = Eq(Ry(SrG iy — AST) " | A1) -

“The envelop theorem states that, if a*()\) = argmaxf(a, \), then dxf(a*(\), \) = sup O f(a, \).
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4.5.2 Self-financing strategy

Proposition 4.5.2 The strategy
Vi = Sihe + P ()

is self-financing with terminal value
V=KV SrAr = ST(G}_ V )\0) .

and satisfies Vi > K, Yt when choosing ¢ such that :

(4.19) M=G V)= <sup bu) veeg ,

u<t Su

where \g is to be adjusted by means of the budget constraint Ao + P§(\o) = 1. When the constraint
1$ active, i.e., V; = K, we have a null position on the strategic allocation.

PROOF: From the Fi-measurability of \; and equality (4.18),
Vi = SeAs + Pta()\t) = EQ(St)\t + R%ST(GZ—T — )\t)+’~7:t)'
Using the martingale property of RS,

Vi = EQ(RpSrih+ (Gl — Mg oy ]IF)
(4.20) = EQ(RtTST[G:fT VA [F) -

From

sup (Yu) V' sup (yu) = sup (yu),
0<u<t t<u<T 0<u<T

we obtain G:T VA= GS:T V Ag. Therefore :
Vi = EQ(RpSt[Gor V Mol|F),

and the process RV is a @-martingale ; hence V; is the value of a self-financing strategy. In
particular,
Vr = ST[G({T vV )\0] =StAr VK.
by

K
From the definition of G = SUPyeo,7] (S> V o We find back the lookback feature noticed in
’ ’ t T

equation (4.13). O

At the boundary, i.e., when Pf()\;) = (K — A\S;)T, we obtain V; = K. Moreover, the Gittins
index is increasing only at the boundary. Therefore, as in the Black and Scholes framework, the
process \ is increasing with support included in the set {V; = K}.

4.5.3 Optimality

Let u be a CRRA utility function, and S the optimal strategy for the free problem (4.4) with initial
wealth 1 as defined in subsection 3.1.

In this subsection we prove that the process (V;,t > 0) defined in Proposition 4.5.2 is the optimal
portfolio for the problem with American guarantee.
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In order to give a precise proof, let us introduce the state price process (Hg,t > 0), such that
for all self-financing portfolios with value (X, ¢ > 0), the budget constraint can be written :

(4.21) Xo = E[Hr X7].

We recall that H; is the product of the discount factor exp(— f(f rsds) and the Radon-Nikodym den-
sity of the equivalent risk-neutral martingale measure () with respect to the subjective probability
P. We also know that the Market Numeraire M; = Ht_1 is a portfolio, namely M; is the optimal
portfolio to hold for an unconstrained log-utility agent, as deduced from following equation (4.22)
(see for example Long [11] (1990) or Bajeux and Portait [1](1998) for more details).

From optimization theory (see Karatzas and Shreve (1998) [9]), we know that the solution for the
free problem (4.25) with initial wealth Az, which we denote by X%x, satisfies the marginal utility
condition :

(1.22) W (X37) = (yMr) ™,

where y is a parameter (the inverse of the Lagrange multiplier) to be adjusted as a function of the
initial wealth Az by means of the budget constraint E(HpX)*) = Az .
In case of CRRA utility function, it is well known that X? = zX!.

Proposition 4.5.3 Let u be a CRRA utility function and S = X' be the optimal strategy for the
free problem with initial wealth equal to 1 and X\; the gearing parameter decribed in Proposition
4.5.2. The strategy

Vi = \Si + P ()

is the optimal strategy for the problem with American guarantee.

PROOF: Let (V;,t > 0) be any self-financing portfolio such that V; > K, Vt. From the concavity of
u:

w(Vr) — u(Vp) < o' (Vo) (Vp — V).

The same arguments as in the European case lead to :
o' (V) (Ve — Vi) = o' (Str) (Ve — Vi) — [/ (StAr) — o' (Vp)|H (Ve — K).
Then using that for a CRRA function u, v/(zy) = u/(z)u/(y), and that u'(S7) = vHp, we obtain :
u' (Spar) (Ve — V) = vHpu! () (Ve — V).

An integration by parts formula, and the fact that the process (u'(A¢),t > 0) is a decreasing process
provide :

R T . T A
(4.23) E(Hpu'(\r)(Vp —Vr))=FE (/0 u'(Ns) d(Hs (Vs — Vy)) +/0 H (Vs — V) du’(AS)> .

From the martingale property of HV and HYV, the first term in the right-hand side of (4.23) is
equal to 0. The process (u/'(\¢),t > 0) is decreasing with support {w,t : Vi(w) = K}, therefore :

T A~
E(/ Hy(K — V)dud'(\,)) = 0.
0
It follows that :

E (/OT Hy(V, - V) du’()\s)> _E (/OT Hy(K — ffs)du'()\s)> .
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T
The process A\ is increasing, hence F ( / Hy(Vs — K)du' ()\5)> is non-positive. Putting all the
0

inequalities together, we establish that

A

E(u(Vr)) = E(u(Vr)).

4.6 Optimality results for general utility functions case

4.6.1 FEuropean guarantee

For general utility functions, the linear property of the solution of problem (4.4) fails to be true :
the optimal solution depends on the value of the initial wealth. The concept of one unit of strategic
allocation therefore does not stand any longer, nor the concept of one unit of fund. We therefore
introduce a new parameter x > 0 being the initial fund value. Consequently we now consider the
maximization problem :

(4.24) max FElu(Vr)]; under the contraints Vp > Kx,and : V) = x,
and the free problem :
(4.25) max Eu(X))]; under the budget constraint X3% = Az .

We prove in this section that, nonetheless the strategic allocation cannot be defined independently,
a separation principle similar to Proposition 3.1 still applies : the optimal policy consists in invest-
ing an initial amount Ax in an optimal unconstrained portfolio, and protecting the fund by buying
a put with strike Kz on that position. Let us remark that A still represents the fraction of initial
capital invested in risky assets at date 0.

Recall the the solution of the free problem is (see 4.22) u/(X3*) = (yMr)~',. As we show in
our proofs, it is better to parametrize S with y rather than A and to refer to the strategic allocation
as :

(4.26) Sr(y) = (u) " (Hr/y).

The modified strategic allocation is given by :
(4.27) Si(y) = Eq(Ry [Sr(y)] |F) = Eq(Ry () [Hr/y] | F)
where @ is the risk-neutral probability and y is adjusted by means of the budget constraint :

Eq(RrSr(y)) + F5(S(y)) = =,

which is not linear with respect to y. Here P¢(S(y)) is the price of the European put with strike
Kz written on the underlying (S¢(y),t > 0). Therefore, the first order condition (4.5) takes the
form :

(4.28) E[Hp(Xr - Sr(y))] =0,

for any X7, terminal value of a self-financing portfolio such that Xy = Sp(y). Let us now consider
the Put Based strategy described in section 4.3 associated with the strategic allocation Sr(y) with
terminal wealth :

VE = max(St(y), Kz).
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Proposition 4.6.1 The Put Based Strategy written on the optimal portfolio with no constraint
solves the optimization problem with a European constraint for any utility function.

PROOF: The proof is similar to the CRRA case. Indeed, for any Vp terminal value of an admissible
strategy with initial wealth x satisfying the constraint Vr > Kz, we get from the concavity of u
and the definition of S (y) :

w(Vr) = w(VE) <o/ (VF)(Vp = Vi) = [y~ Hr Ad(Kw)| (Ve = VF)
The right-hand side of this last equation is equal to :
y~ He(Ve = VF) = [/ (Sr(y)) — o' (K2)] " (Vi — K2).
As previously, from the first order condition® (4.28) :
E[Hp (Ve — V)] =0,
and using the terminal constraint on Vr, we deduce :

Efu(Vr) — u(VF)] = ~B ([ (St(y) — o (Ko)]* (Vi — Kz)) <0.

4.6.2 American guarantee

We now deal with the maximization problem with American constraint. Again we follow closely
the method exposed in the CRRA case. The difference is the choice of the parametrization : we
now refer to the parametrized strategic allocation (see equation (4.27)) of the form :

Si(y) = Eq (Ry ()" [Hr /Y]l F:) -
Let us remark that S¢(y) is increasing with respect to y.

The process (R:;S¢(y),t > 0) being a martingale, the process (R:0,S:(y),t > 0) is also a mar-
tingale. The price of an American put on (Si(y),t > 0) is P*(y) = sup, EQ( R.(K — S;(y))") and
is decreasing with respect to y. As before, we have also P(y) > (K — S,(y))™ and P“( ) =K.

Let o(y) be the optimal stopping time :
o(y) = inf{u, P} (y) = (K — Su(y)) "},
and note that o is increasing with respect to y and that o(y) < T. Then :

Pi(y) = BQ(Ryy) (K — Sy (y)) ") -

For t < T let us note v = sup{y : P:(y) = (K — St(y))"} and G the right continuous inverse of
o(A) such that :

{o(y) >t} ={G: < y}.

Note that we obtain as before : Gy = sup, . Yu-

5This can be viewed as a budget constraint.
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Proposition 4.6.2 The value of the American put is

P(y) = B [Rr (51(GH) - 1)

i

where G; is defined in the proof below by (4.29).

PROOF: The derivative with respect to y of the American put price is :

P (y) 9S54 (Y)
ay = _EQ <R0(y) . ﬂK>SU(y) (y)
a5 y 85(7 (y)
= —Eq(Rr aTy( ))+EQ(Ra(y>§Z)ﬂsa<y>>K)-

We remark that, on the set {S,(,) > K} the stopping time o(y) equals T', therefore :

9P (y) ST (y) 957 (y)
By _E(RTTy) + E(RTTyﬂK<sT<y> Uo(y)=r)-
Setting
(4.29) Gr = supy V #(K),

t<T

where r(K) is defined via the increasing property of St (-) as :

k(K) = sgp{K > Sr(y)},

(i.e., y < k(K) if and only if K > Sr(y)), we get :

dS7(y) 951(y) 4 N oP*(y)
oy dy Cr<v = 9y

9St(y)

—B(Ry 5

)+ E(Rr

< -E(Rr

)+ E(Rr

Therefore, by integration with respect to y :

P(y) = Eq[Rr(Sr(G7) — Sr(y)"].

0ST(y)
dy

Insurance

Tie,).

Starting at time ¢, and working with Gy = sup;<g.,, Go and G{, = sup, . Gty V £(K) leads to :

P = EQ(Rp(Sr(Gyiy) — Sr(G0) | F)

Let us now define G; = G; V Ao, where g will be adjusted by mean of constraint budget.

Proposition 4.6.3 (i) The strategy
Vi = Si(Gh) + P{(Gy)

is self-financing, with terminal value Vp = ST(éT) vV K.

(ii) This strategy, based on the optimal strategy for the free problem is optimal for the constrained

problem.
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PRrOOF: We follow the proof of Proposition 4.4.1. Using the previous Proposition 4.6.2, and using
that, for any ¢, the process (RS, (Gt),t < u) is a Q-martingale, we can write, as in (4.20) :

Vi = EQ(Su(Gy) + Ry [St(Gify) — ST(G)I)|F) = E(RY[ST(G ) V S1(Gh)]| Fr) -

On the set ST(GZT) > S’T(ét), the increasing property of Sp(-) implies that GZT > Gy, hence
GZCT = G+ V X\o. On the complementary set ST(G:CT) < S7(Gy), the equality G;FT = G+ V Ao still
holds. Finally,

Vi = E(RTST(GT V M)l F1),

and result (i) follows.
The proof of optimality is the same as in Proposition 4.5.3. The only change to make is to replace
u'(StAr) by B N

W' (Sr(Gr)) = Hr/Gr

and to work with the decreasing process (G;)~! rather than u/()\;). This process decreases only at
the boundary, i.e. when V; = K, and we are done. O
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Chapter 5

Incomplete markets

5.1 Discrete time. Example
We use the notation of the chapter on hedging.
Let us study the following case in a two dates and 3 states of nature model: one riskless asset

with value 1 at time 0 and time 1 (i.e. we have chosen r = 0) and a risky asset with value 1 at
time 0 and value 3/2, 1 or 1/2 at date 1 (there are three states of nature : up, middle and down).

3/2

1/2

This market is incomplete: for example, it is not possible to hedge the contingent claim H =
(2,1,1). Indeed, an hedging strategy would be a pair («, ) such that

3

-0 = 2
a+2
at+0 =

1
9 =
a+2

which has no solution. The set of risk neutral probability is the set of (p1,p2,p3) such that

Di 2 07
p1 +p2 + D3 = 1
5 + p2 + ! =1

2291 b2 2]93 = .

79
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Therefore this set Q contains an infinite number of solutions

1
Q= {pi;p1=p3,p2=1-2p1,0<p; < 5}.

The fact that Q is not empty guarantee that there are no arbitrages.

5.1.1 Case of a contingent claim
Range of prices and super-replication
For H = (2,1,1),

3
sgp Eq(H) =sup(2p1 +p2 +p3) =sup(p1 + 1) = B

whereas
ingQ(H) =inf(2p; + p2 + p3) =inf(p1 +1) =1

3
The range of prices is the interval |1, 5[

3
Let us check that if the contingent claim H is traded at price p, with p €|1, 5[, it does not induce

arbitrage opportunity. Indeed, in that case, there exists a (unique) risk neutral probability!. Indeed,
the system

Di Z 07

p1+p2 + D3 = 1

3p1/2 +p2a+p3/2 = 1

2p1 + p2 + p3 = p.
has a unique solution

pr = p3=p—1¢€l0,1]

p2 = 3—2p €]0,1]

Let us check on that example that the upper bound of interval of prices is the superreplication
price. The superreplication price is defined as

p = inf{z : IHa,0) z=a+60,a+05 > H}

at+0/2 > 1
= inf{z : I,0) z=a+0,8 a+30/2 > 2}
a+ 0 > 1

We can solve this program by geometrical approach, leading to the solution
r=3/2,a=1/2,0=1

We also check that any price outside the range interval yields to an arbitrage opportunity. Let
p > 3/2 and assume that the contingent claim H is traded at price p.Take a short position on H,

'Let us recall the fundamental theorem of pricing : the market is arbitrage free if and only if there exists at least
a risk neutral probability, the market is complete if this risk neutral probability is unique
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buy one share of the risky asset and p — 1 shares of the bond. The needed initial wealth is 0, the
terminal wealth p — 1+ S7 — H is non negative in all states of world

3
p—14+=—-2=p—3/2

2 z 0
p—1+1—-1=p—1 > 0
p—1+1m—1:p—g > 0

The lower bound of range of prices is the buyer price, i.e.

sup{z : do,0,x =a+0,a+ 65 < H}

2
L
1

or
a+360/2
sup{x:ﬂa,ﬁ,xza—}—@ o+ 6
a+0/2

IAIAIA

which leads to
r=1lLa+60=1.

If p <1, a long position on H, a short position on S and holding 1 — p shares of the riskless assets
is an arbitrage opportunity.

Completion of the market

Moreover, if the contingent claim H is traded, the market is complete. Indeed, for any contingent
claim G = (a,b,c), there exists a portfolio (a, 0, 62), where thetas is the number of shares of the
contingent claim, such that

a+30/2 +20; = a

a+ 60+ 0 =

a+6/2+6; =

It is worthwhile to mention that hedgeable contingent claims do not complete the market, e.g.
G=(3,21).
Variance hedging

Here we set the probabilities of going up, or down equal to 1/3, i.e.,

. A portfolio with initial value h = a + 6 has terminal value a +60S; = h+60(S; — 1). Our aim is to
find a pair h,# such that the difference between the contingent claim and the terminal value of a
portfolio is small in the mean square sense, i.e. to find (h, ) to minimize E([H — h — 6(S; —1))]?).
The quantity E([H — h — 0(S; — 1)]?) equals

1/3[(2—h—0/2%*4+ (1 —h)?+(1—-h+6/2)%

The derivative w.r.t. 6 is 2/3[-1/2(2—h—6/2)+1/2(1 — h+60/2)] and is equal to 0 for # =1 The
derivative w.r.t. his —=2/3[(2—h—6/2)+ (1 —h)+ (1 —h+60/2)] = —2/3[4 — 3h] and is equal to
0 if 4 — 3h = 0. Hence, this strategy corresponds to an initial value equal to 4/3. (this value is in
the range of prices)
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Reservation price

The Hodges-Neuberger approach is based on an optimization problem. Suppose that an agent has
a utility function w. In the primary market (the riskless asset and the risky one), with an initial
wealth z, he solves its investment problem V'(z) = supy E(u(Xf’e)) where Xf’e = a+ 65 is its
terminal wealth associated with the portfolio («, 8) with initial value z = « + 6. If the contingent
claim H is traded at price p, the agent can take a short position on it, selling the claim at price p.
Then, its initial wealth is p + x = o + #. He manages this wealth, and has to deliver H at time 1.
Therefore, its terminal wealth is X*+7? — H = o+ 60S; — H and he solves the optimization program

V(r+p,H) = sng[u(Xxﬂ’ — H)]|.

The reservation price for seller is defined as the value of p such that
Vi) =V(x+p,H).
We now choice as an exemple u(x) = z®. In our case, X%¥ = x + 0(S; — 1), hence

E(U(Xx)) — é (x + %9)04 + 2%+ (.7} _ ;0)a:|

and the maximum is reached for § = 0, hence V(z) = z®. In the same way,

Blu(X™ — H)| = <[ +p+6/2—2)+ (z-+p— 1)* + (2 +p /2~ 1)°]

1
and the maximum is reached for § = 1, therefore V(x +p, H) = 3 [2(55 +p— g)a +(z+p— 1)6“}

The reservation price for an agent with initial wealth x and utility function z® is the value p such
that

1 3
x“:§ 2($+p—2)a+(az+p—1)a}

It can be checked that p belongs to the range of prices. In general, p depends on the initial wealth.

In a symmetric way, it is possible to define the reservation price for buyer as the value of p such
that
V(z)=V(x—p,—H).

Davis’price
Davis (1997) defines the price of the contingent claim H using a marginal rate : suppose that H
is traded at price p. An investor invests an amount of § in H and keeps this position till maturity.
_ 1)
His final wealth is X; %% + ZH. His investment program is
p
)

V (9, z,p) = sup E[U(Xx*‘w + EH)]
6

The fair price of H is defined as p* solution of

ov
%(0,]9,1’) =0.
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In our example,

_ 1) 1 1 0 o 1 0
Eu(X5 %+ ZH :{x—5+9+2 4 (r—64+ )+ (x—6+-0+- 0‘}
WX+ SH) = 3 | = 50420 4 =6+ ) (e b+ 0+ )
The maximum, w.r.t. 8 is obtained for # = ——. Then,
p
1 36, O 0 36,
V((S,{L‘,p)—3|:(l‘—5+2p) +(£L‘—5+;) +($—5+2p)]
The derviative w.r.t. §, for 6 = 0, is up to a constant factor
8
a—lg %
473 Qp]

hence the Davis’ price is p = 3/4. It can be checked that p belongs to the range of prices.

Shortfall

The superreplication price is too large for investors who can prefer to have some risk. They can
choose to trade the contingent claim at price

inf{z : 30,0, P(X* > H) >1—¢}
In our case, only three values of € are relevant. Let us choose ¢ = 1/3. In that case, we chose to
superhedge in two states of nature, mainly

a+30/2 > 2
(1)two upper states { a6 S 1 *= l,a=-1,0=2
at+6 > 1 _ _ _
(2) two lower states { at0/2 > 1 r=1L,a=1,0=0
a+36/2 > 2 3
(3) two extreme states { o2 > 1 B

The infimum is reached for x = 1. The loss is the non-hedged state is equal to x +60/2 -2 = —1
in the first case, and x — /2 — 1 — 1 = —1 in the second case. Therefore, the loss is large (equal to
the initial capital)

5.1.2 Range of price for a European call

Let us study the case of a European call with strike 1. Let us first compute the range of viable
prices
1 1

sup Eg((S1—1)") = sup 308 =17
Q

1
inf Eg((S1 — 1)) = inf-p3=0
Q 2
The supereplication price is
. 3 1 3 1
inf{z|30,0: a0+ 0 =x,a+ 59 > §,a+§0 > O,a+§9 >0}

A geometric study shows that this quantity is equal to 1/4, i.e. the upper bound of the range of
prices.
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5.1.3 Two dates, continuum prices

Let S be the price of the risky asset at time 0. We assume that there exists two numbers S, and
Sp, such that the price at time 1 is a random variable S; which takes values in the interval [Sy, Sp].
More precisely, we assume that the random variable S; admits a density f such that P(S; € A) > 0,
for any A C [Sp, Sp]. This technical hypothesis will help us to characterize equivalent probabilities.
Indeed, under this hypothesis, an equivalent probability measure is characterized by a density

Sh
h, i.e. a function strictly positive on ]Sy, Sp[ such that / h(z)dr = 1. We also assume (for
Sy

no-arbitrage purpose) that Sy < (1 +r)S < Sp,. Let P be the set of risk neutral probabilities,
i.e. the set of probabilities () which admit a strictly positive density h on ]Sy, Sp[ such that

S1 1

Sh

Eq(

Proposition 5.1.1 Let g be a convex function (for example g(z) = (x — K)*), then

(9(&)) _ 9(Sh) SA+7) =S | g(S) Sh—SA+7)
1+r 1+ S, —Sp 147 S, —Sp '

sup Ep
PeP

If g is a C' function, then

. 9(51)\ _ 9((1 +7)S)
Iil’relg?EP(l—i—r) T

Remark 5.1.1 The supremum is reached for a probability @ such that Q(S; = Sp) + Q(S1 =
Sp) = 1. This probability is not equivalent to P (except if, under P, the r.v. S; has a Bernoulli
law). The infimum is reached for a probability such that Q(S; = S(1+1r)) = 1.

ProOOF:
Let g be a convex function, and y = ux + v the line which contains the two points (Sp, g(Sp))
and (Sp,g(Snh)). Then,

Vo €[Sy, Sh], g(x) < px +v, 9(Sy) = Sy +v, g(Sh) = uSp +v,

hence, for any @ € P
Eq(9(51)) < pEQ(S1) +v=pS(1+r)+v.

Let P* be the probability measure such that
P*(S1 = Sh) =p, P*(S1=5) =1-p, Ep«(51) = S(1+r).

This last condition determines p :

S(14+7r)—2S

S, —=S(1+1)
Sk — Sp '

= 1— =

Then Ep+(g(S1)) = uS(1+7r)+v. The supremum is reached for P*. However, P* does not belong
to P. However, let us remark that for g(x) = ax + b, the quantity Eg(g(S1)) = aEg(S1) +b =
a(l +r)S + b does not depend on . This will remain true in a general setting: in an incomplete
market, if the contingent claim is hedgeable, the expectation of its discounted value does not de-
pend on the choice of the risk-neutral probability measure.
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The lower bound is obtained easily :

g(S(A+71))
14+r

inf Eo(d5y _

QEP 1+7r

Indeed, let y = vz + § be the equation of the tangent to y = g(z) at point (S(1+7),9(S(1+7r))).
Then
g(x) >y +6, ¥SA+r)+do=9(S(1+r)),

therefore Eg(g(S1)) > Eg(vS1+0) = g(S(1+7)) and the minimum is reached for a Dirac measure
at point S(1+ 7).

5.1.4 Bid-ask price

The selling price (or the bid price) is the smallest value x such that the seller can hedge against
the delivery. In other words, x is the smallest value such that it i spossible to construct a portfolio
(cv, B) such that the terminal value of the portfolio is greater than ¢g(S1). Hence, the bid price is

inf (a+ 8S
(aﬂ)eA( BS)

with A ={(a,B)| a(l +7)+ Bz > g(x), Vo € [Sp, Sp|}. A main result is

. 9(51)>
f + 3S)= sup F ( .
(a}g)eA(a pS) Pl P\ T 1y

Indeed, from the definition of A, we obtain a(1 + r) + 551 > g(S1), hence

. 9(51))
inf (a+pBS)> sup E < .
@l (ot 59) 2 sup Bp| T

Now, using the pair u, v of the previous subsection, we check that (#, u) EST Dans A,
r

) v 9(51)>
f S) < uS = FE .
@BL T BS) < pSH i = s P(

The problems

sup Ep(g(sl)) and inf (a4 59)
PcP (o

are dual problems.

In the same way, we define the buyer price, i.e. the maximal amount which can be borrowed
against the contingent claim. This price is defined as

sup (a+ 3S)
(a,8)C

with C = {(«, 8)| a(l + 1)+ fx < g(x), Yx € [S, Sp]}. This is obviously equal to

inf o+ 3S
(Ofﬂ)GA(*g)( bs)
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with A(—g) = {(a, B)| (1 +r) + Bx > —g(z), Yx € [Sp, Sp]}. The equality

1)

sup (a+3S) = inf E <
(a,ﬁ)ec( ) pPeP P

holds.
Any price outside the price interval creates arbitrage.

5.2 Discrete time, general setting : Bid-ask spread

The notation of this section are the notation introduced in the first chapter. They are different from
those of the previous section. If markets are incomplete, i.e., not complete, span D is different of
IR*, one can similarly price any contingent claim z in span D by the value of any hedging portfolio.
If z & span D, one cannot price z neither by arbitrage, nor by hedging, one can only define a
"bid-ask” spread. Let

S(z):=inf{0-S| D>z }
be the minimum expenditure of the seller of the contingent claim and
S(z):=sup{f-S|DI<z}=—inf{0-S|DO>—=z },
be the maximal amount of money that the buyer of z can borrow against z. Any price in ]S(2), S(z)]
is a no-arbitrage price. Furthermore
T T T T

Tz D Tz D'm
—_— d :.f pr— .
1+T|7r>>0,1+r S} and S(z) 1n{1+T|7r>>0, S}

S(z) = sup{ 1+7r

Similarly if there are portfolio constraints, one may only define a ”bid-ask” spread. For example,
assume that investors bear the constraints ¢ > 0, 0 < /¢ < dy. Then the definition of no-arbitrage
has to be changed: there is no-arbitrage in the market if there is no feasible portfolio that gives
something for nothing (in other words, there is no-arbitrage if 9 > 0, 0 < £ < dy, D >0, DO #0
implies S -6 > 0 ). If one defines S(z) := inf{f -5 | 0t >0, 0 < ¢ < dy, DI > 2z } and
S(z) :=sup{f-S|6°>0,0<¢<dy, D<z},any price in |S(z), S(2)[ is a no-arbitrage price.

5.3 Continuous time

When the set of e.m.m. is infinite, as in discrete time, it is not possible to hedge all the contingent
t

claim. Recall some definitions. Let (Sy,t > 0) be the asset’s price process, and SY = exp / r(s)ds
0

t
the value of the riskless asset. We denote by R; = exp — / r(s)ds the discounted factor, and
0

S
R! = exp — / r(u)du. We do not make precise the dynamics of the risky asset for the moment. A

pair (o, 6;) is a portfolio if the processes are adapted with respect to the filtration generated by S,
the value of this portfolio is
‘/t = CMtS? + etSt

The portfolio is said to be self-financing if

dVy = oy dSP + 0:dSy = rVidt + 0;(dS; — r:Sdt)
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A contingent claim H is hedgeable if there exists a self financing strategy such that X = H.
In particular, if » = 0, a contingent claim is hedgeable if there exists (h, ) such that

T
H:h+/ 0.d5.
0

This can be view, from a mathematical point of view as a representation theorem.
We emphasize that here, the process S can be d-dimensional.

Remark : At that point, we have to add some integrability conditions. Indeed, Dudley
proved that, if S is a martingale, for any contingent claim H, there exists a process 1 such that
H = fOT 1sdSs. This would lead to a self-financing portfolio with zero initial value, i.e., an arbitrage
opportunity. In order to avoid that, either we can restrict our attention to positive contingent claim
and portfolio with value bounded above by a constant, or to square integrable value.

Note that, if there exists an e.m.m., the value of an hedgeable contingent claim is V; =
Eq(HRY|F), for any Q. Even in an incomplete market, some claims are hedgeable, as for ex-

T
ample, in the case of constant interest rate, the contingent claim a 4 bSt, or / (a + bSs)ds.
0

T
Let us check that, in the case of zero interest rate (to be simple) the contingent claim / (a+bSs)ds
0

is hedgeable. From integration by parts formula
d(tSy) = tdS; + Sydt

hence

T T
/Ssds:TST—O—/ tds,
0 0

It follows that
T T T T
/ (a + bSs)ds = aT + b/ Seds = aT + bT St — / sdSs = aT + bT'Sy + / 0,dS,
0 0 0 0
with 0, = bT — s.

5.3.1 Superhedging price

When markets are incomplete, there do not exists an hedging strategy, and there exists several
e.m.m. A price is ”viable” for a contingent claim H if it is equal to the expectation of the discounted
payoff under an e.m.m. Viable prices do not induce arbitrage opportunities., however, they do not
give an hedging strategy. Due to the convexity of the set Q of e.m.m., the set { Eg(RrH),Q € Q} is
an interval, and any choice of initial price outside the interval would provide an arbitrage. Results
of El Karoui and Quenez [4][3](1991-95) imply that when the dynamics of the stock is driven by
a Wiener process, the supremum of the possible prices is equal to the minimum initial value of an
admissible self-financing strategy that replicates the contingent claim, this result was generalized
by Kramkov [7] (1996) and Hugonnier [6] (2000).

Eberlein and Jacod [8](1997) showed the absence of non-trivial bounds on European option prices
in a model where prices are driven by a purely discontinuous Lévy process with unbounded jumps,
this result is generalized using different methods by Bellamy and Jeanblanc [2] and Jakubenas [10].
However, this interval is too large , as we shall show in what follows.

A superhedging portfolio is a portfolio that allows for some consumption and whose terminal value
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is larger than the contingent claim. It is characterized by a triple (z,6,C) where x is the initial
value, 6 the process of number of shares of the risky asset and C' the increasing process of cumulated
consumption. Its value V*%C follows

(5.1) dV; = rVidt + 0,(dS; — rSdt) — dCy, Vo=,

and the terminal value has to be greater than the contingent claim B. The superhedging price is
defined as
inf{z : 3(6,C)such thatV"“ > B}.

The smallest superhedging price of a contingent claim B is equal to the supremum of the viable
prices. As prices range is large, many authors choose a specific e.m.m.

5.3.2 Choice of the model

Let us study a model where the dynamics of the prices are modeled as
S, = Sy(pdt + o1 dW M) + oodw?)
This model seems incomplete. Nevertheless, we can write the dynamics as
dS; = Sy(pdt + o3dWy)

where 1
W, = —(01dW" + a9dW,?))

g3

is a Brownian motion. We use here that W is a martingale with bracket equal to 1, or that W2 —t
is a martingale. It is also possible to use that the associated exponential is a martingale.

The gap between both models is that in the first one, contingent claims are measurable with
respect to the pair of Brownian motions (W(l), W(Q)), whereas in the second model they are adapted
with respect to the asset prices.

5.3.3 Bounds for stochastic volatility

Let
dSt = St(udt + Utth)

where oy is a random process, such that
0<o01 <0< 09

If o is a process which depends of a second Brownian motion, the market is incomplete. However,
we can prove that any viable price of the contingent claim H is in the interval

1C(t,01,8),C(t, 02,5

, where
C(t,o,2) = aN(dy (0,2, T —t)) — Ke " T IN (dy(0, 2, T — t)) .
Lo+ YT
o'\/T Ke™r 2
Indeed, under any risk neutral probability @,

d1(07$7T) = ) dg(O’,(IZ,T) = d1(07m7T) - Uﬁ'

dSt = St("f’dt + Utth) y
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where W is a @ Brownian motion. From IT6¢’s formula

e "TC(0y, T, Sr) = e " C(09,t,8;) + "S[0C; + rS,00, + 0—2528 +C —1rC (02, 5, S5)ds
t

+ / € 7503550, C (02, 5, S5) AW,
t

The quantity 9,C(02,t,S;) is bounded hence the stochastic integral is a martingale. The left hand
side is equal to e T (Sp — K)*. If CF9 = et Egle~"T(Sy — K)*|F] is the viable price computed
under @, taking the conditional expectation with respect to F; leads to

T 1
et 009 = 00y, 1, Sy) + Eo / [0C1 +75,0C; + 502820,4C — 1C) (73,5, 5,)ds|F)
t
Now, recall that

1
OC; +rxzdCy + iangGx:pC —rC(o9,t,x) =0

Hence 1
OC; + rS,0C, + 0—2526 :C—rC = 5[03 — 03]5%0,,C

and, from the assumption, this quantity is negative. It follows that
e_rth’Q < e "C(09,t, S)
In a general framework, the stochastic volatility model are on the form

dSt = St [M(t, St, Y;f)dt + O'(t, St, Y;)th]
d}/;f - n(ta Sta}/;f)dt+7(t7 Stvm)dBt

The case where
0 S 01 S U(tas)y) S 02

and r = 0 is the Avellaneda, Lévy, Paras model. The super-replication price is the solution of the
so-called Black-Scholes-Barrenblatt equation

1
—0,C + ir?}f[—502(t, 5,7)5°05,C] = 0
and the associated strategy is 0 = 9;C(t, Sy).

5.3.4 Jump diffusion processes

We consider a financial market with a riskless asset with deterministic return rate r and a risky
asset with dynamics under the historical probability

(52) dSt = St_ (b(t)dt + O'(t)th + ¢(t)th)

where b, 0 and ¢ are deterministic bounded functions with |o(t)| > ¢, -1 < (b(t),1 < |o(t)] < ¢
where c is a strictly positive constant. Here, W is a Brownian motion and M thec compensated
martingale associated with a Poisson process with deterministic intensity A, i.e., My = Ny — At.
Let us remark that the filtration generated by prices is the filtration generated by the pair (W, N).
The condition —1 < ¢(t) ensures that prices remain positive. Indeed, at a jump time

ASt - St - St_ - St_¢<t)AMt - St_gZS(t)ANt - St_¢(t)
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Hence, Sy = Si—(1 + ¢(t)).

The market being incomplete, it is not possible to give a hedging price for each contingent
claim B € Fp . We define a t-time viable price V7 (t) for the contingent claim B as the conditional
expectation (with respect to the information F; ) of the discounted contingent claim under the
martingale-measure P7, i.e. R(t)V}) = EY(R(T) B|F).
(it can be proved that the set of e.m.m. is parameterized by mean of a process v valued in | —1, co[.)
We study here the range of viable prices, i.e., the interval |inf,ep V;', SUP~er V[

We restrict our attention to the European case, i.e. when B = (Sp — K)*.
We denote by C' the Black-Scholes function, i.e., the function C(t,z) such that

R()C(t Xo) = B(R(T)(Xr — K)* |X,), O(T,a) = (x — K)*

when

(53) dXt = Xt(T(t)dt + O'(t) th) ,Xo = .

In other words, C(t,x) = RLE[h(z(RY) ™ exp[S(H)G — %EQ(t)] )] where h(z) = (zx — K)*, G is a

standard normal random variable, Rf. = ];((1;)) and ¥2(t) = tTJZ(s)ds. We recall that C' is a
convex function of x which satisfies
(5.4) L(C)(t,x) =rC(t,x)
where
L) = L ta) 4 a0 (1,0) 4+ L0207 S L (1)

Furthermore, [0,C(t,z)| < 1.

Theorem 5.3.1 Let P € Q. Then, the associated viable price is bounded below by the Black-
Scholes function, evaluated at the underlying asset value, and bounded above by the underlying
asset value, 1i.e.,

ROC(t,8) < B (R(T) (Sr — K)'|F) < R(Y) S

T
The range of viable prices V,' = };((t))E'Y((ST — K)t|F) is exactly the interval |C(t, Sy), Sil.

Before giving the proof, we give Itd’s formula for jumping processes. Let W be a BM and M the
compensated martingale associated with a PP with constant intensity A. Let F be a C'"? function
and

dXt = ftth + gtht + htdt .
Then,

t t
F(t,X) = F(0,Xo)+ /0 0, F (s, Xs) ds + /0 F/(s, X, )dX,

+ ;/Ot F(s, Xo) f2ds + S[F(s, Xy) — F(s, X, ) — F'(5, Xs)AX,].

s<t

Here the sum is taken over almost surely finite number of jump times that occur prior to ¢t and is

t
equal to / [F(s,Xs) — F(s,X,-) — F'(s,Xs_)gs] dNs. Note also that X = X, (1 + g¢).
0
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PRrROOF: We give the proof of the theorem in the case ¢t = 0. It6’s formula for mixed processes
leads to

R(T)C(T, St) = C(0, So) + /0 L LL(RC) (s, 8) + R(5)A(5) (75 + 1)AC(s, S.)] ds

4 / ' R(s)?)c(s, Sy ) S, (o(s)dWY + d(s)dM?) + / R(S)NC(s, 80 ) dM?
0 xr 0

where
Af(t.z) = f(t, A1+ o(t))z) — f(t,z) — d(t)x %(t, z).

The convexity of C(t,-) implies that AC(¢,z) > 0 and the Black-Scholes equation (5.4) provides

oC
L[RC](s,x) = 0. The stochastic integrals are martingales; indeed a(t,m)‘ < 1 imply that
x

|AC(t,z)| < 2xc where c is the bound for the size of the jumps ¢. Taking expectation with respect
to P7 leads to

EV(R(T)C(T, St)) = EV(R(T)(Sr— K)")

T
= C(0,5)+ E” (/0 R(s)A(s)(vs + 1)AC(s, Ss) ds)

The lower bound follows. The upper bound is a trivial one. O

5.3.5 Transaction costs

The transaction costs are supposed to be proportional to the amount of the transaction. In that
case, it can be shown that the superreplication price of a European call option is the price of the
underlying.

5.3.6 Variance hedging

Let us assume that r = 0. A self-financing portfolio is such that its value V satisfies
(55) dV; = rVidt + Qt(dSt — rStdt) = 0:dS;

or

t
m=%+/&ws
0

A strategy hedges H if Vp = H.
Under the hypothesis that P is a risk neutral probability, Féllmer and Sondermann succeed to
minimize the variance

E((Vr — H))?)

The proof is based on the orthogonal decomposition ; if H is any contingent claim, it can be written
as

T
H:h+/ 05dSs + M7
0

where M/ is the terminal value of a martingale orthogonal to S (i.e. such that E(M,"S;) = 0)

This method was extended by Rheinlander and Schweizer and by Laurent, Pham and Gourieroux
to the general case. It can be proved that this lead to the choice of a particular e.m.m., called the
minimal martingale measure.
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5.3.7 Remaining risk

Let us assume that r = 0. Let («, 0) be any strategy and V; = a; +6,.5; its value. We do not assume
here that the strategy is self-financing. The gain process associated to this strategy is defined as

t
G = / 0sdS; the cost process up to time t is
0

t
0, = Vt—/ 0.dsS.
0

A strategy hedges H if Vpr = H.
If the market is complete, there exists a strategy for which

H=Vr=Vy+Gr
so that the corresponding cost process satisfies
Cr=Vy=Eqg(H).
Following Schweizer, we define the remaining risk as
Ry = E[(Cr — Cy)*|Fy)]

A strategy is risk-minimizing if it minimizes the remaining risk at any time.

5.3.8 Reservation price

A different approach is initiated by Hodges and Neuberger [5], and studied in El Karoui and Rouge
[11], Hugonnier [6] and Bouchard-Denize [1].

Let « be the initial endowment of an agent and U a utility function. The reservation price of
the contingent claim H is defined as the infimum of h such that

sup E[U (X5 — H)] > sup E[U(X7)]

The agent selling the option starts with an initial endowment x + h, he gets an optimal portfolio
with terminal value Xffh and he has to deliver the contingent claim H.

5.3.9 Davis approach

Another way, studied by Davis [2] (1997), is to value options for an agent endowed with a particular
utility function. Related results have been obtained by a number of authors in various contexts.

Davis defines the price of the contingent claim ¢ using a marginal rate : suppose that ( is traded
at price p. An investor invests an amount of § in ¢ and kep this position till maturity. Her final

_ 0
wealth is X7 om 4 ——(. Her investment program is

p(<)
W (6, x,p) = sup E(U (X" + iC))
Y pi p(<)
Definition 5.3.1 Assume that the equation
ow
W(Oapa z) =0

has a unique solution p*. The fair price of ( is defined as p*.
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Theorem 5.3.2 Let V(z) = sup, E(U(XE")) = E(U(XF")). Assume that V is differentiable

d that V'(x) > 0. Th * sati e —— 2

and that V'(x) en p* satisfies p Vi)

It can be proved that this lead to the choice of a particular e.m.m., called the Davis martingale
measure.

5.3.10 Minimal entropy

Another way to price options is to choose a particular equivalent martingale measure, e.g. the
minimal entropy measure as in Frittelli [6] (1996).

Let S be the dynamics of the prices and M(P) the set of e.m.m., i.e., the set of probability
equivalent to P such that S is a () martingale. We assume that this set is not empty. For any
Q € M(P), the entropy of ) with respect to P is defined as

Q| Q)
ap ™ dp

Theorem 5.3.3 Let Mpi, = {Q € M : H(Q|P) < oco. There exists a unique probability
Q° € My, such that

H(QIP) = Ep(—

VQ € M(P), H(Q|P) = H(Q|P)
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