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1 Introduction

This paper deals with the mathematics of the dynamic Gaussian copula (DGC) model
of|Crépey, Jeanblanc, and Wu (2013)) (see also|Crépey, Bielecki, and Brigo (2014, Part
IV) and |Crépey and Nguyen (2015)). As developed in |Crépey et al. (2014} Section
7.3.3), this model yields a dynamic meaning to the ad hoc bump sensitivities that were
used by traders for hedging CDO tranches by CDS contracts before the crisis. From
a more topical perspective, it can be used for counterparty risk computations on CDS
portfolios. Related models include the one-period Merton model of [Fermanian and
Vigneron (2013} Section 6) or other variants commonly used in credit and counterparty
risk softwares.

The dynamic Gaussian copula model has been assessed from an engineering per-
spective in previous work but a detailed mathematical study has been deferred to the
present paper.

1.1 Invariance Times and Probability Measures

We work on a probability space ({2, .4, Q). The following conditions are studied in
Crépey and Song| (2015al2015b).

Given a G stopping time 7 and a subfiltration F of G, F and G satisfying the usual
conditions, let S denote the Azéma supermartingale of 7, i.e. Sy = Q(7 > t|Fp),
t>0.

Condition (B). Any G predictable process U admits an F predictable reduction, i.e. an
IF predictable process, denoted by U’, that coincides with U on ]0, 7].

Remark 1.1 If S > 0 holds almost surely for some constant 7', then any inequality
between two G predictable processes on (0, 7] implies the same inequality between
their FF predictable reductions on (0, 7] (see/Song (2014al Lemma 6.1)); in particular,
the process U’ is uniquely determined on (0, T7].

For any left-limited process Y, we denote by Y™~ = JY + (1 — J)Y,_ the process
Y stopped before 7.

Condition (A). There exist a probability measure PP equivalent to Q on F7r such that
(F,P) local martingales stopped before 7 are (G, Q) local martingales on [0, T'].

If the conditions (B) and (A) are satisfied, then we say that 7 is an invariance time
and P is an invariance probability measure. With respect to a standard progressive
enlargement setup, the conditions (B) and (A) provide more flexibility by allowing
for a full model filtration G larger than F progressively enlarged by 7 and by allowing
playing with the measure P.
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2 Dynamic Gaussian Copula Model

In the paper we prove that the default times 7; (or any of their minima) in the DGC
model are invariance times, with related invariance probability measures different
from Q. This reflects a departure from the immersion property, whereby the default
intensities of the surviving names and therefore the value of credit protection spike at
default times, consistent with empirical facts. This feature makes the DGC model ap-
propriate for dealing with counterparty risk on credit derivatives (notably, portfolios of
CDS contracts) traded between a bank and its counterparty, respectively labeled as —1
and 0, and referencing credit names 1 to n, for some positive integer n. Accordingly,
we introduce

N ={-1,0,1,...,n}and N* = {1,...,n}

and we focus on 7 = 7_; A 7 in the paper. However, analog properties hold for any
minimum of the 7; and, in particular, for the 7; themselves.

2.1 The model

We consider a family of independent standard linear Brownian motions Z and Z*,i €
N. For g € [0, 1), we define

B} := \/oZ; + /1 — oZ}. 2.1

Let ¢ be a continuous function on R with fR ¢2(s)ds = 1. We assume that a?(t) :=

f e s%(s)ds > Oforallt > 0. Forany i € N, let h; be a continuously differentiable

strictly increasing function from R* to R, with derivative denoted by hi, such that
hmsw hz(s) = —oo and 1imsT+OO hz(S) = +o00. We define

+o0 +o0
Ti :zhi_l(/ s(u)dB) \f/ w)dZ, ++/1—p / u)dZ},),

’ 22
fori € N. The random times (7; ;e n follow the standard one-factor Gaussian copula
model of |L1i (2000) (a DGC model in abbreviation), with correlation parameter ¢ and
with marginal survival function @ o h; of 7;, where @ is the standard normal survival
function

+oo
t vV 21

Notice that, if p < 1, the 7; avoid each other:

22
P(t) := e 2dz, teR.

Q[r; =1;] =0, fori,j € N,i #j.
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2.2 Density Property

By multivariate density model, we mean a model with a conditional density of the
default times given some reference market filtration, in the sense of the condition
(DH) in page 1800 of [Pham (2010). This is the multivariate extension of the notion
of a density time, first introduced in an initial enlargement setup in [Jacod (1987)
and revisited in a progressive enlargement setup, under the name of initial time, in
Jeanblanc and Le Cam (2009) and [El Karoui, Jeanblanc, and Jiao (2010).

We now prove that every DGC model is a multivariate density model with respect
to the natural filtration B = (B;):>( of the Brownian motions Z, Z*,i € N. We
introduce the following processes.

t o
mt ::/ s(u)dB! and m} ::/ s(w)dB! = h(r;) —mi, i € N.
0 t

Recall that o?(t) = :00 ¢2(v)dv is assumed positive for all ¢ > 0. The standard
normal survival function is denoted by @, while the standard normal density function
is denoted by

1 o2

o(x) = me_'?, x €R.

Theorem 2.1 The dynamic Gaussian copula model is a multivariate density model
of default times (with respect to the filtration B), with conditional Lebesgue density

pt(ti,i e N) = 8,571 .. .atn(@(n < ti, 1€ N|Bt)

of the T;, i € N, given, for any nonnegative t;, i € N, andt € R, by

, hi(ti) —mi + a(t) hi(t;
it e )= fLot TTo (MHTRAEPY ) i 09

Proof. The conditional density function p given 5; can be computed thanks to the
independence of increments of the processes Z, Z%,i € N. Actually, for any t > 0,

i =h; '(m) + ol + /1 — &), i €N,

where € is a real normal random variable with variance o, and (&;);jen is a |N|-
dimensional centered Gaussian vector with homogeneous marginal variances o? and
null correlations, independent of &, and the family &, &;,7 € NV, is independent of ;.

See Crépey et al. (2014}, page 172ﬂ |

! Or|Crépey et al. (2013, page 3) in the journal version.
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2.3 Computation of the intensity processes

Notice that the Brownian filtration B is not a model filtration, because the random times
T; are not stopping times of B. For a DGC model, the model filtration G = (G;);>0 is
taken to be the progressive enlargement of the Brownian filtration B by the 7,7 € N,
augmented so as to satisfy the usual conditions:

G =Nest(Bs Vv \/ o(mi As)), t>0. 2.4)
iEN

Note that the 7; are B, measurable. In this section we prove that they are totally
inaccessible G stopping times with intensities that we compute explicitly.
For I C N and j € N, we define:

T 0 I\2 [Ilo+1 I 0
=— (") =(1-90)———7F7", N =—7——,

= Terr =g, (- Do +1
; hj(u) —mi me

ZJJ _ t 3\ t

C="0 2 a0

i€l
Fort > 0, let

i, ={ie N:1; <t}
(representing the set of obligors in IV that are in default at time ¢) and
pr=p", o =0, T = N\T.
Foro > 0and p € [0, 1], for J C N, we define functions
. j iPipo
Pypolzr) :=QE > 2,5 €J), ¥}, ,(27) = ———=
where z; = (z;),e is a real function on J, and (;);en is a (n + 2)-dimensional

centered Gaussian vector with homogeneous marginal variance o2 and pairwise cor-
relation p. Note the following:

Lemma 2.2 For I = N \ J, the family of random variables

R .
<’5J <|I|1>p+1iez,&>

defines a centered Gaussian vector independent of o(&;,i € I), of marginal variance
and respectively of the correlation

jeJ

[]p+1
Hlp+1—p

p
.1
[Ip+1

a?(1—p) and respectively (2.6)

Lemma 2.3 Foru > 0,

E[]l{uj<'rj,j€‘l}|‘8t Vv O'(T[)] = @J)p17o.l (Zg’l(uj),j S J) 2.7)
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Proof. For j € J and u; € R, the condition u; < 7; is equivalent to

. hy(u;) — m’ mi md m
gL,y — D9\Pg t I t t I t
Zi () ol?) A ga(t) < aw A ;a(t)

(2.8)

Noting that m] € By, mi € By V o(71),i € I, the desired result follows by an appli-
cation of LemmaZ.2l B

Lemma 2.4 Fort > 0, for I C N,J = N \ I (the sets I, J being considered with
their natural order),

{Ti§t<Tj:i€I,j€J}mgt

={n<t<r:iel,jeJ}Nn(B.Vo(r)), (2.9

where T denotes the vector (7;);cr.

Proof. Letthe 7(;) be the increasing ordering of the 7;, with also 7oy = Oand 7(,, 1) =
00. According to the optional splitting formula which holds in any multivariate density
model of default times (see|Song (2014b)), for any G optional process Y, there exists
a O(B) ® B(]0, 00]™)-measurable functions Y), i € N, such that

Y = Z YO iy oy Tt Ta@) Ly i) (2.10)
i=0
where a 1 b denotes a if a < b and oo if a > b, for a,b € [0, 0c]. Since G; = o(Y})
and Y (7 ¢ T(i)y > Tn { T(i))]l[r(i)ﬁwl)) is a function of B; and 77 on {1; <t <
Tj 11 € 1,5 € J}, this shows (Z.9). 1

Theorem 2.5 For any j € N, 7; admits a (G, Q) intensity given, fort € Ry, by:

V= ﬂ{t«j};((t))wghm (ZI7(t),5 € T). (2.11)

Proof. Letl € N. For bounded B; measurable functions F', for measurable bounded
function f, for 0 <t < s < 0o, we look at

E[Ff(Tr)lr<t<ricljesy Lit<n <s})-

We need only to consider I € J. Then, using (2.7) to pass to the third line and
conditioning in conjunction with the tower rule to pass to the fourth line:

E[Ff(T1)1(r,<t<r;ictjesy Lis<n)]
= E[Ff(TI)Il{TiSt,iEI}E[IL{t<Tj,jG_JI}I[{s<TL}|Bt Vo(r)]]
=E[Ff(m1)Lir,<t,icnyPrpt o1 (2] (uj),5 € J)]

where u; =t except u; = s, (2.12)

@, 1123 (u)5€0)
= E[Ff(Tl)ﬂ{ngt<Tj,iEI,jEJ} Qlfll’ II(ZJ,I(t) ) ]
ol o t )

Pypp.00 (217 (u).5ETH)
= E[Ff(TI)]l{TiSt<Tj7i€I7j€J} (p;f;t ;t (Ztg,zt (tj),jejtt) }
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With the formula (2.9)), we conclude

]E[]l{t<ﬂ§s}|gt} = E[]l{t<ﬂ}|gt] - E[]l{s<7'z}|gt}

Qsjt7pt70t(zg71t ('U/j),j S \71‘,)
¢Jt,0t,0t(Zg71t (t)uj € ~.7t)

=lppery(1 -

The stated result follows by an application of the Laplace formula of |Dellacherie
(1972}, Theorem T54). 1

2.4 Computation of the drift of the Brownian motion

We study now the processes B%,i € N, in the filtration G. Thanks to Theorem [2.1}
the DGC model is a multivariate density model. We have therefore the following
consequence, according to[Jacod (1987).

Lemma 2.6 The processes B',i € N, are G semimartingales.

Another consequence of the multivariate density property is the martingale repre-
sentation property according to|Jeanblanc and Song (2013 Theorem 6.4).

Theorem 2.7 Let W°, for i € N, denote the martingale part in G of B*. Let
dM} = dl,,<; — ~idt, t >0,

where the process ' is defined in . Then, the martingale representation property
holds in G with respect to (W*, M*,i € N).

This section is devoted to the computation of the martingales W*¢. We begin with
the following remark on the Gaussian processes B (cf. Lemma .

Lemma 2.8 For J C N and I = N \ J, the family of processes

Bi—‘?E:Bﬁ (2.13)
( (=ve+15" )

is a continuous Levy process independent of o(B,i € I), of marginal variance and
correlation

I 1
7‘ lo+ and p' = ° _n
[lo+1—0 [Ilo+1

(@)?=(1~-0)

(2.14)

Proof. This follows by computing the brackets of the continuous local martingales
and applying the Levy processes characterization. B

Lemma 2.9 Fork € I,

E[BY — BE|B, V o (rp)] = (Z [ sudu) mk.
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Proof. Fork € I,for0 <t <s<s' < oo,

’

1 S
Br — BF - (= / Sudu) Mk (2.15)

t
is a centered Gaussian random variable, independent of mf, with variance

1, [ 1, [ 1, [
I _ 27 w 2 . w 2 — I o / . 2.
(s" —s) o2 (/S Gudu)® + oZ (/S Gudu) (s —9) a2( i Gudu)

t
Hence, for k € 1,
E[BY, — Bf|B: V o(7r)] = E[Bl, — Bi|B; V a(mj,i € I)]
=E[B;, — B{|B, V o(mf) Vo (&,i € I\ {k})]
where &, form a Gaussian famlly mdependent of By V o(B*), constructed with (2.13] -
= E[B!, — Bi|o(m})] = f cudu m¥ because of (2.15). 1

Theorem 2.10 Define, for J C N and k € J, the function

bJ(Z7x) = E[]l{zj<§j,j€-]}(€k + .'I})]

where x € R, z = (2,7 € J) and (§;,7 € J) is a Gaussian family of marginal
variance (o1)? and of correlation p'. For any k € N, define the process, t > 0,

gk . < (4 ik 1 bs (ZP7(1),5 € To)y Nt Sieq, 31 )
= TN K€L} N k¢Z, i
T a(y T a TR T g (2T (), € )

Then, Wk = Bk — gk .\

Proof. For 0 <t < t' < oo, for bounded B; measurable functions F', for measurable
bounded function f, we compute

[Ff(TI)]l{Tl<t<‘r],IEI,jEJ}(B Bk)}
=E[Ff(r) L7 <, ZEI}]l{t<T],j€J}E[( — BY)|B: V o(Tn)]]
= E[Ff(TI)]l{T7<t zel}]l{t<r, geJ} f §udu mt]

Iftkel,mFeB Vo(r). Itk ¢,

[Ff(TI)]l{n<t 16]}1{t<TJ,jEJ} f gudu mt}
= E[Ff(TD)L{r<tien (ol Jo Gudu) ) E[L{sr, jesy oty |Be V o (1))
= E[Ff(t0) 17, <tien (g J.Sudu)

[

1 (
{ZJ I(t)<a(f> = Zzg[ a(f) JGJ}

EIFf(Tr)Lir,<tien( a(t) f gudu ) E[1 {Z) 1 ()< JEJ}(& + M Ezel a®) )H
E[Ff(r)1ir,<ticny (505 Judu) by ((Z51 (1), 5 € T), M ie L’ZZ))]
E

L s b, (2 (1),5ET), N 3,0, 22k
[Ff(TI)]l{nSt,iel}]1{t<rj’jeJ}(W fsgud“ quvpl,of(zf*f(t),yegj) ]

k mi
E =M Dicr th) + A ZZGI o V()]

[e3%
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This, combined with the formula (2.9), implies

/

E[(BY — BY)|gi] = <ﬁ / udu) x

1 mL g b7, ((Z]7(8),5 € To)s Xt Yicx, o)
keZ:}y — N k&L ; .
W o) T (2T (), € 1)

We obtain the drift of B* in G given by the differential of the above with respect
to Lebesgue measure:

<(t) b b7 (Z07(1),5 € To), N Sseq, o)

L Lper,y —= + Liper, . dt.m
aty | T qr TR B, o (ZPT (1), 5 € Th)

3 Reduced Model

We now study the invariance property based on the DGC model. In this regard, the
market condition before the default event of the bank or of its counterparty is modeled
by the filtration F = (F3):>0, where F; is

Nsst(Bs V \/ (o(mi As)), (3.1)

1EN*

augmented to satisfy the usual condition, while the default time is marked by the
random time 7_1 A Tg.

Notice that because of the multivariate density property of the family of (77, j €
N™*) with respect to the filtration B, the computations we have made in G in the
previous section can be made similarly in F. In particular, the splitting formula such
as holds in the filtration F in a similar way: fort > 0,1 C N*and J = N*\ I,

{Ti§t<TjZi€I7j€J}mFt

={n<t<rj:iel,jeJ}NB:Vo(r). 3.2)

Also the processes B*, k € N, are F semimartingales and the random times 7 . J €
N*, are F totally inaccessible stopping times, as stated in the following lemma. For
t > 0, set

Iy ={ie N*:7; <t}, JF = N*\ I}, pf = p*, of = 0%,

Lemma 3.1 For any k € N, the process WF = BF — fot BEds, t > 0is an T local
martingale, where B* is defined as

Ly . « * mi
s(t) my b (207 (8),5 € T)s N X eqe

N )
BE = L Lhersy —= + Lingrs —
t (t) {keZ}} a(t) {k¢Tr} @Jt*,p;’o'z( (Ztg,It (t),] c \7;()

(0%
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Also, for j € N*, 7; is an [ totally inaccessible stopping time and the process
dM] = Al < — yldt, t > 0, is an F local martingale, where the process ' is
defined as

» hj(t) T
= 1per J() et (20T (1),5 € T}, (3.3)

Moreover; the family of processes W* k € N and M7,j € N*, has the martingale
representation property in the filtration F.

3.1 The Azéma supermartingale

We need to compute the Azéma supermartingale of the random time 7_1 A 7y in the
filtration IF, i.e.,

E[]]'{t<7’_1/\‘ro} |ft]7 t 2 0.
The following computation is carried out in the same way as (2.12).
Lemma 3.2 The Azéma supermartingale of the random time T_1 N\ 1y in the filtration
F is given by

T
D 7+0{—1,0},p7, a,(Z] (t),7 € - Uu{-1,0})

St = I
¢.7t,pt,at(Z ()]6._7,5)

,t>0. (3.4)

In particular, the Azéma supermartingale S is strictly positive.

Proof. For bounded 5; measurable functions F’, for measurable bounded function f,

(T (7, <t<ryicrjery Liter_ Ao}

(TI)H{T <t: lGI}E[]l{t<T] ]GJ}ﬂ{t<‘r 1/\7'0}‘61& \ U<TI)]]
(T ir, <tieny Paug-1.0y.01,00 (Z17 (2) : J€JU{-1,0})]
(1)

Pru{—1,0},00,0 1(Z] T ()geJu{- 10})]

E
=K
=FE
=EFf(T1)lir,<t<r il jeny z

101,01 (201 ():5€)
i TF ) .
Prri(1,0),08 05 (21 (0):5ETFU{=1,0})
TIF e
éjt*.p,*,.u;f (Z; ¢ (t):3€TY)

I,

= E[Ff(T1) 17, <t<rjsictjety

where conditioning and the tower rule was used in the next-to-last identity. With the
formula (3.2), we conclude

i Ly .
P of1,0)p1.00 (21 (1) 15 € TFU{-1,0})
I R— :
s pror (277 ()15 € TY)

E[]l{t<7:1/\‘ro} |]:t] =

Let Q¢ denote the continuous martingale component of the (I, Q) Azéma super-
martingale S.
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Lemma 3.3 The process v := % « Q° satisfies

j 5 Ii_ . i ZE
dve = 3 je 70 Gi-1.0y Ve fot0ppr0r (£ () 15 € TFU{=1,0})d(}
j Iy . . i
~Yjeqe Vo wror (2 (1)1 € F)dC,

where, for] C N*, C;’I denotes the martingale part of(—ﬁdm{ + W dicr ﬁdm%)
inF.

Proof. To obtain dQf, we apply Itd calculus to the expression (3.4) of S on every

random intervals where Z;_ is constant. Note that, knowing ¢ is in such an interval,

7z;_isin J;. Note also that the jumps on S, produced when 7} changes value, have

no impact here, because Q¢ is a continuous local martingale. Now, dividing the result
by S, we prove the lemma. i

3.2 T reductions of 8*,~7

Lemma 3.4 The condition (B) holds between the couple F C G.

Proof. To check the condition (B), by the monotone class theorem, we only need con-
sider the elementary G predictable processes of the form U = v f(7. As, Ty As)1 (5 4,
for an F measurable random variable F' and a Borel function f. Since Ul g ;] =
Ff(s,8)1(s41(0,r), we may take U" = F'f(s, s)1 54 in the condition (B). B

Look at now the reduction of the processes 3*,~7 in the filtration IF. Notice that,
fort < 7_1 A 19,
L=ZI, = Jr U{-1,0}.

We have, therefore, the following lemma.

Lemma 3.5 An T reduction of 77, j € N*, is:

i hi(t) I} ) .
= ]l{t<-,—j}oj((t)) ~J7t*U{—170}7ﬂZ»0t* (Zg (t),7 € JFu{-1, 0}) 3.5)

Similarly, an F reduction of B*,k € N, is:

Sk s(t) mf
= — ]1 * _—
ﬁt a(t) X ( {kEIt} a(t)+

LY . * x m;
bjt*u{—l,o}((Zg (t),j € Jru{-1,0}), M Ziez; a(t))

i, LS .
dsjt*u{—l,O},p?,at* (Zg (t)7j € L715* U {_170})

Lirgz;y

We note that the processes 77,57 and ¥, E * are cadlag. The next result shows that
the process 3* (and consequently f3) is linked with 3* through the process v.
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Lemma 3.6 Fork € N,

t ¢
/ ﬁfds = / des + (Bk,u>t, t €[0,7-1 A o).
0 0

Proof. Notice that B¥ is a continuous process. By the Jeulin—Yor formula (see e.g. Del-
lacherie, Maisonneuve, and Meyer (1992, no 77 Remarques b))),

t
Bf —/ des — (Bk,u>t, t € 10,71 A 9],
0

defines a G local martingale. But, it is known that the drift of B¥inGis fot Bf ds,t >0,
acccording to Theorem [2.10] We conclude that

t t t
/ des:/ ﬁﬁdSZ/ Brds + (B*,v),
0 0 0
fort € [0,7_1 A 7). 1

This discussion on the [F reductions is intended to give an idea of the way that the
invariance probability measure between F and G can be constructed. Actually, know-
ing the [F reductions E"”‘, 37 of respectively ¥ and 47, our strategy for constructing
an invariance probability measure [P becomes clear. It is enough to find a probability
measure QQ equivalent to P on Fr (given a constant 7' > 0) such that the (F, Q) drift of
B* k€ N,is g’“ and the (F, Q) compensator of 77, j € N*, has the density process
ﬁj. (In fact, we take account of the avoidance of 7_1 A 7g to 75,7 € N*, and the
martingale representation property in F.)

To make the above strategy work, the estimates of the following lemma will be
essential.

Lemma 3.7 There exists a constant C > 0 such that, for 0 <r < tand j € N*,

() <C(> sup [ml|* + 1), (3-6)
ieN <8<t
FVA <O sup [mi|+1), 3.7
ieN 0<sst
FIn(F VAL <CY sup (Imi] + 1) In(|mi| +1).
iEN 0<s<t

Proof. Applying Lemma to the formula (3.3) and noting that the function «,
continuous and positive, is bounded away from 0 on [0, 7], we obtain, for positive
constants C' (that may change from place to place),

Wy <C / (3 S 1z )+ )%as < o3 Y sup (287 (s)] + 1),

ICN jEN\I ICN jen\1 0<sst
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which yields (3.6). Applying Lemmato the formulas of 47 in (3.3) and of 77 in
(3.5), we obtain the first line in (3.7)), whence the second line follows from

¥ (¥ v4) < C(max sup |m:|+1)In(C(max sup |[mi|+1))
€N 0<s<t 1EN 0<s<t
=max sup C(|m%|+1)In(Clm}|+1).8
€N g<s<t

Notice that the processes 7 are strictly positive. Consider the I local martingale
Bi=v4D e (;7_ —1). M. As a consequence of Lemma we have:

Lemma 3.8 The Doléans-Dade exponential E () is a true (IF, Q) martingale.

Proof. Following Lepingle and Mémin (1978, Theorem III.1), we consider

- - V.-
Sien [+ (= =)W+ (5= = 1) = (5= - 1)) I, 20,
i~ i~ Tj
and its F predictable dual projection
_ ¢ 7 7 Vi i
M; = ZjeN* fo (1+ (7]-_ —1))In(1 + (Wj_ =1)—( 5 1)) 7i_ds

= Sjene Jy (B-FL) —n(50)) - (- —71-)) ds.

Combining Lemma and Lemma we prove that ezt M 5 Q integrable for
a sufficiently small ¢y > 0. According to[Lepingle and Mémin (1978|, Theorem III.1),
we conclude E[€(p)t,] = 1. Repeat this argument with the conditional probability
Ql.|F,] replacing Q, we prove that E[E(p4)az, | Ft,] = 1. Iterating the argument, we
arrive at E[E (1) kt,] = 1 for any integer k > 0.1

3.3 The invariance probability measure

We have proved that £(u) is a (F, Q) true martingale. We can then define a new
probability measure P := £(u).Q on Fr.

Notice that, as demonstrated in Emery (1980), a general stochastic integral with
respect to a local martingale need not be a local martingale. This fact justifies the
distinction, in the proof of the next result, between the stochastic integral in the sense
of semimartingales and the stochastic integral in the sense of local martingales. See
alsoDelbaen and Schachermayer (1994).

Theorem 3.9 The probability measure P is an invariance probability measure for the
DGC model (11 A 70, F, G, Q) on the horizon [0, T] for any constant T > 0.
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Proof. By the Girsanov theorem, the intensity of 7;, ¢ € N*, in [F under P becomes
7%, while the drift of B¥, k € N, in F under P becomes (3% . X + (B*,v)).

Let us prove that the probability measure P = £(u).Q is an invariance probability
measure for the quadruplet (7_; A 79, F, G, Q) on the horizon [0, T'] for any constant
T > 0. According to |Crépey and Song (2015b, Corollary C.1), we only need to
consider the locally bounded (IF,P) local martingales. We begin with the stopped
process

(Bk: o Bk = <Bk,y>)7'fl/\70* — (Bk o ﬁk _}\)T,IATO _ (Wk;)r,l/\frg,

thanks to Lemma[3.6] whichis a (G, Q) local martingales. The (G, Q) local martingale
property of

(]l[Tj,OO) - :?j . A)Til/wo_ = (]l['rj,oo) - 7j . A)Til/\m = (Mj)‘ril/\m

(cf. Lemma[3.3)) also is an evidence.
Notice that, as we did in Lemma [3.T under the probability Q, we can prove that
the family of processes

BF —BF X —(B*v) and 15 00) —F . X, K EN, j € N*,

has the martingale representation property in the filtration F under P. Because of this
property, any locally bounded (T, P) local martingale X is an stochastic integral in IF of
the processes B¥ — 3%, A—(B*, v) and of 1, ~)—77.A under the probability measure
IP. The natural idea is to say, then, X™-170~ is the stochastic integral, in the sense
of local martingale in G, of the processes (W*)™=170 and of (W*)7-170 under the
probability Q, so that X =170~ itself is a (G, Q) local martingale. However, knowing
the discussion in Jeulin and Yor (1979) about “faux amis” regarding enlargement of
filtration and stochastic integrals, we have to be careful.

We can argue as follows. Let us denote by W*. k € N, the process B* — 3 .
X — (B¥ v), and respectively by MJ,j € N*, the process i, o) — 37 « A. We
consider separately the case of X continuous, or the case of X purely discontinuous.
When X is a continuous (I, P) local martingale, X is the (I, P) stochastic integral,
in the sense of local martingale, of an [F predictable n + 2-dimensional process H =
(H* k € N) with respect to the n + 2-dimensional process (W\k, k € N). Since
the matrix (%, k,k'" € N) is uniformly positive-definite, for every k € N,
H* is individually (FF,P) integrable with respect to the one-dimensional Brownian
motion W* in the sense of local martingale. By Girsanov theorem, H* is integrable
with respect to <Wk, v) under Q, so that H* is (F, Q) integrable with respect to Wk
in the sense of semimartingale. As the hypothesis (H’) holds between F C G under Q,
Jeulin (1980, Proposition 2.1) implies that H* is (G, Q) integrable with respect to W*
in the sense of semimartingale. Applying [He, Wang, and Yan (1992] Theorem 9.16),
we see that, in fact, H* is (G, Q) integrable with respect to W* in the sense of local
martingale. By |Jeanblanc and Song (2013} Lemma 2.1), the stochastic integrals in the
sense of the (I, Q) local martingales and in the sense of the (G, Q) local martingales
are the same, hence

XT1AT0— — Z (Hk ] /Wk)r,l/\m— _ Z (Hk . Wk)f,l/\m’
kEN keEN
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which is a (G, Q) local martingale.

Consider now the case of X purely discontinuous. Without loss of generality we
suppose that X is bounded. Then, X is the (F, P) stochastic integral (in the sense of
local martingale) of an IF predictable n-dimensional process K = (K7, j € N*) with
respect to the n-dimensional process (]\7 J,j € N*). The processes M ,J € N* have
disjoint jump times with jump amplitude 1. This implis, on the one hand, that K7 is
integrable with respect to M individually. On the other hand, as X is bounded, the
random variables K, j € N*, are bounded. That means that we can assume that K
itself is bounded (cf. He, Wang, and Yan (1992| Theorem 7.23)). As a consequence,
K is automatically (G, Q) integrable with respect to (M\ J,j € N*) in the sense of
local martingale. By Jeanblanc and Song (2013, Lemma 2.1) again,

XT-1ATo— Z (Kj _Z\/Zj)tﬂ\m— — Z (Kj _Mj)tﬂ\m’
JEN~* JEN*

which is a (G, Q) local martingale.
The invariance property of the probability measure [P in regard to the quadruplet
(-1 A 70, F, G, Q) on the horizon [0, T'] for any constant 7" > 0 is proved. i

3.4 Alternative Proof of the Condition (A)

Notice that, if we only want to establish the condition (A) in the DGC model, we can
have a very short proof based on the sufficiency condition of Crépey and Song (2015b,
Theorem 5.1), as it will be shown in this section. However, Theorem [3.9 has a better
merit, because it gives an explicit construction of the invariance probability measure
P.

Lemma 3.10 The (G, Q) intensity  of the random time T_1 A T is given by
¥ =T am (VT +70):
Proof. This has been proved, for example, in|Crépey and Song (2016, Lemma 6.2).

Theorem 3.11 The condition (A) holds in the DGC model (7_1 N 19, F, G, Q) on the
horizon [0, T] for any constant T > 0.

Proof. According to|Crépey and Song (2015b, Theorem 5.1), we only need to prove

the exponential integrability of fOTAT

prove Lemma[3.8] B

vsds, which can be done in the same way as we

4 Wrong Way Risk

As visible in (Z.I1), the default intensities of the surviving names spike at defaults
in the DGC model. This is very much related to the departure from the immersion
property in this model, i.e. the fact that the invariance probability measures are different
from the pricing measure Q. As a consequence, the value of CDS protection spikes in
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the model, consistent with what is observed in the market. This makes the DGC model
appropriate for dealing with counterparty risk on credit derivatives, notably portfolios
of CDS contracts traded between a bank and its counterparty, respectively labeled as
—1 and 0, and bearing on reference firms¢ =1, ..., n.

To illustrate this numerically, in this concluding section of the paper, we study the
valuation adjustment accounting for counterparty and funding risks (total valuation
adjustment TVA) on one CDS between the bank and the counterparty on a third
reference firm.

In Figure [A.1] the left graph shows the TVA computed as a function of the cor-
relation parameter ¢ in a DGC model with three names (i.e. n = 1): the bank, its
counterparty and the reference credit name of the CDS. The different curves corre-
spond to different levels of credit spread A of bank: the higher ), the higher the funding
costs for the bank, resulting in higher TVAs. All numbers are computed by a Monte
Carlo scheme dubbed “FT scheme of order 3” in (Crépey and Nguyen (2015} Section
6.1). FT refers to [Fujii and Takahashil (2012a/2012b)). The numerical parameters are
set as in |Crépey and Nguyen (2015, Section 6.1), to which we also refer the reader
for a complete description of the CDS contract, of the numerical scheme that is used
and of other numerical experiments involving CDS portfolios (as opposed to a single
contract here).

The right graph of Figure . T|shows the analog of the left graph, but in a fake DGC
model, where we deliberately ignore the impact of the default of the counterparty in
the value of the CDS at time 7 (technically, in the notation of |Crépey and Song (2016
(6.7)), we replace (f’f + A~§) by P;_ in the coefficient f), in order to remove the
wrong-way risk feature from the DGC model. We can see from the figure that, for
large o, the corresponding fake TVA numbers are five to ten times smaller than the
“true” TVA levels that can be seen in the left panel. In addition of being much smaller
for large p, the fake DGC TVA numbers in the right panel are now mostly decreasing
with p, showing by comparison with the previous DGC results that it is actually the
wrong-way risk that explains the “systemic” increasing feature observed in the “true”
DGC model.

A Gaussian Estimates
In this appendix we derive Gaussian estimates used in the study of the DGC model of
Sect.

Lemma A.1 Given a positive decreasing continuously differentiable function I" on
R such that

/ ﬁF@Mt<a3mM}?mw4F@%%Q
R+ 0

Sor some integer d > 0, we write g(y) = 71;((3)), Gly) = f;o tir(t)dt. Let ij > 0
and o, e > 0.
() If g(y) = oy fory >y, then

1 11
G(y) < (a +e)y ' I(y) for y>gyv \/|d— 1|(EO7 + E)_
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Fig. 4.1 Left: TVA on one CDS as a function of the correlation parameter ¢ and for different bank credit
spreads \, in a DGC model with three names: the bank, its counterparty and the reference credit name of
the CDS. Right: Analog results in a fake DGC model without wrong-way-risk.

(i) If g(y) < ay fory > 4, then

Gly) > (-

1 1
o 2

— )y 'I'(y) for y>y\/\/|d_1|(_)_

€ ]

Proof. We only prove (i), for (ii) is similar. For every positive continuously differen-
tiable function ¢ on (0, 4+00),

(Gly) — eI ) =—y'T'(y) — &' (W (Y) + eW)gW)I(y)
= (e(W)g(y) — y* — W) () > (aye(y) —y* — &' W) (y)

fory > 3. For o(y) = (L + )y,

aye(y) =yt — ¢’ (y) = (1 + ea)y® —y* — (é +eo)(d—1)y* %=

cayt = (= + = 1y = eay? — (- +e)(d— )y

Therefore, if y > 5V y/|d — 1|(zz + L), then (G(y) — () I'(y))" > ayep(y) —
y?—¢'(y) > 0. Butlimy oo (G(y) — @(y)I'(y)) = 0,hence G(y)—¢(y)I'(y) < 0. W

We use the notation (2.3)) as well as @ and ¢ for the standard normal survival and
density functions. By a first application of Lemma[A.T] to the standard normal density
I' = ¢, we recover the following classical inequalities on ¢ = %: for any constant
c>1,

cly <Y(y) < ey, y > yo, (A.1)

for some yp > 0 depending on c. The following estimate, where c and yg are as here,
can be seen as a multivariate extension of the right hand side inequality in (AT).
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Lemma A.2 There exist constants a and b such that, for every j € J,

0 <9 ,(2) <a+bzlle. (A.2)
Proof. By conditional independence of the components of a multivariate Gaussian
vector with homogeneous pairwise correlation o, we have &, , (z) = fR y)dy,
z1+o
where I'(y) = [[,c, ® ( ;\/%y) #(y). Hence
. 1 zj +0\/py
J - _ " D VP2 g A3
'lz[}p,a' (Z) Um/Rwﬁ, (Z,y)?l) < O_m ) Y, ( )
where w, »(z,y) = @F (y() ) . Straightforward computations yield
t zl +oypt, o\p
t t >,
9() = Ft ZGZJw a\/l—p)a\/l—p—’— -

whereas for t > max;cy Uf(a\/l — pyo — z) and ¢ > max;c s z;, we have

f

9(t) < Vyey o P vt < at,

with@ := )", ; 2¢ U‘fp U(\'/\L—&-l > 1. ApplylngLemmal) withd =1,a =1

and € = 1, respectively (ii) withd = 0, « = @ and € = ﬁ, yields

oo

o0
/ tI(t)dt <2I'(y), y > 0, respectively / I(t)dt >

Y Y

1 1
— TI'(y), y> gV ——,
Say (W), y>9 NG

where j = \%maxle(] |zg|+afa\/1 — pyo. Thus, settingy; = y+1 = 7 max;e s |z1|+
07\/;30-‘/1 — PYo =+ 1

/O tF(t)dt:/O tF(t)dt+/ tF(t)dtgyl/O L(t)dt + 2 (y1)

Y1

< /Oy1 I'(t)dt + 4ay, /OO I(t)dt < (1+4a) /OO I(t)dt,

Y1 0

ie.
/ tw, o (z,t)dt < (1 +4a)y;. (A4)
0

Now, by (A3) and the right hand side inequality in (A7),

0<oy1—-p ZJ(Z)

1 2+ o\/py
< — 1 iy J 1 . z.y)d
B /R (45(90) R A Yy g Sl E AR }> Wp,0(2,y)dy
A.5)

1 czj co\/p
:( ( ) \/i) + m R]l{a\/f)y>a\/ﬁyoz]-}ywp,a(z7y3dy

o

1 czj co\/p o

< + Ywp,o(2,y)dy,
( D(y ) o1 — ) ovl—=plJo g
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so that by substitution of (A-4) into (A.3)

0<oy/T—poi,(z) < <¢<zo) + 0\;%) + 0%(1 +4a)y:.

t . Lo .
Lemma A.3 Let m; = fo ¢(8)dBs, where B is a a univariate standard Brownian
motion and < is a square integrable function with unit L?> norm. For any constant

s 2, . .
q > 0, e?3"Po<s<t s s jntegrable for sufficiently small t.

Proof. The process (my);>o is equal in law to a time changed Brownian motion
(W¢)i>0, where W is a a univariate standard Brownian motion and ¢ = j(f §2(s)ds
goes to 0 with ¢. Thus, it suffices to show the result with m replaced by W. Let r; be
the density function of the law of supy <<, |W| and let R;(y) = f;o ri(x)dz,y >0,
so that

oo

Efed " oses: W2 = / e ry(y)dy = —[Ry(y)e™ |5 + 29 / yRi(y)e™” dfA.6)
0 0
and (using the reflection principle of the Brownian motion)

Ri(y) = Qlsupg< < (W + W) > y] < Qlsupge oy W > 5] + Qlsupg< o Wy > 4]
— Qlsupenaes s > 2= 20[W;| > 2] = 50| > p2r] = 48( o),

where by the left hand side in (AT)

&(

L)L < Cqb(i) — ¢ e_zzJTi’ L > 1.

2Vt 2Vt 2Vt V21 2V/t

Therefore, for é > ¢, both terms are finite in the right hand side of (A.6), which
shows the result. i
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