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1 Introduction

In this work and in the follow-up paper [16], we consider the issue of numerical solution of
a doubly reflected backward stochastic differential equation, with an upper barrier which is
only active on random time intervals (doubly reflected BSDE with an intermittent upper
barrier, or RIBSDE for short henceforth, where the ‘I’ in RIBSDE stands for ‘intermittent’).

From the mathematical point of view, such RIBSDEs and, in the Markovian case, the related
variational inequality (VI for short henceforth) approach, were first introduced in Crépey
[18]. From the point of view of financial interpretation, RIBSDEs arise as pricing equations
of game options (like convertible bonds) with call protection, in which the call times of
the option’s issuer are subject to constraints preventing the issuer from calling the bond
on certain random time intervals. Moreover, in the standing example of convertible bonds,
this protection is typically monitored at discrete times in a possibly very path-dependent
way. Calls may thus be allowed or not at a given time depending on the past values of
the underlying stock S, which leads, after extension of the state space to markovianize the
problem, to highly-dimensional pricing problems. Deterministic pricing schemes are then
ruled out by the curse of dimensionality, and simulation methods appear to be the only
viable alternative.

The purpose of this paper is to propose a practical and mathematically justified approach
to the problem of solving numerically by simulation the RIBSDEs that arise as pricing
equations of game options with call protection. The main result is Theorem [3.3] which
establishes convergences rates for a discrete time approximation scheme by simulation to an
RIBSDE. The practical value of this scheme is assessed in the follow-up paper [16].

1.1 Standing Notation

Let us be given a continuous time stochastic basis (2, F,F,P), where in the financial inter-
pretation [P denotes a risk-neutral pricing measure. We assume that the filtration F satisfies
the usual completeness and right-continuity conditions, and that all semimartingales are
cadlag. Also, since our practical concern consists in pricing a contingent claim with ma-



turity 7', we set F = (F);cp0,7] With Fo trivial and Fr = F. Moreover, we declare that a
process on [0,T] (resp. a random variable) has to be F-adapted (resp. F-measurable), by
definition. By default in the sequel, all (in)equalities between random variables or processes
are to be understood dP — almost surely or dP ® dt — almost everywhere, respectively.

We shall denote: N
e °Q). the complement of an event 2 C 2,

e N, ={0,1,...,n}, for every non-negative integer n,
e R? and R'®9 the set of g-dimensional vectors and row-vectors with real components,
o ||, for p € [1,400), or simply | - || in case p =2 or | - | in case p = 1, the p-norm of an

element of RY or R'®4,
e T, the transposition operator.

2 Results in the Continuous-Time Setting

2.1 Diffusion Set-Up with Marker Process

Given a ¢g-dimensional Brownian motion W, let X be the solution on [0, 7] of the following
SDE:

t t
X = Xo +/ b(s, Xs)ds —I—/ o(s, Xs)dWs , (1)
0 0

where X € R? and the coefficients b : [0,T] x R? — R? and o : [0,T] x R? — R®? are such
that

(Hx) b, o are A-Lipschitz continuous in z, uniformly in ¢, for some positive constant A, and
b(t,0) and o(t,0) are bounded by A over [0, T].

Let the time-state space € = [0,T] x R? x K for some finite set K. Given a function u of
three arguments ¢, x, k where the third argument & takes its values in a discrete set, so that
k can be thought of as referring to the index of a vector or system of functions of time ¢
and the spatial variable z, we shall denote either u(t,z, k), or u*(t, ), depending on what
is more convenient in the context at hand. Moreover we denote by Vu, du and Hu the

gradient, the row-gradient and the Hessian of u with respect to x. We also let dyu = %.

Let us further be given a set ¥ = {1y, T} ...,Tn} of fixed times with 0 =Ty < T} < -+ <
Tn-_1 < Tn = T. On the state-space &£, we then consider the factor process X = (X, H),
where X is defined by , and where the C-valued pure jump marker process H is supposed
to be constant except for deterministic jumps at the (strictly) positive Trs, from Hr,_ to

Hr, = k1(X7y, Hry ) (2)
for jump functions ky : R? x K — K, starting from an initial condition
Hy=kek (3)

(note that H does not jump at time Ty = 0).



Remark 2.1 In the financial interpretation (see section , the function w typically rep-
resents a pricing function, and T, a set of call protection monitoring times. The marker
process H is used for keeping track of the path-dependence of the call protection clauses, in
view of ‘markovianizing’ the model.

We suppose that the jump function xj is given as
k,— k,+
KE(@) = k) (2) Law<oy + &7 (@) 1agm)>oy -

with /ﬁc :R? x K — K, and where d is the algebraic distance function to a closed domain
O = {z € R? | d(z) < 0} of R%. Note that the function x(77,-, k) is continuous at every
x ¢ 00. One shall work under the following regularity assumption on O.

(Ho) The distance function d is of class C}.

Let us finally be given a non-decreasing sequence of stopping times ¢ = (¥;)p<i<ny+1 defined
by 99 = 0 and, for every [ > 0:

1925_’_1 = inf{t > o5 Hy ¢ K} AT, 192[+2 = inf{t > ’192;_,_1; H,; € K} AT, (4)

relatively to a given subset K of K. Observe that the 9J;s, to be interpreted as times of
switching of call protection in the financial interpretation, reduce to ¥-valued stopping times,
and that ¥y =17T.

2.2 Markovian RIBSDE

We denote by (P) the class of functions u on RY, [0,7] x R? or £ such that u is Borel-
measurable, with polynomial growth in its spatial argument x € R?. Let us further be given
real-valued and continuous cost functions g(x), £(t,x), h(t,x) and f(t,z,y,z) in (P), with
y € Rand z € R'®7 in f, such that:

e the running payoff function f(t,z,y, z) is Lipschitz in (y, z);

e the payoff function at maturity g(x) and the put and call payoff functions €(t, z) and h(t, z)
satisfy £ < h, (T, ) < g < h(T,-).

In the sequel, we shall sometimes use the following assumptions

(HY) £(t,r) = A(t,x) V ¢, for a constant ¢ € RU {—oco} and a function \ of class C1'? on
[0,T] x R? such that

A, G, OX\o € (P) (5)
(Hh) h(t, ) is jointly Lipschitz in (¢, x).
The Markovian RIBSDE with data
[t Xe,y,2), £ =g(Xp), £t Xe), h(t, X)), 0, (6)

denoted in the sequel by (£), is a doubly reflected BSDE (see, e.g., |20, [18]) with lower and
upper barriers respectively given by, for ¢ € [0,T7],

N/2) [N+1/2]

Lt = E(t7 Xt) Y Ut = Z 1[1921,192[+1)OO + Z 1[’(92[_1,’[925)]7’(757 Xt) : (7>
=0 =1



With respect to standard, ‘continuously reflected’ doubly reflected BSDEs, the peculiarity
of RIBSDEs is thus that the ‘nominal’ upper obstacle h(t, X;) is only active on the ‘odd’
random time intervals [¥g;_1,79), [ > 0.

Let us introduce the following Banach (or Hilbert, in case of £2 or 7—[3) spaces of random
variables or processes, where p denotes here and henceforth a real number in [1, 00):
e [P the space of real valued random variables £ such that

1

leller = (Bl ) < +oo:

e SP, for any real p > 2 (or SP, in case ¢ = 1), the space of R%-valued cadlag processes Y’
such that

1

1Y llsr = (ELSESPT] ¥il])" < +oo;

e 1. (or HP, in case d = 1), the space of R'®4-valued predictable processes Z such that

1Z sz = (E[(/OT ,\ZtHth)g] )i < +oo;

e A2, the space of finite variation processes A with (non-decreasing) Jordan components
A* € 82 null at time 0.

Under (Hz), one thus has || X || g2 < Cj, where from now on Cj is a generic constant whose
value may change from line to line but which depends only on A, T, X and ¢ (in case this
constant depends on some extra parameter, say p, we shall write Cﬁ). p > 1, e > 0 we shall
write C} or C§ if it ).

Definition 2.2 An (2, F,P)-solution ) to (£) is a triple Y = (Y, Z, A), such that:
i)Y esS? Zec Hg,A € A2 At is continuous,
and {(w,0); A, £ 0} = {(w,); A7 #0} € U [9ai
(i) Y =¢ —|—/ f(s,Xs,Ys, Zs)ds + Ap — Ay — / ZsdWs , t€[0,T7],
¢ t
(iii) L; < Y; on [0,T], Y; < U; on [0, 7]

T T
and [ (V- Lodaf = [ (U - Yi)da; =0,
0 0
where L and U are defined by (7)), and with the convention that 0 x +oo = 0 in (iii).

Note that this definition admits an obvious extension to a random terminal time 6, instead
of constant § =T above. This extension will be used in the next results, in the special case
of simply reflected and (continuously) doubly reflected BSDEs.

Also note that (£) is implicitly parameterized by the initial condition (¢t = 0,x,k) of X.
In the sequel we let the superscript ¢ (whenever necessary) stand in reference to an initial
condition (¢,z,k) of X (with in particular ¢ € [0, 7], rather than ¢ = 0 implicitly above)m
By application of the results of [I8], one thus has,

"However it is convenient to extend all our processes to [0, T ‘in a natural way’ so that they live in spaces
of functions defined over [0, T], which do not change with ¢, see Crépey [18].



Proposition 2.1 (Crépey [18]) We assume (HC).

(i) The following iterative construction is well-defined, for I decreasing from N to 0: Y1t =
(YLt zLt ALY s the unique solution, with At continuous, to the reflected BSDE with
random terminal time 19’}“ (for I even) or the doubly reflected BSDE with random terminal
time 97, (for I odd) on [t,9} ] with data

f(s,Xst,y, Z)a YgI;_ll’t’ 6(57‘)(;)7 1934_1 (I 6’U€TL)
: I+1,
f(S,XSt,y,Z), mln(Yﬁg—:ltvh(ﬁgJﬂ’X;;}_H))7 6(8? X;t)a h(S, Xst>7 191}4»1 (I Odd)

where, in case I = N, Y;{i’t is to be understood as g(Xk).

(ii) Let us define Y' = (Y, Zt, A) on [t, T] by, for every I =0,...,N :
o (Y1 ZY) :I(Yl’t,ZI’t) on [9%,9%.,), and also at ¥y =T in case I = N,
o dA" = dA" on (05,07,,),
1, oA,
AK}—&/t—mmaftU&y:Aﬁ¢:0ﬁr1M@

- t t
1 U7 U7

and AKL = AY} =0. So in particular

v keK
V=23 4h/ 9
{3 e ¥

where k is the index which is implicit in the condition initial (t,z, k) of X referred to by the
superscript t.
Then Yt = (Y, Zt, AY) is the unique solution to the RIBSDE (E'). Moreover, AT is a

continuous process, and

{(w,s); AALT£0yC () Wi, AY =AK" on | [I.

{I even} {I even}

Note in particular that existence and uniqueness of solutions with a continuous reflecting
process component (process Al'' above) to the auxiliary reflected BSDEs and doubly
reflected BSDEs with random terminal time, that appear in point (i) above, is granted by
the results of [19] 18].

One will need further stability results on J*, or, more precisely, on the Y!ts. Toward this
end a suitable stability assumption on 9 is needed. Our next result is thus a cadlag property
of ¥, viewed as a random function of the initial condition (¢, z, k) of X.

Proposition 2.2 At every (t,z,k) in &, ¥ is, almost surely:
(i) continuous at (t,z, k) if t ¢ T, and right-continuous at (t,x,k) if t € T,
(ii) left-limited at (t,x, k) if t =T7 € T and x ¢ 00.

By the above statement, we mean that:

o Yin — YU if (ty,mp, k) — (t,x,k) with t ¢ T, or, for t =Ty € T, if Er41 2 (tn, T, k) —
(Tr,z,k);

o if & 3 (tn,xn, k) = (t = Tr,z ¢ 00,k), then ¥ converges to some non-decreasing
sequence 9! = (53)%5 N+1 of [0, T]-valued stopping times, with in particular 5}, =T



Definition 2.3 One denotes by Pyt = ()7[7t)0§ISN7 with YIt = (}7”,2”,11“) and Al
continuous for every I = 0,..., N, the sequence of solutions of the BSDEs with random
terminal times which is obtained by substituting ¥ to ¥ in the construction of ) in

Proposition 2.1)(1).

Observe that since the ¥5s are in fact T-valued stopping times:

e The continuity assumption effectively means that 19'5[" = ¥% for n large enough, almost
surely, for every I =1,..., N+ 1 and € > (t,, zp, k) — (t,2,k) € E with t ¢ T;

e The right-continuity, resp. left-limit assumption, effectively means that for n large enough
Wi = 9%, resp. 53, almost surely, for every I = 1,...,N + 1 and £r41 3, resp. &F >
(tn, Tn, k) — (Tr, 2, k) € E.

Proposition 2.3 (Crépey [18]) We assume (H¢) and (Hh). Let V' = (V') o<r<n and
V= (jf’t)oggN be defined as in Proposition (z) and Deﬁnition respectively. Then,
for every I = N,...,0:

(i) One has the following estimate on Y1t

Y53+ 125 + A2, < O+ [2f) (10)
Moreover, an analogous bound estimate is satisfied by )7“;

(ii) ' referring to a perturbed initial condition (t,,zn,k) of X, then:

o in caset ¢ T, Yhin S? x ’Hg x 82 — converges to Yt as € 3 (tn, xp, k) — (t, 2, k);

e in caset =Ty € %:

— Yhtn 82 x 7-[2 x 82 — converges to Yt as E5.1 3 (tp, xn, k) — (t,2,k);

— if ky is continuous at (x,k) for some J € Ny, then Yt 8% x 7—[2 x 82 — converges to
Vit as E7 2 (tnyxn, k) = (t, 2, k).

2.3 Analytic Approach

The main contribution of this article consists in a simulation scheme, shown to be convergent
in theory and efficient in practice, for solving the RIBSDE (£). However, for the sake of
the numerical validation of the results of the simulation scheme, it will be useful to compare
these results with those of an alternative, deterministic numerical scheme. A deterministic
scheme for the Markovian RIBSDE (€) is based on the analytic characterization of (£), or,
more precisely, of a related value function u, in terms of an associated system of VlIs.

We denote by G the generator of X, so, with a(t,z) = o(t,z)o(t, )T,
1
Gu(t,z) = dwu(t,x) + du(t, z)b(t, x) + §Tr[a(t, x)Hu(t,x)] , (11)

where 0u and Hu denote the row-gradient and the Hessian of a function u = u(t,x) with
respect to x. We also introduce, for I =1,..., N,

g[:(gﬂ{ijlgtST[}XRqXK, g*zgﬂ{T[,1§t<T[}XRqX/€. (12)

Note that the sets £F's and {T'} x RY x K partition &.

We denote for short x(77,-, k) = k¥. In view of introducing the value function u in Propo-
sition [2.4] it is convenient to state the following definition.



Definition 2.4 (i) A Cauchy cascade g,v on £ is pair made of a terminal condition g of
class (P) at T, along with a sequence v = (ur)1<;<n of functions urs of class (P) on the
Ers, satisfying the following jump condition, at every point of continuity of H’I“ in x:

k(Ty, ) = { min(uzy1(T7, z, ¥ (z)), h(2)) if k ¢ K and kk(z) € K,

ur1(Tr, z, K (x)) else ,
where, in case I = N, ury is to be understood as g.
A continuous Cauchy cascade is a Cauchy cascade with continuous ingredients g at T' and urs
on the &rs, except maybe for discontinuities of the uss at the points (17, z, k) of discontinuity
of /1’} in x;
(ii) The function defined by a Cauchy cascade is the function on £ given as the concatenation
on the £7s of the uys, and by the terminal condition g at T'.

(13)

Remark 2.5 Recall that /s;]; is continuous outside 0O. Yet, at a discontinuity point x of /i’} ,
uf(t,, z,) may fail to converge to uf(Ty,x) as & > (tn, xn, k) = (T1,z, k).

One then has,

Proposition 2.4 Assuming (HC) and (Hh), the state-process Y of Y satisfies, P-a.s.,
Y;t = u(ta Xt) , t e [OaT] ) (14)

for a deterministic pricing function wu, defined by a continuous Cauchy cascade g,v =
(uI)lgng on 5

The next step consists in deriving an analytic characterization of the value function u, or,
more precisely, of the cascade v = (ur)1<s<n, in terms of solutions to a related analytic
problem.

Note that except in the (too specific, thinking for instance of the situation of Example
below) case of k not depending on z, k presents discontinuities in x, and the function
urs typically present discontinuities at the points (17, z,k) of discontinuity of the xks (cf.
Remark .

It would be possible however, though we shall not develop this further in this article, to
characterize v in terms of a suitable notion of discontinuous viscosity solution |17, [I8] to the
following Cauchy cascade of Vls:

For I decreasing from N to 1,
e At t =17y, for every k € K and = € RY,

i | min(ur1(Tr, z, 65(2)), h(z)), k¢ K and x¥(2) € K
uy(Tr,x) = { u1+1(T1,x,m’;(x)), else |, (15)
with w741 in the sense of g in case I = N,
e On the time interval [T7_1,T7), for every k € K,
min(—guk—fullc,uk—€> =0,kekK
I I (16)

maux(min(—gu”[c — f“'ﬂu’} —€>,u1} — h) =0,k¢ K
where G is given by and where we set, for any function ¢ = ¢(t, z),
fo =100t w) = ft o, 6(t2)) - (17)



It would also be possible to state related convergence results for standard deterministic
(like finite differences) schemes to the viscosity solution of the Cauchy cascade 7.
Note however that f involves Card(K) equations in the u¥s. From a deterministic
computational point of view the Cauchy cascade f can thus be considered as a g+ d
— dimensional pricing problem, with d = log(Card(K)). For ‘very large’ sets K, like for
instance in the case of Example (ii), the use of deterministic schemes is thus precluded
by the curse of dimensionality, and simulation schemes are the only viable alternative.

2.4 Case of an Affine Coefficient
We consider in this section the special case of an affine coefficient

f=ftay) =cltx)— plt,x)y+nltz)z", (18)

for continuous bounded real-valued and R'®4-valued functions u(t,z) and n(t,z). In this
case, it is straightforward to verify the following classic

Lemma 2.5 Y = (Y, Z, A) denoting a solution to (£), the triple

(BY, sz +va. [ ﬁtdAt)
solves the RIBSDE with data (cf. (¢]))
Bre(t, Xe), Brg(Xr), Bel(t, Xi), Bh(t, Xt), ¥, (19)
where the adjoint process § is the solution of the following linear (forward) SDE:
B, = By (n(t,Xt)th —ult, Xt)dt> ,te[0,T] (20)

with initial condition By = 1. In particular, B > 0 on [0,T].

2.4.1 Verification Principle

Using Lemma the following verification principle can be established in a standard way
(see, e.g., [B, 18]). This result establishes the connection between a solution Y = (Y, Z, A)
of the RIBSDE (&) with an affine coefficient f as of , and a related Dynkin Game, or

optimal game problem (see [22]).

Let 7; and 7;” denote the sets of the [t, T]-valued and of the Ujsq 921 Vt, 99 VE)U{T }-valued
stopping times, respectively. Let { = 7 A @, for any 7, 6 € T;.

Proposition 2.6 Let Y = (Y, Z, A) denote a solution to (€).
(1) Y is the conditional value process of the Dynkin game with cost criterion E; (Wt(T, 9)) on
Ti x T2, where wt(r,0) is the Fe-measurable random variable defined by

¢
Byt (1,0) = / Bsc(s, Xs)ds + Be(1icmrery Lr + 1gecgariUs + 1ic=m§),
t
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with ( =71 A 6. One thus has P — almost surely, for every t € [0,T],
esssup, 7, essinfaeTtﬁEtﬁt(T, 0) =Y, = essinfeeTtﬁesssupTeTtEﬂrt(T, 0) . (21)

More precisely, for any t € [0,T] and for any € > 0, the pair of stopping times (7¢,0%) €
Ti x T,” given by

< :inf{ue t,T]; Y, gz(u,Xu)+e}AT
(22)
0° = inf { u € U120[1921+1 Vt, P10 V t); Y.>U, — 6} AT,

is an € — saddle-point for this Dynkin game at time t, in the sense that one has, for any

(1,0) € Tt x T,
E (7' (7,6%) —e < Y; <Ey(n'(75,0)) + <. (23)

(ii) If the component A of Y is continuous, then the pair of stopping times (7*,0%) € T x T,”
obtained by setting € = 0 in (@, s a saddle-point of the game. One thus has in this case,
for any (1.6) € T; x T,

E (7' (r,0%)) <Y, < Ei(n'(7%,0)).

2.5 Connection with Finance

In the case of risk-neutral pricing problems in finance, the driver coefficient function f is
typically given as

[ = f(tvxa y) = C(t, :L’) - :U’(tﬂ x)y ) (24)

for dividend and interest-rate related functions ¢ and . Note that f in is affine in y and
does not depend on z. We are thus in the sub-case of section [2.4] corresponding to n = 0,
and therefore, in view of ,

B=exp(— /O-M(ta Xi)dt) .

Modeling the pricing problem under the historical probability, as opposed to the risk-neutral
probability by default in this article, would lead to a ‘z-dependent’ driver coefficient func-
tion f. Moreover we tacitly assume in this paper a perfect, frictionless financial market.
Accounting for market imperfections would lead to a nonlinear coefficient f (see, e.g., El
Karoui et al. [24]).

Also note that in a context of vulnerable claims (defaultable game options [4]), it is enough,
to account for counterparty risk, to work with suitably credit-spread adjusted interest-rates
w and recovery-adjusted dividend-yields ¢ in , and to amend accordingly the dynamics
of the factor process X (see, e.g., [18]).

Moreover, in the financial interpretation:

° g(X%) corresponds to a terminal payoff that is paid by the issuer to the holder at time T
if the contract was not exercised before T

o ((X}), resp. h(X}), corresponds to a lower, resp. upper payoff that is paid by the issuer
to the holder of the claim in the event of early termination of the contract at the initiative
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of the holder, resp. issuer;

e The sequence of stopping time ¥ is interpreted as a sequence of times of switching of a
call protection. More precisely, the issuer of the claim is allowed to call it back (enforcing
early exercise) on the ‘odd’ (random) time intervals [9;_1,79;). At other times call is not
possible.

The contingent claims under consideration are thus general game contingent claims [30],
covering convertible bonds, American options (and also European options) as special cases.

Now, in view of a rather standard verification principle and of the arbitrage theory for
game options (see, e.g., [18]), Il = Y is an arbitrage price process for the game option, the
arbitrage price relative to the pricing measure PP, which can be thought of as ‘the pricing
measure chosen by the market’.

Given a suitable set of hedging instruments, II is also a bilateral super-hedging price (see,
e.g., [18, [6]), in the sense that there exists a self-financing super-hedging strategy for the
issuer of the claim starting from any issuer initial wealth greater then II and a self-financing
super-hedging strategy for the holder of the claim starting from any holder initial wealth
greater than —II. Finally II is also the infimum of the initial wealths of all the issuer’s
self-financing super-hedging strategies.

2.5.1 Model Specifications

A rather typical specification of the terminal cost functions is given by, for constants P <
N <C,

{t,z)=PVS, h(t,z)=CVS, glx)=NVS, (25)

where S = x1 denotes the first component of x. Note that this specification satisfies as-
sumptions (H¢)-(Hh), as well as all the standing assumptions of this paper. In particular,

one then has (cf. . .
)\(t,:c):a:le,g)\:b1,8)\a:017

so that condition () in (Hh) reduces to b1, o1 € (P), which holds by the Lipschitz property
of b and o.

As for 9, one may consider the following specifications, which are commonly found in the
case of convertible bonds on an underlying stock S.

Example 2.6 Given a constant trigger level S and a constant [ < N:
(i) £ =N;, K =N;_; and & defined by

kE+1)Al, S>S
Hlﬂm):{é ) S<8§

(independently of I). With the initial condition Hy = 0, H; then represents the number of
consecutive monitoring dates Tys with Sy, > S from time ¢ backwards, capped at [. Call is
possible whenever H; > [, which means that S has been > S at the last [ monitoring times;
Otherwise call protection is in force;

(ii) K = {0,1}? for some given integer d € {l,...,N}, K = {k € K; |k| < I} with
|k| = >_1<p<a kp, and k defined by

H’;(IIZ’) = (1525’7k17 .. '7kd—1) .
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With the initial condition Hy = 04, H; then represents the vector of the indicator functions
of the events Sy, > S at the last d monitoring dates preceding time t. Call is possible
whenever |H;| > [, which means that S has been > S on at least [ of the last d monitoring
times; Otherwise call protection is in force.

3 Discrete-Time Approximation Results

In this section, we propose an approximation scheme for a solution ) = (Y, Z, A), assumed
to exist, to (€) (for instance because assumption (H¢) holds, see Proposition [2.1)), and we
provide an upper bound for the convergence rate of this scheme. The proofs are deferred to
section [l

3.1 Approximation of the Forward Process

When the diffusion X in cannot be perfectly simulated, we use the Euler scheme approx-
imation X defined for a grid t={0=ty <t; <...<t, =T} of [0,T],n > 1, by Xo = X,
and for i <n —1,

Xi, 4 (i, Xe,) (tig1 — ti) + o (ti, X)) Wiy, — Wa) -

141

In the sequel, we shall denote by |t| = maxj<,—1(tit1 — t;) the modulus of t¢ and assume
that

nlt] <A .

As usual, we define a continuous-time version of X by setting, for every i < n — 1 and
t € [tistita),

Xy = X, +b(ts, Xp,)(t = t3) + o (ti, Xo,) (Wi = Wi,) (26)
or in an equivalent differential notation, for ¢ € [0, 7],
dX; = b(t, X3)dt + o(t, X;)dW; , (27)

where we set t = sup{s € t|s < t}.

Under the Lipschitz continuity assumption (Hx), one has, for every p > 1 (see, for instance,
Kloeden and Platen [31]),

~ ~ 1
[sup | X¢ — Xl [lcr + max | sup || X¢ — X, || ler < CF |t[2 . (28)
t<T <N e[t i)

3.2 Approximation of the Upper Barrier

The lower barrier is naturally approximated by (¢, )A(t)

We now present the approximation of the upper barrier, which involves the approximation
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of the activation 1 deactivation times. We first define the approximation of the marker process
H, denoted by H, which is naturally given by

ﬁ]o = HO and ﬁT[ = K,(T[,XTI,E\ITI_) 5 for 1 S I S N.
We then d/e\ﬁne the approximation 9 of ¥ as the sequence of T-valued stopping times obtained
by using X = (X, H) instead of X in .

In order to control the error between the call protection times and their approximation, we
make the following assumption on the coefficients of X,

(Hxo) o and b are bounded and of class C?® on the following set (union of cylinders),
Q = {(t,x) € Ui<ren—[T7, Ty x R7; |d(2)| < A7'},
where we set, for 1 < T < N —1,
TA=T; - A>Ty .
Moreover, for every (t,z) € Q,
a(t,r) > A7, . (29)

The proof of the following Proposition is postoned to the Section

Proposition 3.1 Under (Hxo), for every e > 0, there exists a constant C§ such that for
every l < N +1,

E[Wl - {9\l|] < Gtz

The upper barrier is then approximated by the processes U and U defined by, for ¢t € [0,T7,

[N/2] [N+1/2]
U, = lz; 1[5%52[“)00 + lz; 1[321_1’521)h(t, )?t)
[N/2] [N+1/2]
U= |10 + lz; LGduen | 0+ ; 1[521_17521}h(t,)?t).

3.3 Approximation of the RIBSDE

In the sequel, we shall use one of the following regularity assumptions:
(Hb) h and ¢ are A-Lipschitz continuous with respect to (¢, x).

(Hb)’ h and ¢ verify for a constant A and some A1, Ay : R? — R®4 and A3 : R? — R,
[Ar(@)] + [A2(2)] + [Az(2)| < AL+ |z[*)
((t,x) — €t y) < A(x)(y —z) + As(z)|z —y[* , Va,y € R?.
h(t,y) = h(t,z) < As(2)(y — 2) + As(2) |z —y[> , Yo,y € R7.
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Remark 3.1 (i) Assumption (Hb)’ is slightly weaker than the semi-convexity assumption
of Definition 1 in [I].

(ii) Observe that (Hb)’ implies (Hb).
Given p = ¥ or 5, let the projection operator P, be defined by

[N+1/2]

Pg(t,x, y) =y+ [E(t>$) - y]+ - [y - h(tv .7})]+ Z 1{921—1§t§921} : (30)
=1

To tackle the reflection issue, we introduce a discrete set of reflection times defined by

t={0=ro<ri<---<r,=T}withTCreCt (31)
and [t| := max (r,41 —7,) < Cp min (141 — 1), (32)
1<v—1 1<v—1

for some v > 1.

The idea is that in the approximation scheme the reflection will operate only on t. The
components Y and Z of a solution Y = (Y, Z, A) to the RIBSDE (£) are then approximated
by a triplet of processes (Y,Y, Z) defined on t by the terminal condition

Yr = Yr = g(Xr),

and then for ¢ decreasing from n — 1 to 0,

Zti = (ti+1 - ti)_l E |:i>ti+l(Wti+l - Wti) ‘ ‘Bz]
ﬁi = E |:}/}ti+l ‘ ‘th] + (ti-‘rl - ti)f(t%)?tw i}tz'? th) (33)
Yti = thz]-{tzgét} + P,{g\(ti)Xtmni)l{tiEt} ; { <n-— 1.

We also let Zp = 0.

Using an induction argument and the Lipschitz-continuity assumption on f, g, I, h, one
easily checks that the above processes are square integrable. It follows that the conditional
expectations are well defined at each step of the algorithm.

We also consider a piecewise continuous version of the scheme. Using the martingale repre-
sentation theorem, we define Z on [t;,t;+1) by

~ ~ tiv1
Yi, = Et{th} + / ZydWs .
ti

We then define Y on [ti,tit1) by
~ ~ o o~ _ tip1
Y, = Y;zﬁrl + (ti+1 — t)f(ti,Xti, Y%m Ztl) — / ZsdW
t

and we let finally, for ¢ € [0, 77,

Yi = Yilgge + Pyt X1, Vi) Ljser - (34)
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Observe that one has, for i <n —1,
_ 1 bt
Zti = Etz|:/ st8:| .
liv1 — i ¢

i

For later use, we also define Z; = Zz, for t € [0,T).

When there is no call or no call protection, the convergence of the scheme is given by
Theorem 6.2 in [I4] in the general setting where f depends on z.

Theorem 3.2 Under (Hb), the following holds

max  sup IE[]Y} —)7}1.\2] + max  sup E[|Yt — ?tzﬂ < CA\t|% .

isn—Lielt; ti1) isn—Lielt; ti41)

Under stronger assumption on the boundaries, it is possible to obtain a better control of the
convergence rate of the approximation see Theorem 6.2 in [14].

Regarding call protection, our main result is the following
Theorem 3.3 Under (Hb) and if f does not depend on z, the following holds

max  sup E[|Yt - félﬂ + max  sup E{\Yt_ - }Aftlﬂ < Cf\|t|%*5 )
i<n=1ye(t; tiv1) i<n=1yclt; tii1)

Under (Hb)’ and if f does not depend on z, the following holds

max  sup E[]Y} - }7}1\2] + max  sup E[|Y}_ — }721‘2} < Chlt .

isn—Lielt; ti1) iSn—Lielt; tii1)

4 Proofs

We denote by x a positive random variable which may change from line to line but satisfies
Hy?] < CF, for p > 1.

4.1 Stability of Call Protection Monitoring Times

In the following, we consider two diffusions. The first one X starts at (t,z) (¢t < T) and is
the solution of the following SDE:

XS:aH—/ b(s,XS)ds+/ o(s,Xs)dWs , forse[t,T].
t t

The second one ¢ starts at (t',2') (¢’ <T') and can be written:

& =2+ [ be(s)ds —I—/ oe(s)dWy , for s € [t',T].
% %

In practice, £ will be the solution of an SDE with coefficient (b,o) or the Euler scheme
associated to this SDE.
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We consider the following ‘monitoring grid” for X (resp. £) ' :={s € T|s > t}, T' = inf T
(resp. TV ={s € T|s>t'}, T' =infT").

As in Section [2.1] we are given a finite set K, a subset K of K and an initial condition k£ € K.
We introduce for ¢ the marker process X”, recalling Section 2.1} Namely, X’ = (¢, H'), with
H' defined by

Hl, =k e K and Hy = 5(T, &7, Hy ), VT € T

and H’ is constant between two dates of {t'} UT*. Observe that H' does not jump at ¢'.

We also consider a non-decreasing sequence of stopping times ¢’ = (9})o<i<n-+1, representing
the call protection monitoring times, defined by ¥, = t' and, for every [ > 0:

Uy =inf{t > ¥ ; Hy ¢ K} AT, 940 =inf{t > Oy, ; HH € K} AT . (35)
The ;s effectively reduce to {t'} U T _valued stopping times, and that Ix41 = T.

To the process X, we associate two different marker processes X' ans X. The first one
X = (X, H) is defined as above, replacing & by X. Observe that H does not jump at ¢ and
that H; = H|, = k. We also consider the sequence of call protection monitoring times ©,
defined as in with ¢ and H instead of ¢ and H'.

The second marker process X = (X, H ) is given by
H; = k(t,x, k) and Hy = &(T, X7, Hr ), VT € T\ {t}
and H is constant between two dates of {t} UT'. Observe that, contrary to H, H may not
jump at t.
We also consider the corresponding call protection monitoring times sequence ¥ defined as
in (35) with ¢ and H instead of ¢’ and H'.
We are then interested in two different cases regarding the initial set of data (¢,z) and
(', a").
Case 1: Tt =77,
Case 2: 7" =t and d(a') # 0.
Let us finally introduce, for 0 < h < min, zscxt [ — s|, and 7 € T, the sets
1
Qb ={ sup |X,— Xr|< L o= ) oF
T—h<u<T Tegt
96:{ sSup |§u_Xu’ <5}

we[Tt,T]

The proof of the following Lemma is deferred to Appendix [A]

Lemma 4.1 Assume (Hzo).
(i) One has, for T € T,

J

P( N {ld(X7) < 6}) < Cay, - (36)
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(ii) For p,p > 0, for 1 >0, one has in Case 1,

E[Supue[Tt,T] |€u — Xu|p}
5P

5 o
B[] — 9] <[t —¢| +Cap + CRhP + CX
and in Case 2,

E[Supue[Tt,T] |€u — Xu|p}
oP '

~ ) o
E[wl —19;|} <|t—1t| +Cny + ChWP + C%

4.1.1 Proof of Proposition (3.1

We set £ = X , in the framework introduced at the beginning of this section. We have here
that t = ¢’ = 0, so we shall use the results of Case 1 above. Observing that

E[ sup | X, — Xu|P| < P42,

u€[0,T]

and applying the results of Case 1 in Lemma (ii), we thus get
9 0 D1, D P |t|§
]E|:’l9l - 19l:| § CAE + CAhp + CA(ST

The proof is then concluded setting § = M%_%, p=p= % — 2, for € and |t| small enough.

4.1.2 Proof of Proposition

For (t,,xy) € [0, T[xRY, we set & = Xtn®n,

(i) When t,, | t, we want to control the difference between ¥¢ and ¥'» to prove the cad
property. We shall use here the result of Case 1.

(ii) When ¢, 1 t, we want to control the difference between 9t and ¥ to prove the lag
property, under the assumption d(x) # 0. Since x,, — x, we have for some n > 0, d(z,) # 0.
We shall use here the result of Case 2.

To prove (i), we observe that

E| sup |[Xion — XE0P | < OR(Jo — zal? + |t — ta] ).
u€[0,T

We then obtain, applying Lemma |4.1|(ii), that

— TP 4 |t — ta?

S o
[0} —0jr] < ¢~ talCu 2% 4 o0 + ¢} Y
n n

The proof is then concluded taking 62 = |z — x,| V [t — tn|%, h? =6,, p=p =2 and letting
n go to o0.

Arguing exactly as above, we obtain the proof of (ii).
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4.2 Proof of Proposition

By standard semi-group properties of X and ) immediately resulting from the uniqueness
of solutions to the related SDEs, one gets, for every I = 1,...,N and 171 <t <r <1y
(see Crépey [18] for the detail),

Y!=wu(r,X!), P—a.s. (37)

T

for a deterministic function u; on &. In particular,
Y = uF(t,x) , for any (t,z,k) € £, (38)

where u is the function defined on £ by the concatenation of the uys and the terminal
condition g at T'. In view of @, the fact that w is of class P then directly follows from the
bound estimates on Yot and YUt

Let us show that the uss are continuous over the &s. Given &€ > (t,, xn, k) — (t,2, k) with
t¢ T ort, >Tr =t, one decomposes by @:
[uF (t,2) = uF (tn, 2n)| = [V = V0| <
0,t 0,t 0,t 0,tn
{ [0l e E Y ke
BV =Y, O +EY, -V, i¢ K
In either case we conclude classically by using Proposition [2.3] as a main tool, as for instance

in the proof of Theorem 9.3(i) of Crépey [I8, Part II], that |u¥(¢,z) — u¥(t,, x,)| goes to
ZETO as N — 0.

It remains to show that the uys can be extended by continuity over the &rs, except maybe at
the boundary points (17, z, k) such that ¥ is discontinuous at z. Given £F 3 (tn,n, k) —
(Ty,z, k) with k; continuous at (z,k), one needs to show that u¥(t,,z,) = u¥(t,,z,) —
uf(Ty, z), where uf(Ty, x) is given by ) We distinguish four cases.

e In case k ¢ K and k¥(z) € K, one has, denoting @/ (s, y) = min(u(s, y, /ﬁj](y)), h(y)),

@ (T, @) = uF (b, @0)[* = [0 (Tr, ) = V" P <
2E[uM(Ty, @) — (T, Xg0)|* + 2|E (a(Ty, Xgr) — Yo' 2 (39)

By continuity of k; at (z, k), one has H](th«?) = kk(z) € K for X%? close enough to z, say
HX%’IL — || < ¢. In this case Ty = 72, therefore (cf. @j Y%I’t” = u(Try, X;JIL) So

~ tn LtnY |2 Litn Ltn |2
E|1\|X§}L—z\|gc(“(TIa XTI) -y, )| < 1E|YTI e J
which can be shown to converge to zero as n — oo by using the R2BSDE satisfied by Y1i»

and the convergence of Y5t to YL, Moreover E\IHX;"—I\P a(Ty, X%) — Y;it”) 2 goes to
I

zero as n — 0o by the a priori estimates on X and Yb!» and the continuity of u already
established over & ;. Moreover by this continuity and the a priori estimates on X the first
term in also goes to zero as n — 0o. So, as n — o9,

uF (tn, ) — (T, ) = min(u(T7, z, k5 (2)), h(z)) = uf (17, ) .
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e In case k € K and k¥(z) ¢ K, one can show likewise, using @/ (s,y) := u(s,y,&%(y))
instead of 4/ (s,y) and Y instead of Y'! above, that

P (tn, ) — u(Ty, x, k¥ (2)) = uf (T7, ) (40)

as n — 00.
o If k, k%(z) ¢ K, it comes,

@ (Tr, 2) — uF(t, 20)* = [@"(Tr, 2) — V00
< 2B[T (17, 2) — G(Tr, X512 + 2B(YVE" — VE) P

which goes to zero as — oo by an analysis similar to (but simpler than) that of the first

bullet point. Hence (40]) follows.

o If £, /i’}(a:) €K, 1’ can be shown as in the above bullet point.

4.3 Discretely reflected BSDEs

As in [14] [7], the study of the convergence of the scheme will be done in several steps, using
a suitable concept of discretely reflected BSDEs that we introduce now. Given ¢ = 9 or 9,
the solution of the discretely reflected BSDE is a triplet (32,739, 32) defined by the terminal
condition

37 =37 =9(X71),

and then for 2 decreasing from v — 1 to 0 and ¢ € [r,, 7,41),
3= B, [ F(X ) du — [ 38AW, )
jf = jtgl{tét} + PQ(t7 Xt, jf)l{tEt} .

Under (Hx)-(Hb), such a solution can be defined by backward induction. At each step,
existence and uniqueness of a solution in S? x /Hg follow from [24].

Remark 4.1 (i) 32 is a cadlag process whereas J¢ is a caglad process. By convention, we
set Yo_ = Yp.
(ii) One has, for r € t,

Yoo =Py(r, X,, V2), 30 =Py(r, X, 37), 3 = Py(r, X, 7). (42)

We now present two properties of discretely reflected BSDEs which will be useful to prove
the bound of convergence rate of the approximation scheme. We first show that under
suitable conditions the discretely reflected BSDE with ¢ = 9 is a ‘good’ approximation of
the RIBSDE (€). In view of Definition [2.2{i), the component Y of Y may be discontinuous
at ¥9;. This discontinuity is problematic and the fact that T C v is essential to obtain the
following result.



20

Proposition 4.2 Let a = % or a = 1 under (Hb) or (Hb)’, respectively. If f does not
depend on z, then

" T
sup B[|Y; - 371?] + sup B[|Y;- 37| +E[ / |Zs—3§|2ds} < Jel° .
te[0,7) te[0,T 0

Proof. Let for t < T,
6}/;5 _Jt ) 5}/;:}/;5—_3?7 6Zt Zt—_3t ) 5ft f(taXtaift)_f(tXt?fj?)

Observe that is continuous outside t and that §Y,_ = 8Y; for t € (0,T). Applying Ito’s
formula to the cadlag process |[§Y|? and observing that the local martingale term is in fact
a martingale, we compute,

~ T1+1
En{y(m\? +/ |(5Zu|2du} =
t

for t € [r,,r,41). Moreover, one has by , for r € ¢,

9

~ Totl ~
E |10Y, -2 +2 / 8Y,0 fods + 2 / §Y,dA,
t (t,re41)

5%, | = [¥;— — 32| < |6%;].

Using then usual arguments, we obtain, for ¢ € [r,, 7,41),

~ Ta41
En[wm? + [ |6zs|2ds} < (14 ChltE.,
t

T2 [ oVaar-2 [ ovaa
(71

(t,’l"7,+1) )

We first study the term related to the upper barrier. One has,

[ ovaa; |G- s xyia;
(tvrlJrl) (tvrlJrl)

7'z+1
/ (37 oy — (s, Xs))dAS +/ >/ Ndud Ay
(t,T’H,l) t,ry41

where in particular the upper barrier minimality condition in (£) was used in the first
identity. The second term is bounded by

B [xlel(Ar, - — 47)] < B [xlel(4r,, - 47)]

since f does not depend on z and A~ is increasing. For the first term, we use the fact
dA™19,,.04,,1 = 0, 0 <1 < [N +1/2], to obtain that

_]Erz = ]Erz

=E,

[[N+1/2]

=E, Z /t n+1 —h(s ’XS))1{192171§8S1921}dA8_
T1+1

(N+1/2]
S ET’L Z / T’L‘i’l’ H»l) - h(s7 XS)>1{1921_1§8§1921}dA8_
tn+1

E,, / (37, — h(s, X,))dA;
(t’rl+1)

<E, / (W(roprs Xosr) — B(s, X.))dA7
(t TL+1)
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The proof is then concluded using the same argument as in the proof of Propositions 2.6.1
and 1.4.1 in [13]. O

We now give a control of the difference between the two discretely reflected BSDEs (37, 37, 3%
and (37,37, 3Y).

Proposition 4.3 Set a = 0 or 1 under (Hb) or (Hb)’, respectively. If f does not depend on
z, then for every e > 0, there exists C§ such that

N
3 = 9P] + sup B3} =30 + 13" = 37l < CRRI 3 (B[00~ il )
telo,T =1

l1—e
sup E
te€[0,T]

—

Proof. Let, for t < T,
03y =37 =37, 63, =07 -3V, 03, = 3] — 37

me = 103,7 = [634|%, 8f = f(t, X4, I0) — F(t, X, 7).

Step 1 Applying [t6’s formula to the cadlag process |6§|2, we compute for t € [r,,7,41)

~ Tr4+1 ~ Tr4+1
Erl[|6fit|2 + /t |53u|2du} = En[|53n+1 %+ Mroy1 + Q/t 6355f5ds] .

Usual arguments then yield that

_ T
sup E[[{SJS]Q—F/ \535\2ds] < C\E
s€t,T) s

> nr] : (43)

rev

Step 2a In order to study the right-hand side term of , we introduce the processes
defined by, for r € [0,T],

[N+1/2] [N+1/2]
I = Z Loy <r<ony I = Z 1{521_1§r§521}’ T=1-L, T =1-1. (4
=1 =1

Observe that I =1 (or I= 1) means that the upper barrier is activated for reflection. Also
notice that one has, for r € t,

nr < ([E? — h(r, Xr)]+)21rci\r + ([5§ — h(r, Xr)]—‘_)ffﬂr . (45)

The two terms at the right-hand side of are treated similarly, we thus concentrate on
the first one. We have here to take into account the fact that a reflection date may be a
deactivation date for the upper boundary, i.e., for r € ¢,

B R N INt1/2) [N+1/2]
(137 = h(r, X)L T, = (30 = h(r, XOT L0 Y. Loy + Y Loy <rcom})
=1 =1

(46)
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Step 2b We first study the first term in the right hand side of . We obviously have
that ([3¢ — h(r, X,)]*)? < x, thus, since the ¥;s are T-valued stopping-times,

B LR _[N+1/2)
SE X S Ly < YT Y L
ree =1 re¥ =1
Moreover, by definition of I and T,
[N+1/2] [N+1/2]
ZXCIT Z Lir=o,) = ZXCI’” Z LS
re¥ =1 re¥ =1
[N+1/2]
<Z; ; X100 —Gas| 2 mini < (T —Ti]}
re

Using the Cauchy-Schwartz inequality with %D = 1 — ¢ and the Markov inequality, we obtain

[N+1/2] [N+1/2] L l-e
E Z@ ZZ XL 19y, G| zint s 17— T3] < Cx IE: E[Wﬂ_ﬁ”q ' (47)
re =1 =1

Step 2c We now study the last term in the right hand side of . On the event {91 <
r < Y9}, which is F,-measurable, the upper barrier is active on [9;_1, J9], thus

rt

3¢ — h(r, X,) <E,

h(r+a Xr+) - h(rv Xr) +/ ‘f(SvXS’ jlsg)’d‘S]

where we set r* = inf{s € t|s > r} AT. One thus gets,

([Sf - h(?’, XT)]+>21{192l_1§T‘<1921} < XMQ—H . (48)
This leads to
[N+1/2]
3 (([Ef—h(r,XT)ﬁ)“Tr > 1{1921_19«921})
rer =1
[N+1/2]
<Y (cfr S 1{1921719«9%}) . (49)
rev =1
Moreover,
[N+1/2] [N+1/2]
Z Z 11{1921 1 <r<tda} S Z Z Lo <r<ont g, s T Lpsinn)
ree rete N+1/2]
= TZEt Z {1921—1§T<521—1} T 1{1/9\21<7“<1921})

Since the quantity
2(1{02171§T<{9\2171} + 1{521<7"<1921})

ree
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counts the number of reflection date r between v9;_1 and 52171 and between ¥9; and 521, we
have the following control,

9911 — Doy_1| + |91 — o
Z(l{ﬁ2171§7"<52171} + 1{{9\2z<7“<192z}) < Ca(l+ || )

retr

Using , this leads to

[N+1/2]

B[S (B2 = ho X012 T S Loy <rcom)
retr =1
< CA(|t|“+1 + e iE[XWl - 51@ )
1=0
< CA(|t|a+1 + |t|a iE[WIZ — alq 175) ’
1=0

where for the last inequality we used the Cauchy-Schwartz inequality with % =1—¢ and

the fact that |¢; — 1/9\1\1’ < C}|Y — 1/9\1] Combining this last inequality with , it comes
that

< CA(|t|O‘+1 + e iE[w, - @y} H) .
1=0

E[Z M

retr

Step 3 Since |§7;]? = n, + |5§s\2, the proof is concluded by combining the last inequality

with . O

4.4 Proof of Theorem [3.3]

Step 1 We first study the error between (35, 55, 35) and the continuous-time Euler scheme
for Y defined in section . Observe that these have the same activation/desactivation time
sequence 9. We are thus going to show that

sup B[|37 - Vil?| + sup E[|37 - Vil?| < Calt| and 37 = ZIB < Cavlt].  (50)
te[0,T] t€[0,T]

Toward this end, arguing as in the proof of Lemma 2.1 in [I4] (See also Remark 5.2 in [I4]),
one could show that under (Hb), for ¢ € t, there exists S;, Q; in F; such that S;N Q¢ = 0
and

97 — V2 <37 — ViP1s, + CalX, — X1, - (51)
Observe in particular that for ¢ € t\ v, one can take S; = 2 and Q; = 0 in since, for
t €[0,7)\ r, we have [3? — Y;| = |37 — V.
The proof of is then similar to the proof of Proposition 5.1 (steps ia and ii) in [I4]. Note

that since f does not depend on z, the expression of B; in equation (5.5) of [I4] reduces in
the present case to

t; ~ ~7 ~7
Bi= [ (X - R P+ B - 5, P
ti—1
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Observing that, for u € [t;—1,t;),

E[ﬁg ~57 |2} < CE
ti—1

t; o~ t; —~
/ (s, X0, 37)2ds + / \3?\2du],
ti—1

we obtain ) . B;] < CJt|. Inequalities then follow from exactly the same arguments
as in the proof of Proposition 5.1.

Step 2 Since
Ve = Yil> < Ca(lYae =30 P+ 137 = 372 + 3] = Vi),

we obtain using , Proposition and Proposition that

N
—~ —~ 1—e
sup B[V — if*] < ¢y <|t| o Iel* + CRJelo ™ Y1 - v ) .
t€[0,T] =1

Similarly, one has that

~ N ~ 1—¢
sup E||Y; - Vil?] < Ci (m + Il + CR e Y10 - i
te[0,7 =1

_ N -~ l1—e
13- ZIZ < Ca (urtr el o+ CRI T B -l
=1

Under (Hb)’, the proof is concluded by using the last inequality together with Proposition
and letting [t| ~ ]t\%

Under (Hb), one chooses [t| ~ |t]%
A Proof of Lemma [4.1]

A.1 Proof of Part (i)

Step 1la In order to prove the result, we define Cb2 extensions & and b of ¢ and b from Q to
[0,T] x RY, such that o satisfies on [0,7] x R?. We then introduce, for every t < s < T,

X=X+ [ B it [ G Zdw,, €= d(TY).
t t

Since d, b and & are smooth enough, we may introduce the gradient process of X with
respect to the initial condition z of X, which is defined by, for t < s < T,

VX! =1, + / Ab(u, XL)V X! du + / 95 (u, XL )VXLdW, . (52)
t t

Note the following standard estimates,

IVX* s + (VX)) lsw < O - (53)
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Observe moreover that one has, for t <r < s < T,
D.X! =5t X!) + / ) Ab(u, X1)D, X! du + / ) 95 (u, X1)D, XLdW,,
¢ ¢
and therefore
D, X! = VX (VX)) G (r, X)) 1i<pes - (54)

Step 1b We now prove that is satisfied by XTr b namely, for every 1 < I < N,

b—a

P{a < d(X7/ ") < b} < Cy (55)

For this step, integration with respect to dW has to be understood in the Skorohod sense.
Without loss of generality we fix I € {1,...,N}. For z € R, let

b T
X — gb(x) = / 1{x>z}dz = / 1[a7b]d2’

and let 5 stand for a regularization of ¢. For every Tt — h < r < T}, we compute
D,$(d(X7 ") = V(d(Xz! ™) Dpd(X7! )

= Vo(d(XF M) V(X ™MD X"

= Vo(d(Xg ) VAX VXN VX) TG (r, XN 1 e

Multiplying by . = &' (r, )N(fffh)V)?TTf*h(V)A(lgfh)*la(r, XTr=y=1 it comes,

Tr

E|Vo(a(Xs )| = hlE[ Dr&d()?%‘h))w{dr]

~TFh~ Tr
:h—lE[qﬁ(d(Xg—h)) /T _hz/deWT] .

Recalling that gz~$ is the regularization of ¢, the last equality leads, together with Fubini
theorem and (53)), to,

4 /b T
STr—hy] _ -1 ~ I
E[qub(XTI )] =h ?_1/& E[l ® s f wTdWr] .

which concludes the proof of .

Step 2 We now prove that we can replace )?%_h by X7, on Q}I1

Let BY = {|d(X7,-n)| < 3}, and
mf =inf{s > Ty —h; [d(X;)[1p 2 AT AT
For every u € [T1 — h, T, one has,

vIr—h
X 1B}‘ = Xu/\‘r}‘]'B}“ (56)

h
UNTY
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Observe that T}‘ > T7 — h and that for T —h < u < T, one has,

(b7 J)<Xu/\T}‘)1B}‘ = (bv 5)(Xu/\T}’)1B? :

Let, for u > t, ¢(u) = E[PZ'ZAT}I -X h|2131;}. Straightforward computations based on
I

UNTF

the It6 formula yield,
u
s <Oy [ ls)ds.
t
Identity then follows by an application of Gronwall’s Lemma.

The proof of the Lemma is then concluded by combining and .

A.2 Proof of Part (ii)
We consider the two different cases.

Case 1: (i) By definition of ¥, ¥/, we have that E|Jy — (|| = |t — /|, and obviously, for
1>1,

]E[|19l — “] = E[|29l — 2|1thUc§5:| ‘f‘E[Wl - 2|1Qhﬁ§‘5ﬂ{19175192}} ' (57)

It follows then from Tchebytchev’s inequality applied on CQk‘r, for T € T, on ()% and the
fact that [0, — )| <T

E[Supue[Tt,T] €0 — Xul? }
o !

E[|[9; — 9|1 qu,eqs] < CRBP + CR (58)

for p, p > 0.
(ii) We now work on the second term of the right-hand side of (57).

By definition of 9, ¢', if k ¢ K, we have E[|0; — 9 [1r¢x] = [t —t'|. We are going to prove
a control between 9 and ', for [ > 2, and for [ =1, k € K.

To this end, we observe that
L0y = Laen0p, VT €T = H=H', (59)
thus for [ > 2, ¥; = ¥) and if k € K, 91 = V].

We then introduce the set

2 = |J ({d(X7) = 0} n{d(&r) < 0}) U ({d(X7) < 0} N {d(ér) = 0})
Text

Since d is 1-Lipschitz continuous, by definition of 5\2‘5, we have

o c | (ldxs)| < 8)
Text
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This leads, by definition of QP to

"N N CcQ, withQ:= () Q% n{ld(X7)| < d}
TexT*

Using (59)), we have that, for I > 2, {¢; # 9/} C Qy and if k € K, {¢1 # 9]} C Q. Thus,
for 1 >2, Q"N N {0 #9} € Qandif k € K, Q"N Q% N {0y £0,} C Q.

Using the result of part (i), one then gets,

SCAé,

E[Wl - “191;0@60{19#19;} h

forl > 2and ! =1, if £ € K. In this case, the proof is concluded combining the last
inequality with and .
Case 2: In this case, "' = T U {t}.

As in Case 1 (i) above, we compute

E[Supue[Tt,T] €0 — XulP }
5P

||, - 9] | < R + €} + 100 = i gnpgonggisay] + (60)

for{ > 0 and p, p > 0.
Recall that by definition of 9, ¢, E[‘% - 196@ =|t—t|andif k ¢ K, E[];’vl - 79’1@ =t—1t|.
Regarding the last term of , we observe here that

Liaxr>0p = Liaenzop VT € TU{t} = H=H'

The set €y is now replaced by

Q= |J {dX7)=0rn{dEr) <0})u{d(XT) <0} n{dr) > 0})
Textu{t}

The difference with the last step is that the reunion is on T U {¢t}. But, since for § small
enough {|d(X;)| < 6} = 0, we have

NN,

The proof is then concluded arguing as in the last step.
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